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Abstract. Imprimitivity theorems provide a fundamental tool for studying the representation 
theory and structure of crossed-product C*-algebras. In this work, we show that the Imprimitivity 
Theorem for induced algebras, Green's Imprimitivity Theorem for actions of groups, and Mans- 
field's Imprimitivity Theorem for coactions of groups can all be viewed as natural equivalences 
between various crossed-product functors among certain cquivariant categories. 

The categories involved have C*-algebras with actions or coactions (or both) of a fixed locally 
compact group G as their objects, and equivariant equivalence classes of right-Hilbert bimodules 
as their morphisms. Composition is given by the balanced tensor product of bimodules. 

The functors involved arise from taking crossed products; restricting, inflating, and decom- 
posing actions and coactions; inducing a<;tions; and various combinations of these. 

Several applications of this categorical approach are also presented, including some intriguing 
relationships between the Green and Mansfield bimodules, and between restriction and induction 
of representations. 
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Introduction 



Given a dynamical system (^4, G, a) in which a locally compact group G acts by automorphisms 
of a C*-algebra A, Mackey and Takesaki's induction process allows us to construct representations 
of {A, G, a) from representations of the system {A, H, aln) associated to any closed subgroup H of 
G. Much is known about induction: there are imprimitivity theorems which allow us to recognize 
induced representations, and the process is functorial with respect to intertwining operators. 

In the modern framework of Rieffel, one introduces the crossed product A Xa G, which is a 
C*-algebra encapsulating the representation theory of {A, G, a), and induces instead from Axa H 
to Ax aG; induction of representations from one C* -algebra D to another C is achieved by tensoring 
the underlying Hilbert space with a Hilbert bimodule cXd, which has a D- valued inner product 
and in which the left action of C is by adjointablc operators. An imprimitivity theorem tells us 
how to expand the left action of C to one of a larger algebra E in such a way that eXd is an 
imprimitivity bimodule — that is, reversible. The theorem then says that a representation of C is 
equivalent to one induced from D if and only if there is a compatible representation of E. 

Duality tells us how to recover a dynamical system {A, G, a) from its crossed product Ax^G. 
When G is abelian, the crossed product carries a canonical dual action a of the dual group G, and 
the Takesaki-Takai Duality Theorem says that the double dual system (^{A XaG) XS: G,G,a^ is 
Morita equivalent to the original one. For nonabelian G, one has to use instead the dual coaction of 
G, and recover the system from the crossed product by this dual coaction. For duality to be a useful 
tool, one has to understand these coactions and their crossed products, and a good deal of progress 
has been made in the past 15 years. (An overview of this area has been provided in an Appendix; 
see also [52] for a recent survey.) Crucial for us is Mansfield's theory of induction for crossed 
products by coactions: he provides a Hilbert bimodule which allows us to induce representations 
from crossed products by quotient groups, and an imprimitivity theorem which characterizes these 
induced representations. 

Induction and duality interact in deep and mysterious ways. One general principle appears 
to be that duality swaps induction of representations with restriction of representations. This is 
enormously appealing: restriction of representations (for example, passing from a representation U 
of G to the representation U\h of a subgroup H) is ostensibly a trivial process. Theorems making 
this induction-restriction duality precise have been proved, first for abelian groups in [14], and later 
for arbitrary groups in [29, 18]. We have gradually learned that it is best to prove such theorems by 
manipulating the Hilbert bimodulcs which implement the various induction and restriction processes; 
however, the bimodules involved arc hard to work with — especially Mansfield's — and the results 
can safely be described as "technically challenging" . To make things worse, applications frequently 
require that various isomorphisms and equivalences are cquivariant, and one is continually having 
to construct compatible coactions on bimodules and check that they carry through complicated 
arguments. So it is definitely of interest to find a more systematic approach. 

Our goal here is to provide such a systematic approach and to use it to complete our program 
of induction-restriction duality. We shall show that many of the key technical problems in this area 
amount to asking for functoriality of some construction or naturality of some equivalence between 
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functors. Asking for equivalences to be equivariant amounts to asking for an equivalence in a 
different category, one which includes coactions or actions in its objects and morphisms. We have 
found that functoriality of the various crossed-product constructions encompasses many results of 
the kind "Morita equivalent systems have Morita equivalent crossed products", and naturality of 
the equivalences many results of the kind "induction is compatible with Morita equivalence" . 

To help see how our approach works, we consider one of our main theorems. It concerns the 
generalization of Green's Imprimitivity Theorem to crossed products of induced algebras, which is, 
loosely speaking, the analogue of the imprimitivity theorem for actions a of a subgroup H which 
do not extend to actions of G. The induced algebra Ind^(^,a) is a subalgebra of Cb{G,A) which 
carries a left action r of G by translation, and the generalization says that the crossed product 
Ind^(A, Qi) Xr G is Morita equivalent to A Xa H. We shall prove that this equivalence is natural, 
and that it is equivariant for the dual coaction t of G on Ind^ {A, a)XrG and the inflation Inf a to G 
of the dual coaction on AXaH. To make this precise, we have to set up categories C of G*-algebras, 
A{G) of dynamical systems {A, G, a), and C(G) of cosystems {A, G, S) in which 5 is a coaction of G 
on A. We then prove that (A, G, a) (Ind§ (A, a) Xt-G,t) and {A,G,a) {Ax a H, Inf a) are the 
object maps for functors from A{G) to C{G), so that it makes sense to say that they are naturally 
equivalent. 

When we assert that, for example, {A,G,a) (A x„ G, a) is a functor, wc arc completely 
ignoring the morphisms, and we cannot appreciate what naturality means until we deal with them 
too: a natural equivalence T between two functors F,G: A ^ B assigns to each object A of ^ an 
equivalence T{A) : F{A) G{A) (that is, an invertible morphism T{A) in the category B) such 
that, for each morphism ip: A B in A, the diagram 

F{A) G{A) 



FiB)^GiB) 

commutes in B. In our categories, the morphisms will be based on Hilbert bimodules; in -4(G), for 

example, a morphism from (A, G, a) to {B, G, /?) will be given by a Hilbert bimodule a^b with 
a compatible action 7 of G. The composition of morphisms will be based on the balanced tensor 
product of bimodules, so that a diagram 




of Hilbert bimodules commutes if Y ®c Z = X as Hilbert A — D bimodules; in A{G) or C(G) 

this isomorphism has to be appropriately equivariant. The equivalences in these categories are the 
morphisms which are given by imprimitivity bimodules, so to prove that two of our functors F, G 
are naturally equivalent amounts to finding imprimitivity bimodules f(A)X{A)g(A) such that 

X{A) ^GiA) G{Y) - F{Y) ^F^B) X{B) 

as Hilbert F{A) — G{B) bimodules for each Hilbert bimodule aYb- The modules are the usual ones, 
but many of the details needed to establish these isomorphisms and their properties are new. 

This paper, like any other in which coactions appear, involves some gritty technical argiimcnts. 
We will therefore begin by outlining the main new issues which we face in this program, and how 
we have dealt with them. Those who are interested in seeing how the categorical ideas impact when 
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there are no coactions around are encouraged to read our previous paper [17] first. Indeed, this 
might help even those who are already coaction-compliant! 

Outline 

We begin in Chapter 1 with a detailed discussion of the Hilbert bimodules on which our mor- 
phisms are based. The axioms are intrinsically asymmetric; to see why, note that a homomorphism 
ip: A ^ B gives B the structure of an A-module, but not the other way round. Our modules aXb 
will be right Hilbert S-modules with a left action of A given by a nondegenerate homomorphism 
K of ^ into the C*-algebra £{Xb) of adjointable operators on X. As in [29], we shall call these 
right- Hilbert bimodules to emphasize that the Hilbert-modulc structure is on the right; wc have stuck 
with this name because the alternatives (C*-correspondences or Hilbert bimodules) do not carry the 
same sense of direction. The theory of right-Hilbert bimodules is similar to that of imprimitivity 
bimodules, but there seem to be enough subtle differences to warrant a detailed discussion. 

The first section contains the basic facts about multiplier bimodules and homomorphisms be- 
tween bimodules. These are used repeatedly: a coaction on a bimodule X, for example, is by 
definition a homomorphism of X into the multiplier bimodule M{X (E) C*{G)). Our treatment is 
similar to that of imprimitivity bimodules in [20]. Section 1.3 is about the balanced tensor products 
which are used to define the composition of morphisms; we need to know in particular how this 
process extends to multipliers. We also discuss external tensor products, which arc crucial for the 
definition of coactions on Hilbert bimodules. The last section of Chapter 1 is about linking algebras. 
These are used primarily as a technical tool in the proofs of naturality (an idea lifted from [21], and 
expounded in an easier setting in [17]). 

In Chapter 2 we describe the categories in which we work. The basic category C of C*-algebras 
appears in [17]; we review the main facts in Section 2.1. The objects are C*-algebras and the mor- 
phisms from A to B are the isomorphism classes of right-Hilbert A — B bimodules: wc have to pass 
to isomorphism classes to ensure that the composition law [cYb] ° [aXb] = [a{X (^c Y)b] has the 
required properties. The other categories A{G), C{G) and AC{G) are associated to a fixed locally 
compact group G, and are obtained by adding, respectively, actions of G, coactions of G, and both 
actions and coactions to the objects and morphisms of C. Adding actions is relatively routine, but 
(as will be no surprise to those familiar with them) adding coactions is a little harder. (Coactions 
on Hilbert bimodules first appeared in [2].) Wc show that in each of these categories, the equiv- 
alences (that is, the invertible morphisms) are the morphisms in which the underlying bimodules 
are imprimitivity bimodules, and then that every morphism is a composition of a morphism coming 
from a nondegenerate homomorphism <^: ^4 — > M(C) and a morphism based on an imprimitivity 
bimodule cXb- 

In Chapter 3 we show that the various crossed products appearing in our theorems define 
functors between appropriate categories. There arc two main problems. The first is to define 
suitable crossed products. We are interested here in coactions and nonabelian duality, which is 
basically a theory about reduced crossed products, so we have decided to give in gracefully and 
use reduced crossed products throughout. (This is definitely a choice: wc have already proved the 
naturality of Green's Imprimitivity Theorem for full crossed products in [17], and providing we were 
willing to omit all statements about the coactions, we could presumably do the same here.) But 
because the objects in our categories arc G*-algcbras rather than isomorphism classes of G*-algebras, 
it is important that we don't just choose a regular representation willy-nilly. So we shall discuss a 
specific realization of the reduced product. The second main problem is to define crossed products of 
the Hilbert bimodules which define the morphisms. We do this differently for actions and coactions; 
for actions we make heavy use of the convenience of Gc-functions, and for coactions we realize the 
crossed product inside a certain multiplier bimodule. For imprimitivity bimodules, it is handy to 
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recognize that if L{X) is the linking algebra of X, then the bimodule crossed product X xG embeds 
as the top right corner of L{X) x G, and we have the important relation L{X) x G = L{X x G) 
almost by definition. We should mention that defining these crossed products and establishing their 
properties has been done before; see [2], [7], [6], [20], and [30]. 

We gather all the necessary functors in Chapter 3; even though some are easy, it is convenient 
to deal with them all at once. The key difficulty is the same in each case: it is not obvious that 
crossed products preserve composition. This amounts to proving things like 

{X ®By)^G^{X x G) ®BxG {y X G), 

and again our techniques are different for actions and coactions. 

Our main theorems are in Chapter 4. We have already discussed the first, which is about crossed 
products of induced algebras, and which we prove in Section 4.1. The proofs of this and our other 
main theorems follow the same general pattern. We factor each morphism aXb as a composition 
of a nondegenerate homomorphism ^p•. A ^ M{C) and an imprimitivity bimodule cYb- To prove 
that 

F{A) G{A) 



G(¥>) 



F{C)^G[C) 

commutes, we extend the homomorphisms {F{if),G{{p)) to a homomorphism of imprimitivity bi- 
modules T{A) M{T{C)), and use a general lemma which says this suffices. To prove that 

F{C)^^G{C) 



F(Y) 



G{Y) 



FiB)^GiB) 

commutes, we realize T{C) and T{D) as the diagonal corners in an imprimitivity bimodule Z over 
the linking algebras L{F{Y)) and L{G{Y)), and use a general lemma from [21] which identifies both 
F{Y) ®F{B) T{B) and T(C) ®g{C) G{Y) with the top off-diagonal corner in Z. The hard part in 
both halves is to build the compatible coaction. 

It may be known that this theorem about crossed products of induced algebras is a generalization 
of Green's Imprimitivity Theorem, but it does not appear to be well-documented. We therefore give 
a careful derivation, which could be of some independent interest (see the discussion preceding 
Theorem B.3 in Appendix B). Wc then use this to deduce our second main theorem, which is 
a natural and equivariant version of the Imprimitivity Theorem itself. There are many possible 
variations on this theme, depending on choices of full and reduced crossed products and on whether 
or not the subgroup is normal. Here wc have already decided to use rcdiiccd crossed products, 
and we have further chosen to discuss what happens for normal subgroups. We have made this 
choice because in this case there are several more actions and coactions in play, and the theorem 
has something to say about all of them. To sec what is happening here, recall that if N is normal, 
we can view the imprimitivity algebra {A Co{G/N)) x^^t G in Green's theorem as the crossed 
product (j4 Xq G) Xs| G/N by the restriction of the dual coaction; thus this imprimitivity algebra 
carries a dual action of G/N as well as a dual coaction (a ® tJ^ of G. Our theorem says 

that Green's imprimitivity bimodule matches with the so-called decomposition action of G on 
AXaN and {a (g) r)^ with the inflation to G of the dual coaction of N on A XaN. This observation 
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seems to be new. Indeed, we believe that the equivariance and the naturahty are both potentiaUy 
important new pieces of information about Green's theorem. 

Our third main theorem is a version of Mansfield's Imprimitivity Theorem. This has all the 
same features as the version of Green's theorem which we have just discussed: Mansfield's Morita 
equivalence of (A G) xj N with ^ x^i G/N is natural and cquivariant for canonical actions and 
coactions on the crossed products. For this theorem, the difficult part of the proof is establishing 
the naturality with respect to ordinary homomorphisms (p: A ^ M{C); we have to work hard to 
build compatible homomorphisms on Mansfield's bimodule. 

In Chapter 5 we give some applications to our motivating problem of understanding the rela- 
tionships between induction and duality. In Section 5.1, we uncover some new and very intriguing 
relationships between Green and Mansfield induction. Important special cases of these results say 
that the Green bimodules X^^y{A) and Mansfield bimodules Yq^ij{A) are in duality: 

Xf^y{A)xG^Y§^aiAxG) 

and 

Xf^y{AxG)^Y§/^{A)xG. 

Results of this type require several applications of our main theorems, and it is vital that we 
know everything is appropriately cquivariant. Our main new application to induction-restriction 
duality is Theorem 5.16, which completes the program of [14, 29, 18] by handling the restriction 
of representations from A Xa G to A x^i N. We close with a new application of linking-algebra 
techniques to the Symmetric Imprimitivity Theorem of [51]. 

Since this project is intrinsically involved with nonabelian duality, we have necessarily made 
heavy use of coactions and their crossed products. There are several different sets of definitions 
available: the subject is stabilizing, but some key questions of a fundamental nature remain un- 
resolved, and hence this is taking longer than one might have wished. So we have included as an 
appendix a survey of the area, which outlines what we believe to be the most satisfactory approach 
and describes how this approach relates to the others in the literature. 

A second appendix collects the precise versions of the imprimitivity theorems we need; various 
formulations appear in the literature, so we felt it would be handy to record exactly what we want. 

Finally, the third appendix contains some technical results on function spaces with values in 
locally convex spaces which are used throughout the text to construct multipliers of bimodules. 
In applications, the locally convex spaces will be multiplier algebras or bimodules with the strict 
topology: we need to know, for example, that strictly contimious functions of compact support from 
G to M(X) define multipliers oi X x G, and that they do so in an orderly fashion. 

Epilogue 

Although this paper has turned out much longer than we intended, we have made all sorts of 
simplifying assumptions to keep the length down, and these are probably logically unnecessary. First 
of all, we have deliberately excised twisted crossed products, though some residual traces remain 
in the presence of the decomposition actions and coactions. Any serious application of these ideas 
to the Mackey machine — which was, after all, our original motivation [14] — will require that we 
can handle twisted crossed products. Second, we have used reduced crossed products throughout. 
For our present applications involving nonabelian duality and crossed products by coactions, this 
makes sense: the current duality theorems all factor through the reduced crossed product. But 
for applications to ordinary crossed products this is not necessarily desirable, and there are surely 
versions of Theorem 4.1 and Theorem 4.2 for full crossed products. We have already described a 
version of Green's theorem in [17], but we neglected questions of equivariance there. Third, we have 
considered only some of the important Morita equivalences. The others, such as the Symmetric 
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Imprimitivity Theorem and the Stabihzation Trick for twisted crossed products, should be natural 
too. (Working in the context of general locally compact quantum groups was not even an issue, 
since there are currently no imprimitivity theorems available in that generality!) 

On the other hand, we have taken the liberty of treating actions separately from coactions — 
rather than viewing actions of G as coactions of Co(G') - although this would have led to a much 
shorter exposition. Our main reasons for this are that we think that actions are much easier to 
understand than coactions, and that we feel there may be more general interest in the action case 
than in the coaction case. 

We hope that we have given convincing evidence that issues involving functoriality, naturality 
and equivariance are likely to occur frequently in our subject, and that it will pay for us get in 
the habit of dealing with them as we go. We also hope that we have made a few other points 
along the way: our view of induced C*-algebras as an obstruction to imprimitivity, our heavy use of 
linking-algebra techniques to identify imprimitivity bimodules, and the seemingly deep and strange 
relations between induction and chiality, should all have applications elsewhere. For instance, the 
strong connection between these ideas and equivariant JsT/^-theory is well-documented in [2] and 
[30] . Several of the ideas are also present in the approach of [9] and [8] towards a Mackey machine 
for the Baum-Connes conjecture, and are applied to the Connes-Kasparov conjecture in [10]. 



CHAPTER 1 



Right-Hilbert Bimodules 

In this chapter we gather together the basic theory of right-Hilbert bimodules. We start with 
the basic definitions and some important notation which shall be used throughout this work. 

1. Right-Hilbert bimodules and partial imprimitivity bimodules 

Let S be a C*-algebra. Recall that a Hilbert B-module is a vector space X which is a right 
B-module equipped with a positive definite S- valued sesquilinear form (•, •)b satisfying 

(1.1) {x,y ■b)B = {x,y)Bb and {x,y)*B = {y,x)B fov all x,y e X,b e B, 

and which is complete in the norm = || {x, x) b I^^^- Our primary reference for Hilbert modules is 
[54], and a secondary reference is [33]. Some notational conventions: we often omit the dot (■) when 
writing module actions; and in general, \i {u,v) ^ uv: f/ x y — > is a pairing among vector spaces, 
then for P C [/ and Q C y we write PQ to mean the linear span of the set {uv \ u & P,v & Q}. 

Definition 1.1. Let A and B be C*-algcbras. A right-Hilbert A - B bimodule is a Hilbert 
S-module X which is also a nondegcnerate left A-module {i.e., AX = X) satisfying 

(1.2a) a • {x • b) = {a • x) • b and 

(1.2b) {a- x,y)B = {x,a* ■y)B 

for all a € A, x,y G X, and b G B. We write aXb to indicate all the data, and we call X full if it 

is full as a Hilbert B-module, i.e., {X,X)g = B. In general, if X is not full, we shall write Bx for 
the closed ideal {X,X)g C B, and we call Bx the range of the inner product on X. 

Remark 1.2. (1) In recent years, objects very similar to right-Hilbert bimodules have been 
introduced into the literature: for example, the A — B correspondences of [39] . In many cases (as 
in [39]), the left module action is permitted to be degenerate; we require it to be nondegcnerate so 
that we can extend it to the multiplier algebra M{A) (see below). 

(2) Note that if X is an A—B correspondence, then AX is a closed A—B sub-bimodule of X, and 
therefore becomes a right-Hilbert A—B bimodule. In fact we have AX = AX = {ax \ a £ A,x G X}, 
since it follows from Cohen's factorization theorem that AX = AAX C AX (we refer to [54, 
Proposition 2.33] for a statement and an easy proof of Cohen's factorization theorem in the case 
where A is a C*-algebra). More generally, a similar application of Cohen's theorem implies that for 
any C*-subalgebras C and D oi A and B, respectively, we have CX = {cx | c € C, x € X} and 
'XD = {xd\x&X,dGD}. 

Example 1.3. If B is a C*-algebra, then B becomes a full right-Hilbert B — B bimodule in a 
natural way by putting 

a ■ b ■ c = abc and (a, b)B ~ a*b for a,b,c <E B. 

l{(p: A ^ M(B) is a nondegcnerate C*-algebra homomorphism, then B becomes a full right-Hilbert 
A — B bimodule with left action given by 

a ■b = ip{a)b. 
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More generally, if ip: A —>■ M{B) is an arbitrary (possibly degenerate) *-homomorphism, then B 
becomes an A~B correspondence and, therefore, X = if{A)B is a right-Hilbert A — B bimodule. We 
call a right-Hilbert bimodule aXb arising in this way standard, li ip: A ^ M{B) is nondegenerate, 
i.e., if X = ip{A)B = B, then we say that a-Bb is a nondegenerate standard right-Hilbert bimodule. 

Remark 1.4. It is clear that a nondegenerate standard right-Hilbert bimodule aBb is full. The 

converse is not true in general. To see an example let B = M2(C) and let (p: C ^ M2{C);(p{X) = 
( ^ ). Then M2(C)(/?(C)M2(C) = M2(C) and X = tp{C)M2{C) ^ is a full right-Hilbert C-M2(C) 
bimodule, but is degenerate. 

If X and Y are Hilbert B-modules, Cb{X,Y) denotes the set of maps T: X ^ Y which are 
adjointable in the sense that there exists T* : Y ^ X such that 

{Tx, y)B = {x, T*y)B for all x G X, y G Y. 

Such T are automatically bounded and i?-linear [54, Lemma 2.18]. The notation is shortened to 
C{X,Y) if B is understood, and Cb{X) (or just C{X)) if X = y. In the latter case C{X) is a 
C*-algebra with the operator norm ||T|| = sup{||ra;|| | ||a;|| < 1} [54, Proposition 2.1]. 

Now, if aXb is a right-Hilbert A — B bimodule then for each a & A the map x ^ a - x is ad- 
jointable (consequently the associativity condition (1.2a) is redundant), so we get a homomorphism 
k: A^ Cb{X) such that 

ti{a)x = a ■ X, 

and which is nondegenerate in the sense that k{A)X = X. Conversely, every right-Hilbert bimodule 
arises in this way: If X is a Hilbert _B-module and k: A ^ ^i^) is a nondegenerate homomorphism, 
then X becomes a right-Hilbert A — B bimodule via 

a ■ X = K{a)x. 

Thus a right-Hilbert A — B bimodule is nothing more nor less than a Hilbert S-module X together 
with a nondegenerate homomorphism A 'C(X). 

If X and Y are Hilbert B-modulcs, /C(X, Y) denotes the compact operators from X to Y: 
by definition, it is the closed span in £{X,Y) of the maps z y{x,z)B for x G X and y G Y. 
/C(X) = /C(X,X) is a closed ideal in £(X), and in fact £(X) ^ M(/C(X)) [54, Corollary 2.54]. In 
particular, if X is a Hilbert B-module, then the formula 

(1-3) K:{x){x,y)z = x{y,z)g 

defines a full /C(X)-valued inner product on X, which gives X the structure of a left Hilbert /C(X)- 
module. Then B acts via adjointable operators on the right of fc{x)X, and Bx — (X, X)^ identifies 
with the compact operators of the left Hilbert /C(X)-modulc ic(^x)X. 

We pause to clear up an apparent ambiguity: Suppose aXb is a right-Hilbert bimodule, and 
let k: A^ Cb{X) be the associated homomorphism. By definition k is nondegenerate in the sense 
that k{A)X = X. Is K still nondegenerate when viewed as a homomorphism of A into the multiplier 
algebra M(/C(X))? Yes, because k{A)JC{X) contains all the "rank-one" maps !c(x){x, y): just factor 
x = K{a)z for some a G A and 2; G X, and then 

K(x){x,y) = jc(x){i^{a)z,y) = n{a)jc(x){z,y). 

Thus K extends uniquely to a strictly continuous homomorphism R: M{A) M(/C(X)). Since the 

strict topology on M(/C(X)) = C{X) is stronger than the strong operator topology [54, Proposi- 
tion C.7], R is also strict-strong operator continuous into >C(X). In particular, X is a left M{A)- 
module, in fact a right-Hilbert M{A) - M{B) bimodule. 

In this work, imprimitivity bimodules will play a very important role, since they will represent 
the equivalences in our categories (see Chapter 2 below). But we shall also need the more general 
notion of partial imprimitivity bimodules: 
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Definition 1.5. Suppose that A and B are C*-algebras. A partial A — B imprimitivity bimodule 
is a complex vector space X which is a right Hilbert B-module and a left Hilbert A-module such 
that 

a ■ (x ■ b) — {a ■ x) ■ b and a {x,y) ■ z = x ■ {y, z) ^ 

for sl\ a & A, b & B, and x,y,z € X. If a{X, X) = A, we say that X is a right-partial imprimitivity 
bimodule. If {X,X)g = B, X is & left-partial imprimitivity bimodule. If both a {■, •) and (•, ■)g are 
full, then X is called a.n A — B imprimitivity bimodule. A and B are called Morita equivalent if 
there exists at least one A — B imprimitivity bimodule. 

Imprimitivity bimodules for C*-algebras were introduced by Rieffel in [56]. As a general refer- 
ence we recommend [54]. Our partial imprimitivity bimodules are often called Hilbert bimodules 
in the literature. However, this tcaininology woidd be much too close to "right-Hilbert bimodules", 
so we decided to introduce new terminology to prevent confusion. 

The reason for choosing the notion of partial imprimitivity bimodules comes from the trivial fact 
that if X is a partial A — B imprimitivity bimodule, then X becomes an Ax — Bx imprimitivity 
bimodule for the ideals Ax = a{X,X) and Bx = {X,X)q of A and B, respectively. In the 
special case where A = Co{V) and B = Cn{W) are commutative, this just means that we have a 
homcomorphism between the open sets Vx and Wx corresponding to the ideals Ax and Bx, i.e., 
a partial homcomorphism between V and W (see [54, Corollary 3.33]). 

Example 1.6. (1) Suppose that X is a right-Hilbert A — B bimodule. Let (•, •) be the left 
/C(X)-valued inner product on X as defined in (1.3). Then X becomes a right-partial IC{X) — B 
imprimitivity bimodule. In particular, if X is a full Hilbert B-module, then X is a }C{X) — B 
imprimitivity bimodule. 

(2) More generally, suppose that X is a right-Hilbert A—B bimodule such that the corresponding 
homomorphism k: A ^ Cb{X) is injective and k{A) D K{X). Define a left A- valued inner product 
on X by 

A {x,y) = {x,y)) 

for all x,y G X. Then X becomes a partial A — B imprimitivity bimodule. In particular, if X 
is a full right-Hilbert A — B bimodule, then X is an A — B imprimitivity bimodule if and only if 
k: A ^ C{X) is injective and k.{A) = /C(X). 

(3) Suppose that X is a partial A — B imprimitivity bimodule. Let X = {x \ x € X} with left 
B-action and right A-action defined by 

b - X = X - b* and x ■ a = a* ■ x 
and B- and A-valued inner products given by 

B {x,y) = {x,y)g a,nd{x, y)j^= A{x,y), 

for x,y G X. Then X is a partial B — A imprimitivity bimodule, called the conjugate (also called 
the reverse, or dual in the literature) of X. If X is a right-partial imprimitivity bimodule, then X 
is a left-partial imprimitivity bimodule and vice versa. If X is an A — B imprimitivity bimodule, 
then X is a -B — ^ imprimitivity bimodule. 

(4) If X is a partial A — B imprimitivity bimodule, then via the extension of the actions to the 
multiplier algebras, X becomes a partial M{A) — M{B) imprimitivity bimodule. 

Another important example is given by the multiplier bimodule M(X) of a right-partial imprim- 
itivity bimodule X, which we shall define in Section 2 below. We now recall the notion of induced 
ideals. If not explicitly stated otherwise, by an ideal of an algebra we always mean a two-sided ideal. 



10 



1. RIGHT-HILBERT BIMODULES 



Definition 1.7. Suppose that X is a right-Hilbert A — B bimodule (or just an A — B correspon- 
dence). Let / be a closed ideal in B. Then call XI the closed A — B submodule of X corresponding 
to I. The closed ideal X-lnd 7 = {a G ^4 | aX C XI} is called the ideal of A induced from I. 

If X is actually an A — B imprimitivity bimodule then we have the following basic result. For 
a proof we refer to [54, Theorem 3.22, Lemma 3.23 and Proposition 3.24 ]. 

Proposition 1.8 (Rieffel Correspondence) . Suppose that X is an A—B imprimitivity bimodule. 
Then there exist inclusion-preserving one-to-one correspondences between 

(i) the closed ideals of B, 

(ii) the closed A — B submodules of X, and 

(iii) the closed ideals of A. 

If I is a closed ideal of B, then XI is the corresponding closed A — B submodule of X and X-lndl 

is the corresponding closed ideal of A. Moreover, we have the identities X-lndl = a{XI,XI), 
{X-lndI)X = XI, and {XI, XI) g = I. 

Remark 1.9. If X is an A — i? imprimitivity bimodule, then it follows from the Rieffel corre- 
spondence that if / is a closed ideal of B, then XI becomes a X-lndl — / imprimitivity bimodule 
via restricting all actions and inner products to the subspaces. With a little bit more work one can 
also show that XjXI can be made into an A/ (X-Ind/) — B/I imprimitivity bimodule with respect 
to the obvious actions and inner products (see [54, Proposition 3.25] for more details). 



A theory of multipliers of imprimitivity bimodules was developed in [20] . We cannot adopt that 
theory directly, as our right-Hilbert bimodules are decidedly left-challenged; we need something more 
like the one-sided theory of [2] and [40]. Our gadgets and objectives arc not exactly the same as in 
these references; for this reason and for completeness we give a self-contained treatment. 

If X is a Hilbert B-module, then C{X) is a C*-algebra, hence is a right-Hilbert C{X) — C{X) 
bimodule. This extends to adjointable maps between different modules: 

Proposition 1.10. LetX andY be Hilbert B -modules. Then C{X,Y) is a right-Hilbert C{Y) - 
C{X) bimodule with operations 



for P e C{Y), T,S € C{X, Y), and Q e £{X). Moreover, C{X, Y) becomes a partial C{Y) - £{X) 
imprimitivity bimodule if we define the £{Y)-valued inner product on C{X, Y) by c(y) {T, S) = ToS*. 

Proof. Of course PT e C{X,Y), with (PT)* = T*P*, and similarly for the other composi- 
tions. Composition is associative, so C{X,Y) is an C{Y) — C{X) bimodule, and easy calculations 
verify the sesquilinearity of (•, ■)c{x) and the consistency relations (1.1) and (1.2b) (recall that (1.2a) 
is redundant). 

For positivity, note that for each x €: X, 



so that T*T > in C{X) by [54, Lemma 2.28]. The above equality also implies that ||Ta;||^ = for 
all x G X whenever T*T — 0, which gives definiteness of the inner product. 

Since C{Y) is unital, it certainly acts nondegenerately on C{X, Y), so it only remains to check 
that C{X, Y) is complete in the norm 



2. Multiplier bimodules and homomorphisms 



p.T = PoT, T-Q = ToQ, and {T, S)c(x) =T*oS 



{x,T* 



Tx)b = {Tx,Tx)b > 0, 



T\\ = \\{T,T)cix) 
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First we claim that this norm coincides with the operator norm on the Banach space B{X, Y) of all 
bounded linear maps of X into Y. Since T*T > in C{X), we can find Q G C{X) with Q*Q = T*T. 
Then 

m\kx,Y)= sup{\\Txfy}= sup {||(rx,Ta;)B||}= sup {||(a;,T*Ta;)B||} 
lkll<i lkll<i \M<i 

= sup {\\{x,Q*Qx)b\\} = sup {\\Qx\\%} = WQfnx) 

\\x\\<l \\x\\<l 

= \\Q*Q\\ciX) = l|T*T|U(x) = \\Tf. 
Next, the adjoint map T i— > T* is isometric from iC{X, Y) into JC{Y, X): 

\\T*\\ = niY,x) = sup {\]T*y\\x} = sup {\\{x,T*y)B\\} 

l|y||<i l|.T||,ll'y||<i 

= sup {\\{Tx,y)B\\} = sup {\\Tx\\y} = = l|r||. 

NIMIyBi Nll<i 

Now a standard argument shows that C{X, Y) is closed in B{X, Y), and therefore complete: suppose 
that {Ti} is Cauchy in C{X, Y), so T,^T in B{X, Y) and 7^* ^ 5* in B{Y, X). Then S is an adjoint 
for T: 

{Tx,y)B = \iTa{TiX,y)B = \\m.{x,T*y)B = {x,Sy)B- 

i i 

The last assertion now follows from the complete symmetry of the situation. □ 

Remark 1.11. Note that the JO.{Y)- and £(X)-valued inner products on C{X, Y) are in general 
not full, so C{X,Y) is in general not an C{Y) — C{X) imprimitivity bimodule. To see an example, 
let X = W be an infinite dimensional Hilbert space, viewed as a Hilbcrt C-module, and let y = C. 
Then one can check that C{H, C) =H and £(7^) {H, H) = KiTi). But C{TL) coincides with the much 
larger algebra B{H). 

Remark 1.12. In what follows, we are primarily interested in Cb{B, X), where X is a Hilbert 
B-modulc, and B is viewed as a Hilbert B-module in the usual way. In this case B = K,b{B) and 

(hence) M{B) = Cb{B). 

Corollary 1.13. Let X he a right-Hilbert A — B bimodule. Then Cb{B,X) is a right- Hilbert 
M{A) — M{B) bimodule with operations 

(1.4) {n-T)b = n-{Th), {T ■ m,)b = T{mb), and {T,S)m{b) =T*S 

fornGM{A), T,S & Cb{B,X), b€B, andm,GM{B). 

Proof. By Proposition 1.10 and Remark 1.12, C{B,X) is a right-Hilbert C{X)-M{B) bimod- 
ule, so we only need to produce the compatible M(^)-action. But this is easy: letting k: A — > C{X) 
be the associated nondegenerate homomorphism, we have the canonical extension R : M{A) — > C{X), 
so M{A) acts on the left of C{B, X) hy m ■ T — R{m)T. Unraveling the identifications, one sees 
that this left action is given by the first formula in (1.4). □ 

Definition 1.14. We call £b{B, X) the multiplier bimodule of the right-Hilbert A-B bimodule 
X, and we denote it by M{X). 

Remark 1.15. (1) If X is a right-partial A — B imprimitivity bimodule, then the left action of 

M{A) on X identifies M{A) with M{IC{X)) ^ Cb{X). Thus it follows from Proposition 1.10 that 
M[X) carries a left M(A)-valued inner product which makes M{X) into a partial M[A) — M{B) 
imprimitivity bimodule. 

(2) It follows from [20, Proposition 1.3] that if aXb is an A — i? imprimitivity bimodule, then 
the above-defined multiplier bimodule M{X) is canonically isomorphic to the multiplier bimodule 
defined in [20, Definition 1.1]. 
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Definition 1.16. Let aXb and c^d be right-Hilbert bimodules, letip: A^M{C) and^/;: 
M{D) be homomorphisms, and let $: X — > M{Y) be a linear map. We call ^ a. tp — ip compatible 
right-Hilbert bimodule homomorphism if 

(i) $(a • x) = (p{a) ■ 

(ii) ^{x ■ b) = ^{x) ■ i>{b), and 

(iii) tpdx, z)b) = {^{x), ^{z))m{d) for a\\ a € A, x,z & X and b & B. 

We call if and V' the coefficient maps of we write : aXb M[cYd) to indicate all the 
data. 

We say that $ is nondegenerate if ^{X)D = Y {i.e., the closed linear span of {^{x)d \ x € 
X.d E D} equals Y) and both (p and ip are nondegenerate. 

If p and arc isomorphisms of A and -B onto C and D, respectively, and <i> is a bijection onto 
Y, wo call $ a right-Hilbert bimodule isomorphism of X onto y. 

li A — C, B = D, and both and V' are identity maps, wo call $ a right-Hilbert A — B bimodule 
homomorphism. If in addition the map $ is bijective we call it a right-Hilbert A — B bimodule 
isomorphism. 

Remark 1.17. (1) Note that a right-Hilbert bimodule homomorphism X — > M{Y) is always 
norm-decreasing, since (with the above notation) for each x & X we have 

mx)f = \\mx),^x))MiD)\\ = \mx,x)B)\\ < \\{x,x)b\\ = \\xf. 

Of course, this also shows that a right-Hilbert bimodule isomorphism is necessarily isometric. 
(2) Condition (ii) is actually implied by condition (iii) and the linearity of ip: 

\\^{xb) - ^x)ijj{b)f 

= ||($(x6),$(x6))a^(i5) - ($(x6),$(x)V'(&))M(n) 

+ ($(x)V(6),$(x)^(&))mp) - ($(x)^(6),$(x6))m(d)|| 
= \\{^{xb),^{xb))MiD) - ($(a;5),$(a;))M(D)V'(&) 

+ m*{^ix), ^{x))M(D)m - i^ibTiHx), Hxb))M(D) II 

= ip(^(xb,xb)M{B) - {xb,x)M{B)b + b*{x,x)M{B)b-b*{x,xb)M{B)) 
= 0. 

In fact, a similar computation shows that if X ^ M(F) is only a map satisfying (i) and (iii) 
then <I) is automatically linear, hence is a right-Hilbert bimodule homomorphism (see, for example, 
[62, Lemma 2.5]). 

If aXb and c^d are partial imprimitivity bimodules, a nondegenerate right-Hilbert bimodule 
homomorphism automatically preserves this extra structure (as well as possible). Recall that in 
this situation the action of C on Y determines a homomorphism kc'- M{C) — > Cd{Y). If Y is 
a right-partial C — D imprimitivity bimodule we have M{C) = Cd{Y) via kc, and we used this 
identification to define an M(C)-valued inner product on M{Y). 

Lemma 1.18. Suppose that aXb is a partial imprimitivity bimodule, cYd is a right-Hilbert 
bimodule and : X M{Y) is a right-Hilbert bimodule homomorphism such that ^{X)D = Y. 
Then 

C(Y) (*(.!;), $(z)) = KcO ip{A {X, z)), 

for all X, z € X . If, in addition, cYd is a right-partial imprimitivity bimodule, then ip^^: X — > 
M{Y) is a partial imprimitivity bimodule homomorphism, that is, ^ is a right-Hilbert bimodule 
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homomorphism with the additional property that 

M{C) (^(a;), ^z)) = ip{A {x, z)) 

for all X, z G X . 

Proof. The second assertion follows directly from the first assertion and the definition of 
M{c) (•)•)• For the first assertion we have to check that 

ip{A {x,z))y^c{Y) {^{x),^{z))y 

for all y G Y. Since Y = ^{X)D, we may assume without loss of generality that y = ^{w)d for 
some w G X , d € D, and then 

ip{a{x,z)) ■ ^{w)d = ^{a{x,z) ■ w)d = ^{x ■ {z,w)B)d 

= ^{x) ■ {^{z), ^{w))M{D)d = ^{x) o ^{z)* o • d 
= c{Y)mx),^{z)) ■ ^w) ■ d. 

□ 

Remark 1.19. (1) If aXb and are imprimitivity bimodules, it follows from the above 

lemma that a nondcgcncratc right-Hilbcrt bimoduk homomorphism : X M{Y) is automat- 
ically a nondegenerate imprimitivity bimodule homomorphism in the sense of [20, Definition 1.8]. 

Curiously, the above statement has a converse: if $ is a nondegenerate imprimitivity bimodule 
homomorphism, then $ is automatically a nondegenerate right-Hilbert bimodule homomorphism, 
since then ^{X)D = Yhy [29, Lemma 5.1]. However, we must be careful in applying this remark: 
if X and Y are imprimitivity bimodules, but we only know that $: X — > M{Y) is a right-Hilbert 
bimodule homomorphism, then nondcgcncracy of the coefficient lioinomorphisms docs r),ot imply 
nondegeneracy of $ — for example, if 7i is a Hilbert space of dimension greater than one, and if 
^ G W, we get a right-Hilbert bimodule homomorphism y<l>^ : cCc — > k.{h)'^C by defining 

<I>(c) = c^, (p{c) = clfi, and ip{c) = c. 

Both if and ijj arc nondegenerate, but $ is degenerate. Of course, $ is not an imprimitivity bimodule 
homomorphism. For nondegeneracy of $ to follow from that of the coefficient maps, we must know i> 
preserves both inner products. As a reward for checking both inner products, we can avoid checking 
the left module action, as a computation similar to that in item (2) of Remark 1.17 shows. 

(2) Several times we will need the following adaptation to our context of [20, Example 1.10]: if 
y,^^ : aXb — * M{cY]j) is a nondegenerate right-Hilbert bimodule homomorphism, then there exists 
a unique map /x: ICb{X) M{ICD{Yj) such that is a nondegenerate right-Hilbert bimodule 
homomorphism from ic{X)Xb to M{i^(^y)Yd)- Note that it follows from Lemma 1.18 above that 
is then automatically a right-Hilbert bimodule homomorphism, so that n is determined by the 
equation 

Kicix) {x, y)) = m{Kd(y)) {^{x), for all x,yeX. 

It is useful to note the following relation between right-partial imprimitivity bimodule homo- 
morphisms and induced ideals. 

Lemma 1.20. Let <^<&^ : aXb M{cYd) be a right-Hilbert bimodule homom,orphism. Then 
ker<I> = X-Vertl). In particular, $ is injective ifip is. If, in addition, aXb and cYd are right-partial 
imprimitivity bimodules, we also have keiip = X-Ind(ker ■)/)). Thus, if aXb is an imprimitivity 
bimodule, then ker ker and keitjj correspond to each other via the Rieffel correspondence. 
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Proof. Since $ is a bimodule map, it follows that X ■ ker^ C ker^l?. Conversely, HY = ker$, 
then F is a closed A-B submodule of X such that (F, F) ^ Ckevtp. It follows that F = F ■ (F, F ) ^ C 
X ■ kcTtp. 

Suppose now that A = fC{X) and C = /C(F). As above we first see that (ker(^)X C ker"I>, so 
we only have to check that aX C ker$ implies a G ker<^ for all a G K.{X). But, using Lemma 1.18, 
aX C kcr <!' implies that 

^(a/C(X)) - ^{a{^(x)WX))) = ^{K(X){aX,X)) = M(;c(y)) (^M, $ W> = W, 
and hence (p{a) — 0. The final assertions now follow from Proposition 1.8. □ 

Remark 1.21. One useful application of the above lemma and the Rieffel correspondence is the 
following result: If : aXb — *■ cYd is a homomorphism between imprimitivity bimodules, and if 

ip and tjj arc isomorphisms, then so is $. The injectivity of <I> follows from the injectivity of ^jj, and 
the surjectivity follows from the Rieffel correspondence and the fact that ^{X) is a closed C — D 
submodule of F such that = = D. 

In Proposition 1.34 below, and elsewhere, we need to construct a right-Hilbert bimodule ho- 
momorphism by extending from a prc-right-Hilbert bimodule. We pause to make this precise, and 
streamline the process with an elementary lemma. 

Definition 1.22. Let Aq and Bq be dense *-subalgebras of C*-algebras A and B, respectively, 
and let Xq be an Aq — Bq bimodule. We say Xq is a pre-right-Hilbert Aq — Bq bimodule if it has a 
Bo-valued pre-inner product (with positivity interpreted in B), so that (1.1) holds, and also 

{a ■ x,a ■ x}b„ < ||a|p(.x, x) Bo for all a S Aq, x S Xq. 

As with pre-Hilbert modules (c/. [54, Lemma 2.16]), the completion X of Xq becomes a right- 
Hilbert A — B bimodule by taking limits of the operations. 

Lemma 1.23. Let Xq be a pre-right-Hilbert Aq — Bq bimodule, with completion aXb- Suppose 
we have homomorphisms (p: A ^ M{C) and ip: B ^ M{D), and a map ^o- Xq — > M(F) such 
that: 

(i) ^Q{a ■ x) = (p{a) ■ ^q{x) and 

(ii) ($o(a;),$o(2/)>M(r.) =tp{{x,y)Bo) 

for all a e Aq and x,y £ Xq. Then $ extends uniquely to a right-Hilbert bimodule homomorphism 

X ^ M{Y). 

Proof. Similarly to Remark 1.17, the inner product property (ii) implies first of all that $o is 
linear, then that it is bounded, hence extends uniquely to a bounded linear map $ : X ^ M(F). The 
compatibility conditions (i) and (iii) of Definition 1.16 follow from continuity and density. (Recall 
from Remark 1.17 that Definition 1.16 (ii) is redundant.) □ 

Occasionally it is convenient to take advantage of certain labor-saving devices when we are 
dealing with partial imprimitivity bimodules. In the language we have already introduced, we 
observe that a pre-imprimitivity bimodule can be defined as a pre-right-Hilbert bimodule Ao{Xo)bo 
which also has a left Ao-valued pre-inner product (with positivity interpreted in the completion A) 
such that for all x,y,z £ Xq and b G Bq we have 

Ao{xb,xb) < \\b\fAo{x,x) and Ao{x,y)z = x{y, z)bo- 

Lemma 1.24. Let Xq be a pre-imprimitivity Aq — Bq bimodule, with completion aXb- Suppose 
we have homomorphisms ip: A M{C) and ip: B ^ M{D), and a map ^q: Xq — *• M(F) such 
that: 

(i) M{c){^o{x),^o{y)) = ^{Ao{x,y)) and 
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(ii) ($o(a;),$o(2/))M(D) =i^{{x,y)Bo) 
for all x,y G Xq. Then $ extends uniquely to an imprimitivity bimodule homomorphism X — > 
M{Y). 

Moreover, if (p and ip are nondegenerate, then so is 

Proof. Similarly to the proof of the preceding lemma, the inner product properties (i)-(ii) 
imply first that $o is linear, then that it is bounded, hence extends uniquely to a bounded linear map 
<I> : X ^ M (Y) which preserves both inner products by continuity and density; Remark 1.17 assures 
us that this suffices to give the unique extension We have already mentioned in Remark 1.19 
that nondegeneracy of y and ip guarantee nondegeneracy of □ 

Definition 1.25. Let aXb be a right-Hilbert bimodule. The strict topology on M{X) is that 
generated by the seminorms m i— > UrmH, ||m6|| for T G ICb{X) and b € B. 

Remark 1.26. (1) Thus the strict topology on M{aXb) has nothing to do with the left A- 
module action and only depends on the right-partial imprimitivity bimodule structure of jc{x)Xb- 

(2) What [27] and [40] call the strict topology on M{X) is really the *-strong topology. This 
is easily seen to be weaker than the strict topology.^ Indeed, if rrij ^ m strictly in M{X), then 
ruib — * mb for all b G B by definition. Thus we only have to check that m^x — > m*x for all x £ X, 
which follows from factoring x = cy for some c& )C{X), y & X and computing 

= {mi,cy)M{B) = {c*mi,y)M{B) ^ {c*m,y)M{B) = m{cy). 

The above definition is modeled after [20, Definition 1.5], where it is discussed for imprimitivity 

bimodulcs. If X is full, the strict topology on M{X) only depends upon the IC{X) — B imprimitivity 
bimodule structure on X and all results from [20] are available. However, we need to generalize 
several results of [20] to more general right-Hilbert bimodules. 

Note first that we have a canonical right-Hilbert C{X) — M{B) bimodule embedding of X into 
M{X) given by a; rux, where ruxb = x ■ b and m*{y) = {x,y)B- It follows directly from the 
definitions that this embedding preserves the left and right actions and the M(B)-valued inner 
product. Moreover, since the left action of M{A) on X and M{X) is given via the same homo- 
morphism k: M{A) ^{X), we see that x nix is also a right-Hilbert M{A) — M{B) bimodule 
homomorphism. 

Proposition 1.27 (c/. [20, Proposition 1.6]). Let X he a right-Hilbert A-B bimodule and let 
us view X as an C{X) — M{B) suh-himodule of M{X) via the above embedding. Then: 

(i) 1C{X) ■ M{X) C X and M{X) -BCX. 

(ii) M{X) is the strict completion of X. 

(iii) The pairings 

C{X) X M{X) M{X), M{A) X M{X) M{X) and 

M{X) X M{B) ^ M{X), {; ■)MiB) ■■ Mix) x M{X) ^ M{B) 
are separately strictly continuous, where we identify C{X) with M{1C{X)). 

Proof. Let m G M{X). Factoring 6 e i? as 6 = cd for c, d G B, it follows that mb = {mc){d) G 
X. On the other side, we have j^ix) (•^' y)'ni = x (t/, m)j^^g^ G X for all x,y € X , m € M{X). This 
proves (i). 

For the proof of (ii), let {ui)i^i be an approximate unit in B. Then it follows from (i) that mUi 
converges strictly to m. Thus X is strictly dense in M{X). Conversely, assume that {mi)i^i is a 
strict Cauchy net in M{X). Then it follows from Remark 1.26 that {mi)i^i is also a *-strong Cauchy 



Is it always the same? Presumably not, but we do not know a counterexample. 
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net. This implies that we can define m G M{X) by m{b) — linii^i mi(b), 'm*{x) — Hniig/ m*(a;). 
Now let c G IC{X). Since {cmi)i<^i is a Cauchy net in X by assumption, it follows that crm converges 
to some y G X, and since yh = limjg/(cmj)6 = limjg/ c(mi&) = c{mb) = {cm)b for all b £ B, it 
follows that y = cm. Thus M{X) is complete in the strict topology. 

The proof of (iii) now follows from an application of Remark 1.26 and the norm-continuity of 
the pairings. For example, iirrii ^ m strictly in M{X) and n € M{X), then it follows for all 6 G B 
that 

{mi,n)M{B)b = m*{n{b)) m*{n{b)) = {m,n)M{B)b, 
by *-strong convergence of {mi)i^i. Similarly, 

b{mi,n)M(B) = {mi{b*),n)M{B) ^ {m{b*),n)M{B) = b{m,n)M(B)- 

It follows that {mi,n)M(B) {m,n)M{B) strictly. The other assertions follow from similar argu- 
ments. □ 

In fact, M{X) is maximal with respect to the above properties: 

Proposition 1.28. Let X be a right-Hilbert A — B bimodule. Suppose M is a right-Hilbert 
M{A) — M{B) bimodule containing X as a right-Hilbert M {A) — M{B) sub-bimodule {extending the 
operations on X in the usual way) such that 

M -B ex. 

Then M embeds as an M{A) - M{B) sub-bimodule of M{X). 
Proof. For me M define $(m) : B ^ X hy 

(1.5) $(m)6 = mb. 
Then $(m) is adjointable, with 

(1.6) ^{m)*x = {m,x)M{B)- 

To see this, note that {m,x)M{B) S B, since we may factor x = yb for some y € X and b G B, and 
then 

{m.,x)M(B) = {m,yb)M{B) = {m,y)M(B)b € B. 
Checking the adjoint property, for b E B and a; G X we have 

(fe, {m,x)M(B))g = b*{m,x)M(B) = {mb,x)M(B) = {mb,x)B = {^{m)b,x)B- 

Thus we get a map $ : M -> M{X). 

For each b e B, k € M{A), and m,n E M we have 

^{km)b = kmb = k^{m)b 

and 

($(m), $(n))M(B)fo = $(TO)*$(n)6 = $(m)*nb = (to, n6)M(B) = {m, n)M(B)b. 

Thus $ : M — > M{X) is a right-Hilbert M{A) — M{B) bimodule homomorphism which is necessarily 
isometric; of course $ restricts to the usual embedding of X in M{X). 

For uniqueness, suppose that M ^ M{X) is another right-Hilbert M{A) — M(i?)-bimodule 
homomorphism extending the embedding of X. Then, for all b G B, ($(to) — \t'(TO))(6) = mb — 
-^{mb) = since mb G X. Thus * = □ 



2. MULTIPLIER BIMODULES AND HOMOMORPHISMS 
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Remark 1.29. When X is a.n A — B imprimitivity bimodulc, we have two ostensibly different 
M{A) - M{B) bimodules: M{aX) = Ca{A,X) and M{Xb) = Cb{B,X). In lact these turn out 
to be naturally isomorphic. The link is the multiplier bimodule M{aXb) studied in [20], which 
consists of pairs (m^, me) in which tua : A ^ X is A-linear, niB - B ^ X is S-linear, and 

■mA{a} ■ b — a ■ mB{b) for all a & A,b G B. 

The maps {mA,mB) mA and {niA, tub) ^ thb give isomorphisms of M{aXb) onto M{aX) and 
M{Xb), respectively [20, Proposition 1.3]. This is not obvious: there is a priori no assertion of 
adjointability in the definition of M{aXb), and as a result the abstract characterization of M{aXb) 
in [20, Proposition 1.2] looks rather different from its one-sided analogue in Proposition 1.28. Un- 
fortunately, a similar result does not hold for arbitrary partial imprimitivity bimodules, so that we 
definitely have a one-sided theory of multiplier bimodules for partial imprimitivity bimodules. 

We will now show that nondegeneracy allows us to extend right-Hilbert bimodule homomor- 
phisms to the multiplier bimodules. 

Theorem 1.30. Let ip^^i,: aXb M{cY£)) be a nondegenerate right-Hilbert bimodule homo- 
morphism. Then $ extends uniquely to a right-Hilbert bimodule homomorphism 

(^^^: m{A)M{X)m{b) — *■ m{C)M{Y)m{d), 

where (p: M{A) M{C) and i/i: M{B) M{D) are the unique extensions of ip and tp. Moreover, 
i> is strictly continuous. 

Proof. We first aim to show that $ is continuous from the relative strict topology of X to 
the strict topology of M{Y). By Remark 1.19 there exists a map /x: IC{X) — > M{IC{Y)) such 
that jc(x)Xb M{ic(y)Yd) is a nondegenerate right-Hilbert bimodule homomorphism. Let 

aij — > strictly in X. Then for all d G D we can factor d = ip{b)d' for some b & B and d' € D, and 
then 

mxi)d\\ = mxi)md'\\ = ■ &kii < ■ bmd'w < \\x. ■ &iiiid'ii - o. 

Similarly, for all T G /C(F) we can factor T = T'tx{S) for some T' e IC{Y) and S G /C(X), and then 

||T<I>(xO|| = \\T'^,iSMx,)\\ = \\T'^Sx.)\\ < \\T'\m{Sxi)\\ < \\T'\\\\Sx4^0. 

Thus ^{xi) strictly in M{Y), as desired. 

Therefore $ certainly has a unique strictly continuous extension M{X) — > M{Y). Since (fi 
and ip are also strictly continuous, it follows from the strict continuity of all bimodule operations 
that $ is a /U — ■)/' compatible right-Hilbert A^(^) — B bimodule homomorphism. 

Finally, for the uniqueness, suppose ^ : M{X) M{Y) is any right-Hilbert bimodule homo- 
morphism extending <I>. Since the extensions of ip and ip to the multiplier algebras are unique, ^' 
must he (f — -ip compatible. For all m € M{X) and d € D we can factor d = tp{b)d' for some b G B 
and d' £ D, and then 

^{m)d = ^{m)^p{b)d' = ^{mb)d' = ^{mb)d' = $(m)<i. 
Therefore ^{m) = $(to). □ 

The above result allows us to compose nondegenerate right-Hilbert bimodule homomorphisms: 
if aXb — > M{cYd) and \E': cYd M[eZf) are nondegenerate homomorphisms, then we have 
a nondegenerate composition o $ : X — > M{Z). 
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3. Tensor products 

Let aXb and bYc be right-Hilbert bimodules. Then the algebraic tensor product X QY 
becomes a pre-right-Hilbert A — C bimodule with operations 

a-{x®y) = a- x®y, {x ® y) ■ h = x ® y ■ h, and 

{x®y,z® w)c = (y, (x, z)b ■ w)c 

[54, Proposition 3.16]. The completion is a right-Hilbert A — C bimodule X ®b Y . Note that if X 
and Y are full, then so \s X ®bY , since 

{X ®bF,X®b Y)c = {Y,{X,X)b-Y)c = {Y,B-Y)^ = (TTY) = C. 

Definition 1.31. We call X (g)B Y the balanced tensor product of aXb and bYc- 

Given two right-Hilbert bimodule homomorphisms aXb — * M{dZe) and bYc — > 
M{eWf), we would like to form a tensor product homomorphism 

^^B*: X ®bY ^ M{Z ®E W). 

There are two obstructions to this Utopia: first, understandably we have to require that the coeffi- 
cient maps at B coincide. More significantly, the obvious map x 0b y i— > $(x) ®m{E) ^(y) will be 
into M{Z) ®M(E) M{W). Fortunately, using the abstract characterization of Proposition 1.28, we 
can show that M{Z) ®m{E) M{W) always embeds in M{Z ®e W): 

Lemma 1.32. Let dZe and eWf be right-Hilbert bimodules. There exists an isometric right- 
HilbeH M{D) - M{F) bimodule homomorphism T: M{Z) ®m(e) M{W) M{Z ®e W) such that 

(1.7) T(m)/ = m • / and T{m)*x = {m,x)M{F) 

for each m e M{Z) ®m(e) M{W), f € F, and x G Z ^eW. 

Proof. Note that M{Z)(g)M{E)M{W) is a right-Hilbert M{D)-M{F) bimodule which contains 
a copy oi Z ®eW — Z ®m{e) W. Moreover, 

M{Z) ®M(E) M{W) ■ F = M{Z) ®M{E) W = M{Z) ®m{e) E ■ W 

= M{Z) ■ E ®M(E) W = Z ®M(E) W = Z®eW. 

Hence Proposition 1.28 provides an isometric right-Hilbert M(D) — M(F) bimodule homomorphism 
T: M{Z) ®M(E) M{W) M{Z ®e W) which is the identity on Z and which by (1.5) and 
(1.6) in the proof of Proposition 1.28 satisfies (1.7). □ 

Remark 1.33. In the future we will suppress the map T, using the above lemma to identify 
M{Z) ®M(E) M{W) with its image in M{Z ®e W). Note that for m G M{Z) and n G M{W) the 
adjointable map m®n: F ^ Z ®eW is given by {m®n)f = m®n-f. 

Proposition 1.34. Let^^^: aXb M{dZe) and^'^e- bYc M{eWf) be right-Hilbert bi- 
module homomorphisms. Then there exists a (p — compatible right-Hilbert bimodule homomorphism 
$ Ob a{X Ob Y)c M{d{Z ®e W)f) such that 

(1.8) ($(g)B *)(a;(8>2/) = $(a;) (g)*(?/). 

// $ and ^ are nondegenerate, then ^ ®b^ is too. 

Proof. The pairing {x,y) i—>- <i>(x) ® 5'(?y) is bilinear, so determines a unique linear map 
$ * : X y ^ M{Z ®E W). We verify conditions (i)-(ii) of Lemma 1.23, and it suffices to do 
this for elementary tensors: for all a €: A, x,z & X, and j/, w G F we have 

($ *)(a ■ {x y)) = ($ *)(a -x^y) = $(a • x) 'J'(y) 

= <p{a) ■ ^{x) ^{y) = ip{a) ■ {^{x) ^{y)) 
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and 

(($ ■^){x y), ($ ■^){z w})^^^^^ = $(z) *(«;))^^^^^^ 

= 6({x ®y,z® w)c)- 
Now suppose $ and 5* arc nondcgcncratc. Then we have 



(4> 0B 0B y) . = ($(x) *(r))F = • f 
= 4>(x) £; ■ = $(x) • w = z 0B VF. 

Since (/? and ^ are nondcgcncrate by assumption, this shows that $ 0b is nondcgcnerate. □ 

We will need the exterior tensor product as well. Let a^b and cYd be right-Hilbert bimodules. 
Then the algebraic tensor product X QY becomes a pre-right-Hilbert {AqC) — {B Q D) bimodule 
with operations 

{a ® c) ■ {x ® y) = a ■ X ® c ■ y, {x ® y) ■ {h ® d) = x ■ b ® y ■ d, and 

{x®y,z® w)b(s,d = {x, z)b ® {y, w)d 

[54, Proposition 3.36]. The completion is a right-Hilbcrt {A®C) — (B^D) bimodule X (E}Y, where 
"0" always denotes the minimal tensor product for C*-algebras. If X and Y are full, then so is 
X y, since 



(X y, X y)^^^ = {X, x)b ® {y, y)d = B(^ d. 

Definition 1.35. We call X y the exterior tensor product of aXb and cYd- 

As for balanced tensor products, we want to "exterior tensor" bimodule homomorphisms, and 
again we first need to know that things go into the right place: 

Lemma 1.36. Let e^f gWh be right-Hilbert bimodules. There exists an isometric right- 
Hilbert bimodule homomorphism S: M{Z)(S)M{W) M{Z®W) with coefficient maps the canonical 
homomorphisms M{E) M{G) ^ M{E G) and M{F) M{H) M{F H) such that 

(1.9) E{m)b = m-b and E{m)*x = (m, x)m{f)(^m{h) 

for each m e M{Z) M{W), beF(SiH, andxeZ®W. 

Proof. Note that M{Z)<^M{W) contains Zi^W in the obvious way as a right-Hilbert {M{E)® 
M{G)) - {M{F)®M{H)) sub-bimodule, that E^GC M{E)^M{G) and F0iJ" C M{F)®M{H) 
are essential closed ideals, and that 

{M{Z) M{W)) ■{F®H) = M{Z) ■ F M{W) ■ H <Z Z ®W. 

Hence Proposition 1.28 provides an isometric right-Hilbert bimodule homomorphism S: M{Z) 
M{W) M{Z W) as desired. By (1.5) and (1.6) in the proof of Proposition 1.28, S satisfies 
(1.9). □ 

Remark 1.37. As for balanced tensor products, we will suppress the map S, using the above 
lemma to identify M{Z) M{W) with its image in M{Z W). Note that for m e M{Z) and 
n G M{W) the adjointable map m ® n: F ® H .Z0W^is given on elementary tensors by 
{m ^ n){f <Si h) = m ■ f <Si n ■ h. 
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Proposition 1.38. Let aXb M{eZf) and e'^ p-. c'Yd M{gWh) be right-Hilbert 

bimodule homomorphisms. There exists a right-Hilbert bimodule homomorphism 

* (8> ^' : A®c{X Y)b^d M{e^g{Z (8> W)f^h), 

with coefficient maps the usual homomorphisms ip^ 9: A<^C ^ M{E G) and tp ^ p: B ® D ^ 
M{F ®H), such that 

(1.10) ($ ® *)(a; ® y) = $(3;) ® 

// $ and ^ are nondegenerate, then $ (g) is too. 

Proof. As in the proof of Proposition 1.34, we clearly have a unique linear map $©\1/ : XqY 
M{Z)^MiyV), so for the first part it suffices to check the left module actions and the inner products 
on the generators: for a £ A, c ^ C , x, z & X , and y,w & Y we have 

($ (g) ((a (g) c) • (x (g) ?;)) = ($ ® (a ■ .X ® c ■ y) 
= $(a • a;) ® *(c • y) ^{a) ■ $(x) g) 9{c) ■ 

= {<p{a) ® 9{c)) ■ {^{x) ® = {ip® 9){a (g) c) • ($ *)(a; (g y) 

and 

(($ g) ^){x (g y), ($ (g (g '«'))M(F®_f/) ~ 

= $(z))m(f) 'f{w))M{H) = 2;)i3) g) p{{y, w)d) 
= {ip ^ p){{x,z)b g> {y,w)D) = {i^ ® p){{x ® y, z ® w)b(^d)- 
Now suppose $ and ^' are nondegenerate. Then 



($ y) • (F /f) = ($(x) -{F^H) 



= • i?^ ■H = z®w, 

so $ ^ is nondegenerate as well. □ 

4. The C- multiplier bimodule Mc{X C) 

In this section we introduce the notion of the C-multiplier bimodule of the exterior tensor 
product X C of a right-Hilbert bimodule X with a C*-algebra C . The definition is very similar 
to the definition of the C- multiplier algebra Mc(A C) as given in Appendix A, and wc shall 
obtain properties for C-multiplier bimodules similar to those we obtained in Proposition A. 5 and 
Proposition A. 6 for C-multiplier bimodules. We start with: 

Definition 1.39. Suppose that X is a right-Hilbert A-B bimodule and let C be a C*-algebra. 
The C-multiplier bimodule Mc{X C) of X C is defined as the set 

MciX C) = {to e M{X C) I (1 C)to U to(1 C) C X C}. 

The C -strict topology on Mc{X C) is the locally convex topology generated by the seminorms 
m \\Tn{l c)|| and rm-^ ||(1 c)m\\, c G C. 

If C = C*(G) for some locally compact group C, we shall simply write Mg{X C*(C)) for 
^c* {G){X ® C* {G)) and call it the G-multiplier bimodule of X0C*(G). The following result is the 
bimodule analogue of Proposition A. 5. 

Lemma 1.40. Suppose that A, B, and C are G* -algebras and that X is a right-Hilbert A — B 
bimodule. Then: 

(i) Mc{X ®G) is a closed A®G - B i^G sub-bimodule of M{X C). 
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(ii) Mc{X ® C) IS a right-Hilbert Mc{A ® C) - Mc{B ® C) himodule with respect to the 
bimodule operations on M{X C) restricted to Mc{X eg) C). 

(iii) The C -strict topology on Mc{X ® C)is stronger than the strict topology inherited from 
the full multiplier himodule M{X ® C). 

(iv) The right-Hilbert MciA (gi C) - Mc{B C) bimodule operations on Mc{X (gi C) are 
separately C -strictly continuous. 

(v) Mc{A(SiC) and Mc{B®C) are the C -strict completions of A®C and B®C, respectively, 
and Mc{X (g) C) is the C -strict completion of X ®C. 

Proof. We omit the straightforward verifications of (i) and (ii). For (iii), suppose that {mi)i^j 
is a net in Mc{X $5 C) which converges C-strictly to some m e Mc{X (g C). Let z £ B ® C. 
Factoring z = {1 ^ c)y for some cGC,y€B(>^C gives 

limniiZ = Um(mi(l (g c))y = to(1 (g c)y = mz. 

i i 

A similar argument shows that zrrii zm for all z G IC{X (g C) = JC{X) g) C. Thus Wj ^ w in the 
strict topology of M(X (g C). 

Part (iv) follows directly from (iii) and Proposition 1.27. For the proof of (v), let (wi);^/ be 
a bounded approximate unit for C. Then, if m S MciX Cg C), we see that m(l ig Ui) is a net in 
X (g C which converges C-strictly to m, so X (g C is C-strictly dense in Mc{X (g C). Conversely, if 
{mi)i^j is a C-strict Cauchy net in Mc{X ® C), it follows from (iii) that it is also a strict Cauchy 
net in M{X (g C). It follows then from Proposition 1.27 that there exists an m G M{X (g C) such 
that rui ^ m strictly. 

We claim that rrii ^ m C-strictly and that m G Mc{X g) C). For this wc let e > and c G C. 
We show that there exists an G / such that ||(m, — m)(l g) c)z\\ < e for all z G -B g) C with 
||2;|| < 1 and i > io. For this let io G / such that \\{mi — mj){l <S> c)|| < e for all i,j > io- Since 
mj{l (g c)z — » m(l (g c)^; in norm, it follows that 

||(mj — m)(l (g c)z|| = lim \\{mi — mj){l (g c)z\\ < e 
j 

for all i > jQ. Thus mi{l (g c) ^ m(l (g c) in norm, and a similar argument shows that (1 g) c)mi 
(l(gc)TO in norm for all c G C. Thus rrii ^ m C-strictly. Finally, since TOi(l(gc), (l(gc)TOj G Xg)C, 
it follows from the fact that X (g C is norm-closed in M{X (g C) that (1 (g c)m, m(l (g c) G X ig C 
for all c G C, hence m G Mc{X (g C). □ 

Remark 1.41. It is useful to observe that we always have 

(1 ® M(C)) ■ Mc{X (g C) U Mc{X (g C) • (1 (g M(C)) C Mc{X (g C). 
We omit the straightforward argument. 

Proposition 1.42. Suppose that A, B, C, D, E, F are C* -algebras. Let X be a right-Hilbert 
A — B bimodule and let Y be a right-Hilbert E — F bimodule. Assume further that : aXb 
M{eYf) is a right-Hilbert bimodule homomorphism, and that C — > M{D) is a nondegenerate 
*-homomorphism. Let ^ ® ^ : X ® C — > M{Y (g D) denote the tensor product homomorphism of 
Proposition 1.38. Then: 

(i) There exists a unique himodule homomorphism 

Mc(A®C)Mc{X ® C)mc(B<?,C) ^ M(E®D)M{Y ^ D)m(F®D) 

which extends $(g*:X0C^M(F(g£)). 

(ii) The map ^ of (i) is C-strict to strict continuous. 

(iii) If^{X) C Y, thenW®^{{Mc{X®C)) C Md{Y®D) andW®^ is C-strict to D-strict 
continuous. 
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Remark 1.43. In the rest of the paper we shall usually write $ (g) also for its extension <I> ^' 
to Mc{X ^C) if confusion seems unlikely. Note that it already follows from Proposition A. 6 that the 
coefficient maps (p'Si'^- AiSiC ^ M{E®D) and il)®"^: B®C — *■ M{F®D) have unique extensions 
to Mc{A®C) and Mc{B®C), respectively, with similar properties as stated for Mc{X (E)C) above. 

Proof of Proposition 1.42. The proof follows closely the ideas of the proof of Theorem 
1.30, and it is also very similar to the proof of Proposition A. 6. We first remark that the map 

^ (g) : X (g) C ^ M{Y (g) D) is C-strict to strict continuous. Indeed, if (xi)i^j is a net in X (g) C 
which converges C-strictly to x G X (^C, and ii z & Y (E) D, we can factor z = (1 (g) \l/(c))y for some 
c G C and y gY ® D (since ^ is nondegenerate) to conclude that 



where convergence is in norm. A similar argument shows that fc($ (g) ^{xi)) — > fc($ (g) ^'(a;)) in norm 
for all k <E JC{Y (g) D) = JC{Y) (g D. Thus there exist unique C-strict to strict continuous linear 
extensions $ (g Mc{X g) C) ^ M(y (g £>). 

Since all bimodule operations on Mc{a^c)^c{X ®C)Mc{B<giC) separately C-strictly contin- 
uous, and since all bimodule operations on M{Y®D) are separately strictly continuous, we conclude 
that the extensions 

ip(g)^: Mc{A g) C) M{E g) D) and Mc{B g) C) ^ M{F (g D) 

are *-homomorphisms, and that $(g\l/ is (f ® ^ — tp ® "if compatible. A straightforward argu- 
ment, similar to the one presented in the proof of Theorem 1.30 and Proposition A. 6, shows that 
^^^<I> g) is indeed the only bimodule extension of $ <8) to Mc{X (g) C). This proves (i) 

and (ii). 

For the proof of (iii) assume that ^{X) C Y. Then we can copy the arguments given in the 
proof of part (iv) of Proposition A. 6 to conclude that $ (g ^i{X (g C) C Md{Y g) D) and that 
$ (g : X (g) C — i- Md(Y (g) D) is C-strict to £)-strict continuous. It then follows that $ g) ^' extends 
to a C-strict to D-strict continuous bimodule homomorphism of Mc{X g) C) into Md{Y g) D), and 
by the uniqueness clause in (i), this must coincide with $ (g) ^f. □ 

It is an important observation that the C-multiplier bimodule Mc{X (g) C) only depends on X 
and not on the coefficients. 

Lemma 1.44. Let aXb be a right-Hilbert A — B bimodule and let C be a C* -algebra. Let 
aXb —>■ k(x)Xb be the identity map. Then 



is i.sometric and surjective. Also, if Bx = {X, X)^ and ^ : aXbx ~^ aXb denotes the identity 
map, then 



is isometric and surjective. In particular, the range of the Mc{B (g) C)-valued inner product on 
Mc{X (g C) lies in Mc{Bx (g C). 

Proof. The result follows directly from the fact that <I> (g idc '. aXb ® C — > ic(x) 

Xb®C 

and \E' (g idc '■ aXbx ^ C — > aXb ® C are linear homeomorphisms with respect to the C-strict 



$ (g '^{xi)z = $ ig) '^{xi{l (g c))y — »• $ (g) *(a;(l (g) c))y = $ (g) '^{x)z, 



$ig)idc: Mc{aXb®C) 



Mc{k(x)Xb g) C) 



* idc : Mc{aXbx O C) ^ Mc{aXb ^ C) 



topologies. 



□ 



Proposition 1.45. Let aXb M{eYf) and^: C M{D) be as in Proposition 1.42. // 
$ and * are isometric, then so is ¥®~*: Mc{X (g) C) ^ M{Y (g D). 
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Proof. Let Bx — {X, X)^ and consider the composition 

aXb^ ® C > aXb ® C M{Y ® D). 

This composition extends to the composition 

Mc{aXb^®C) Mc{aXb®C) M{Y®D). 

Thus in order to show that $ ® ^! is isometric, it is enough to see that the above composition 
of maps is isometric. But by uniqueness of extensions, this composition equals the extension of 
i>i aXbx ®C-^ M{Y ® D), where $i = $ with right coefficient map restricted to the ideal 
Bx of B. Since X ^ M{Y) is isometric, it follows that the right coefficient map ip: B ^ M{F) 
restricts to an isometric *-homomorphism ipi: Bx M{F). It follows then from Proposition A. 6 
that the right coefficient map Vi <S) Mc{Bx C) —>■ M{Y D) of $i * is isometric. Thus 
$1 is isometric, too. □ 

In the special case where ^ = idc and ^{X) C y it will be necessary to identify the elements 
in the image of $ idc : Mc{X C) ^ Mc{Y C). This can be done as follows: 

Lemma 1.46. Suppose that 4>: aXb Af(£;Yp) is an isometric right-Hilbert bimodule homo- 
morphism with ^{X) C Y. Then the isometry $ idc : Mc{X C) ^ Mc{Y C) has image 

M = {m€ Mc{Y C) I (1 C)m U m(l C) C $ idc(X C)}. 

Proof. It is clear that $ idc(Mc(X C)) C M. So let m G M. Let (ci)^^/ be a bounded 
approximate identity of C, and define {zi)i^i C X C by 2i = ($ idc)^^(?n(l c,)). Since 
m(l0Ci) is a C-strict Cauchy net in F0C which lies in the image of $0idc, it follows that {zi)iQi 
is a C-strict Cauchy net in X C. Since Mc{X C) is the C-strict completion of X C, we find 
an n G Mc{X C) with Zi ^ n C-strictly. Since $ idc : Mc{X C) ^ Mc{Y C) is C-strict 
to C-strict continuous, it follows that 

$ idc(n) = lim $ idc(^i) = lim m(l Cj) = m. 

i i 

□ 

As a first application of this lemma we get 

Corollary 1.47. Suppose that I is a closed ideal of B, and let us view Mc{I C) as a, 
suhalgehra of Mc{B C) via the unique extension of the embedding I ® C ^ B ® C as given by 
Proposition A. 6. Then Mc{1 C) is an ideal in Mc{B C). 

Proof. Let m G Mc{1 C). Then 

m(6 c) = m(l c)(6 1) G (/ C)(S 1) = 7 C 

for all elementary tensors b ®i c G B C, from which it follows that m{B C) C 7 C. Similarly, 

we get {B C)m C / C. 

Thus, if n G Mc(B C), it follows that 

mn{l C) C m{B C) C 7 C, 



and we also have (1 C)mn C (7 C)n € I ® C, since 7 C is an ideal in M{B C). Thus, 
it follows from Lemma 1.46 that mn G Mc{I C). For symmetric reasons, this also implies that 
nm&Mc{I®C). □ 
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5. Linking algebras 

We collect here a few facts we will need concerning linking algebras of partial imprimitivity 
bimodules; the primary references are [4], [33], and [54], where the linking algebras were studied 
for the special case of imprimitivity bimodules. Linking algebras of Hilbert C*-bimodules appear 
in [5]. 

The linking algebra of a partial A — B imprimitivity bimodule X is 

a e A, 6 e S, x, z e x| , 

with the usual linear structure and *-algebra operations 

a x\ f a' x'\ /aa' + a{x, z') a-x'+x-b'\ 
z b) \? b'J ^ \I-a' + b-? {z,x')B + bb'J 

and 

L{X) acts by adjointable operators on the Hilbert -B-module X ® B via 

fa x\ fy\ _ fa-y + x-c\ 
{z b) \c) \{z,y)B + bc) ' 

giving a homomorphisni of L{X) into the C*-algebra Cb{X © B). By considering the action on 
vectors of the form (z, 0) or (0, 6), we can see that this homomorphism is injective on X, X and B. 
Similarly, we can define a right-action on the left Hilbert A-module A©X, giving a *-homomorphism 
of L{X) into Ca{A © X) which is injective on A, X, and X. Thus, defining a norm on L{X) by 
the maximum of the respective operator norms, we obtain a complete C*-norm on L{X) (sec [4] 
and [54, pages 50-51] — where the constructions have been done for imprimitivity bimodules, in 
which case L{X) embeds injectively into Cb{X ® B)). Since any *-aIgebra has at most one complete 
C*-norm, this unambiguously makes L{X) into a C*-algebra. The linking algebra of aXb contains 
copies of A, B, X and the conjugate module X. We can recover these copies by observing that the 
matrices 

P = PLix)=(^''^^^ o) and g = ,^(^) = (^[J J^J 
define double centralizers of L{X), so that p,q £ M{L{X)), and noting that, for example, 

more formally, the inclusion a i— > ( g o ) is an isomorphism of A onto the corner pL{X)p. 
The above construction has an obvious inverse: 

Proposition 1.48. Suppose that L is a C* -algebra, and j). q G M{L) are complementary projec- 
tions (i.e., p-\-q = 1). ThenpLq is a partial pLp — qLq imprimitivity bimodule with operations given 
by multiplication and involution on L in the canonical way (e.g., the qLq-valued inner product on 
pLq is given by {a,b)^j^^ = a*b). Moreover, pLq is a right-partial pLp — qLq imprimitivity bimodule 
if and only if q is full (i.e., LqL = L), and pLq is a left-partial pLp — qLq imprimitivity bimodule if 
and only if p is full. In particular, pLq is a pLp — qLq imprimitivity bimodule if and only if both p 
and q are full. 



(1.11) 
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Proof. It is straightforward to check that pLq is a partial pLp — qLq imprimitivity bimodule 
with respect to the canonical operations. If q is full, then we get 



pLp{pLq,pLq) = pLq{pLq)* = pLqLp = pLp, 

which implies that pLq is a right-partial pLp — qLq imprimitivity bimodule. For the converse, we 
first observe that for any projection q e M{L) one has the equations LqLq = Lq and (hence) 
qLqL = qL. This follows from the fact that Lq is a Hilbert gLg-module, which implies that qLq 
acts nondegenerately on Lq by multiplication. Thus, if pLqLp = pLp(pLq,pLq) = pLp, then a short 
computation reveals that 



LqL = pLqLp + pLqLq + qLqLp + qLqLq = pLp + pLq + qLp + qLq = L, 
so g' is a full projection. Applying the same arguments to p completes the proof. □ 

In practice it is crucial to be able to recognize under what conditions a given algebra L with 
given complementary projections p,q £ M{L) is isomorphic to the linking algebra of a given partial 
imprimitivity bimodule: 

Proposition 1.49. Let aXb be a partial imprimitivity bimodule. Suppose that {L,p,q,^^.^) 
consists of a C* -algebra L. complementary projections p,q in M{L), and a partial imprimitivity 
bimodule isomorphism ip^-^: aXb pLp{pLq)qLq {with the obvious meaning). Then 



a X 
z b 



ip{a) + <!>{x) + <^{z)* + %lj{b) 



defines an isomorphism 6: L{X) — > L. 



Proof. Routine calculations show that ^ is a homomorphism. It is injective because each of the 
components is; it is surjcctivc because every d & L can be decomposed as d = pdp+pdq + qdp + qdq, 
and because the maps (p, $, and are surjective. □ 

Remark 1.50. We shall often write L = L{X) to summarize an application of this proposition; 
this means that we think there are obvious candidates for the projections p,q and the maps ip, 
and tp, and that these candidates satisfy the hypotheses of Proposition 1.49. Thus, for example, if 
C is any other C*-algebra, we write L{X) ®C = L{X ® C) to mean that the quadruple 

{L{X) C,Pl(x) ® ^M{C),qL(x) ® 1m(C): 9*'<,.'' ® id) 

satisfies the hypotheses of Proposition 1.49 for the external tensor product X (^C, which is a partial 
{A <S: C) — {B (Si C) imprimitivity bimodule. This leads to statements like ^4 C = p{L{X) ® C)p, 
by which we mean that the obvious map id is an isomorphism of A C onto the given corner. 

For any right-partial A — B imprimitivity bimodule X, we saw in Remark 1.15 that M{X) is a 
partial M{A) — M{B) imprimitivity bimodule, so we can also form the linking algebra L{M{X)) = 

(i?^) M(B))' follows from the properties of M{X) as listed in Proposition 1.27 that L[X) is a 
closed ideal in L{M{X)). Thus, by the universal properties of the multiplier algebras, there exists a 
unique algebra homomorphism L{M{X)) —> M{L{X)) which extends the identity on L{X). In 
fact, this map is always an isomorphism: 

Proposition 1.51. Suppose that X is a right-partial A — B imprimitivity bimodule. Then the 
canonical homomorphism $: L{M{X)) M{L{X)) is an isomorphism of C* -algebras. Moreover, 

^ is a homeomorphism with respect to the topology on L{M{X)) = (^^^^ m(b)) ^'^^^^ 
product of the strict topologies on the comers and the strict topology on M{L{X)). 
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Proof. Using the separate strict continuity of all bimodule pairings of aXb (compare with 
Proposition 1.27) it is straightforward to check that the product of the stric;t topologies on the 
corners of L{X), viewed as subspaces of the corners of L{M{X)), coincides with the strict topology 
of L{X), viewed as a subalgebra of M{L{X j). It follows that the identity map on L{X) extends to a 
product-strict to strict linear homcomorphism $ between the corresponding completions L{M{X)) 
(see Proposition 1.27) and M{L{X)). Since all algebra operations are separately continuous with 
respect to these topologies (which in the case of L{M{X)) also follows from Proposition 1.27), it 
follows that $ is an algebra homomorphism which extends the identity on L{X). Thus $ = $ by 
the uniqueness of □ 

Just as we are going to simplify notation by writing L = L{X) when we believe it is obvious 
what the projections p, q and the bimodule isomorphism are meant to be, we shall write things 
like qM{L)q = D when we think there is an obvious candidate for q and for the embedding of D 
in M{L). Thus, for example, the identification L{X) C = L{X (g) C) induces an identification 
M{B C) = qM{L{X ® C))q which means, strictly speaking, that the isomorphism tjj ^ id of B (Si C 
onto the corner ((/(g) l)(L(X0 C))(g(8)l) induces, via Proposition 1.51, an isomorphism oi M{B®C) 
onto {q 1)M(L(X C)){q 1). 

We close this section with a slight extension of [20, Remark (2) on p. 307]: 

Lemma 1.52. Assume that aXb and c^d are right-partial imprimitivity bimodules. Let 

: X — > M{Y) be a partial imprimitivity bimodule homomorphism. Then {using the identifica- 
tion M{L(Y)) = L{M{Y)) given in Proposition 1.51) the formula 



defines a * -homomorphism L{X) M{L{Y)), and ^ is nondegenerate if ^ is nondegenerate. 
The extension 4": M{L{X)) — > M{L{Y)) is given by the extensions of the corner maps. 

Conversely, assume that L{X) M{L{Y)) is a nondegenerate * -homomorphism such that 
"^{pxl) Py^(0 and "^{qxl) = qY'^il), where px,qx andpy^qv denote the respective corner 
projections. Then \E' determines a partial imprimitivity bimodule homomorphism X — > M{Y) 
by defining 

fipxlpx) = Py'^{1)Py, ^{pxkx) = PY'^iOqy, and i){qxlqx) = qv'^ipjqY 
for I e L{X), and $ is nondegenerate if^ is nondegenerate. 

Proof. It follows immediately from the algebraic properties of the linking algebras that the 

above procedure gives a correspondence between partial imprimitivity bimodule homomorphisms of 
X into M{Y) and *-homomorphisms of L{X) into M{L{Y)). So we only have to check that this 
correspondence preserves nondegeneracy. 
If ^(^Tj, is nondegenerate, then 




^{L{X))L{Y) = 



{ 



^{A)C + AmX),Y) 
$(X)C + V(B)F 



^A)Y + ^X)D 
{^{X),Y)^ + i;{B)D 



Since (f and tp are nondegenerate, it follows that ip{A)C = C, (fi{A)Y = Y, Ytp{B) = Y, and 
ij{B)D = D, which implies that ^{L{X))L{Y) = L{Y). 
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Now assume conversely that \E'(L(X)) M{L{Y)) is nondegenerate. Using the general equation 
pL{X)pL{X) = pL{X) (see the proof of Lemma 1.48) we get: 

^{A)C = p^{L{X))pL{Y)p = p^{L{X))p^{L{X))L{Y)p 

= ^{pL{X)pL{X))L{Y)p = ^{pL{X))L{Y)p = p^{L{X))L{Y)p 

= pL(Y)p = C. 

(Here we've omitted the subscripts on the p's and q's.) Hence is nondegenerate, and a similar 
computation shows that tp is nondegenerate. Finally, using the fullness of qx (since the left inner 
product on X is full), wc get 

^X)D = p'i'(L(X))qL(Y)q = p*(L(X))g*(L(X))L(Y)g 

= p^{L{X)qL{X))L{Y)q = p^{L{X))L{Y)q = Y. 

This finishes the proof. □ 

Remark 1.53. (1) Note that if aXb and cYd sltc right-partial imprimitivity bimodulcs, then 
it follows from Lemma 1.18 that the nondegenerate right-Hilbert bimodulc homomorphisms of X 
into M{Y) are automatically nondegenerate partial imprimitivity bimodule homomorphisms (and 
vice versa). Thus the above lemma gives a one-to-one correspondence between the nondegenerate 
right-Hilbert bimodulc homomorphisms of X into M{Y) and the nondegenerate ^-homomorphisms 
oiL{X) into M{L{Y)). 

(2) The proof of the lemma implies the interesting observation that a partial imprimitivity 
bimodule homomorphism aXb M^cYo) between right-partial imprimitivity bimodules is 

nondegenerate if (and only if) the coefficient homomorphisms (p: A ^ M(C) and t/j: B —> M{D) are 
nondegenerate, since this was all we needed for the proof of the nondegeneracy of the corresponding 
homomorphism of the linking algebra. For imprimitivity bimodules this was already observed in 
Remark 1.19. As remarked there, for this to be true it is necessary that preserve the left inner 
products. 
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The Categories 

In this chapter we show that there exists a category C in which the objects are C*-algebras, 
and the morphisms from A to B are the isomorphism classes of right-Hilbert A — B bimodules. 
For any locally compact group G, there are also equivariant categories A{G), C{G), and AC{G) 
which combine, respectively, actions of G, coactions of G, and both, with the structure of C. Note 
that our category differs from the one considered in [17] by allowing isomorphism classes of non-full 
right-Hilbert modules to be morphisms in C. 

1. C*-Algebras 

Let X and Y be right-Hilbert A — B bimodules. Recall from the preceding chapter that a right- 
Hilbert A—B bimodule isomorphism of X onto F is a bijective right-Hilbert bimodule homomorphism 
X ^ Y whose coefficient maps are id^ and ids- From now on wc abuse the terminology and 
simply say X and Y are isomorphic if there exists a right-Hilbert A — B bimodule homomorphism 
of X onto Y. It is not hard to check that this notion of isomorphism is an equivalence relation on 
the class of right-Hilbert A — B bimodules. 

Remark 2.1. When we began writing this, the idea of a category in which the morphisms come 

from bimodules seemed new. In the intervening years, however, this category and close relatives of it 
have been independently discovered by several others. (See, for instance, [36, 37] and [59, 60, 61].) 
It also turns out that this category has been at least implicitly in the air for quite some time; for 
example, [4] briefly mentions the category of C*-algebras and (isomorphism classes of) imprimitivity 

bimodules. 

Theorem 2.2. There is a category C in which the objects are C* -algebras, and in which the 
morphisms from A to B are the isomorphism classes of right-Hilbert A — B bimodules. The com- 
position of [X] : A ^ B with [Y] : B ^ C is the isomorphism class of the balanced tensor product 
Xi^bY; the identity morphism on A is the isomorphism class of the standard right-Hilbert bimodule 
aAa- 

Proof. We first note that the composition of morphisms is well-defined: suppose [X] = 
[X'] : A ^ B and [Y] = [Y'] : S — > C, so that we have right-Hilbert A — B bimodule isomorphisms 

^:X^X' and ^:Y^Y'. 

Then the tensor product homomorphism $ (gis ^ maps X <S)b Y into X' Y' and has inverse 

®B so gives an isomorphism X ®b Y = X' (E)b Y' . 

Next we establish that composition of morphisms in C is associative; by the above, it suffices 
to show that X ^b {Y (8>c Z) and {X ^bY) Z are isomorphic for any right-Hilbert bimodules 
aXb, bYc, and cZd- But straightforward calculations show that the usual linear isomorphism of 
X Q{Y Q Z) onto {X QY) Q Z respects the module actions and right inner products, so extends to 
the desired isomorphism. 
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Finally, note that A (g)^ X = X and Y ®a A = Y for any right-Hilbert bimodules aXb and 
bYa- Hence the identity morphism from ^ to A is given by the isomorphism class of the standard 
bimodule aAa- □ 

Remark 2.3. In any category, mor(A, B) is required to be a set (not merely a class) for each 
pair of objects A and B. This will fail in C unless we limit the size of the bimodules involved. We can 
do this by considering only C*-algebras and Hilbert modules with dense subsets whose cardinalities 
do not exceed a fixed large cardinal. For example, we could consider only separable C*-algebras and 
bimodules. Alternatively, for each A, B we could restrict attention to right-Hilbert A — B bimodules 
with cardinality dominated by the larger of the cardinalities of A and B (which would accommodate 
all the bimodules which occur in the usual imprimitivity theorems, for example). In practice, these 
issues should never present a real problem, and we shall ignore them. 

Recall that in any category, a morphism f : A ^ B is called an equivalence if there exists 
g: B ^ A such that fog = idB and gof = id a- The equivalences in C are exactly the (isomorphism 
classes of) imprimitivity bimodules. In one direction, ii X is an A — B imprimitivity bimodule, then 
the isomorphism class of the conjugate module X is in moi{B, A), and satisfies [X] o [X] = [B] and 
[X] o [X] — [A]. To see the converse requires substantially more work. Schweizer independently 
discovered the following result in [59, Proposition 2.3]; our proof is considerably different.^ 

Lemma 2.4. Let aXb and bYa be right-Hilbert bimodules such that 

X(SibY^A and Y^aX ^B. 

Then X is an A — B imprimitivity bimodule, and Y = X. 

Proof. We first note that Y^aX = B implies that X is full, since it follows from the definition 
of the inner product on Y (Si a X that its range is always contained in the range of the inner product 
on X. A similar argument shows that Y is full, too. It therefore suffices to show that the canonical 
homomorphism ip: A ^ Cb{X) is an isomorphism of A onto K,b{X), for this shows X is an A — B 
imprimitivity bimodule, and then the second statement of the lemma will follow from uniqueness 
of inverses in a category. We first show that is faithful. Since X ®b Y = A, we know that the 
canonical homomorphism of A into Ca{X ^bY) is faithful (because A Ca{A) is). This implies 
(f is faithful, for if a • x = for all x & X, then a • (a; (g) y) = for all x € X, y e y, so o ■ 2; = for 
all 2; G X (gs F, hence o = 0. 

To see that <p{A) = /Cb(X), note that the latter coincides with XX*, using the canonical 
identification of X with K,b{B,X). Our strategy is to show that there is a right-Hilbert bimodule 
homomorphism 

^■■bYa^ jCb{X,B) = M{b{1Cb{X,B))^^x)) 
such that the right coefficient map of $ is and $(y)* = X. This will do the job, since we will 
then have 

'XX* = $(y)*$(r) = Lp{A). 
Let b{Y ®aX)b ^ bBb, and define $: F ^ Cb{X,B) by 

<^{y)x = ^{y (g) x). 

We have 

$(& . y)x = ^{b ■y®x)= &*(j/ ®x)= b^{y)x for all bG B, x e X, y eY, 



It is also different from the representation-theoretic proof used in [17], where this theorem was proved for full 
right-Hilbert bimodules. 
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and 

{{^{,yi),Hy2))jc{x) xi,X2}j^ = ($(2/i)*$(2/2)a;i,a;2)g = {^iy2)xi,^yi)x2} ^ 

= (*(y2 <8) xi), (g) X2))g = (t/2 <8) a;i, yi O X2)b 
= {{yi,y2)A ■ xi,x2)jj = {ip{{yi,y2)A)xi,x2)g, 

for all Xi G X and yi G F, which implies that $ is an ids — V compatible right-Hilbert bimodule 

homomorphism. 
Finally, 

X = A-x = = $(y)**(y = = • y)* = 

where B is identified with K,b{Bb) where appropriate. □ 

2. Group actions 

Definition 2.5. Let G be a locally compact group, let a and /? bo actions of G on C*-algcbras 
A and B, and let X be a right-Hilbert A — B bimodule. An a — (3 compatible right-Hilbert bimodule 
action of G on X is a homomorphism 7 of G into the group of invertible linear maps on X such 
that 

(i) 7s(a-x) =as{a) -^six) 

(ii) ^s{x-h) =^s{x) ■ 0s{b) 

(iii) {■ys{x),-fs{y))B = Ps{{x,y)B) 

for each s & G, a & A, x,y & X, and b € B; and such that each map s 1— > 7s (x) is continuous from 
G into X. We call a and (3 the coefficient actions of 7. 

Remark 2.6. (1) Note that each 7^ is in particular a right-Hilbert bimodule homomorphism of 
X onto itself with coefficient maps and /3s; thus condition (ii) is implied by condition (iii) and 
the linearity of f3s by Remark 1.17. 

(2) If X is an A — _B imprimitivity bimodule, and if 7 is an a — /3 compatible right-Hilbert 
bimodule; action on X, then 7 is automatically an imprimitivity bimodule action in the sense of 
[11]: calculating as in the proof of Lemma 1.18, for each s E G and x,y,z G X we have 

OisUi^^y)) -Isiz) ^ls{A{x,y) ■ z) 
= ls{x- {y,z)B) 

= isix) ■ {js{y),lsiz))B 
= A{lsix),ls{y)) -Isiz), 

which shows that as{A{x,y}) = A{js{x),^s{y))- 

By Remark 1.19, wc have a sort of converse: when X is an imprimitivity bimodule we can 
replace (i) in Definition 2.5 by 

(i') A{ls{x),7s{y)) = asU{x,y))- 

(3) We should point out that group actions on Hilbert bimodules as introduced above are well 
known in the literature. In particular they play an important role in the construction of Kasparov's 
equivariant i^ii'-Thcory for G* -algebras (see also [30]). 

Given right-Hilbert bimodule actions (A,a){^j'y)(B,i3) and {b,/3)0^^ p)(c,e)j it is easy to check 
that the automorphisms of X 0b Y defined by 

(7 P)s = Is <8>B Ps 

for each s £ G give rise to an a — e compatible action 7 03 p of G on X 0s F. 
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Definition 2.7. Let 7 and p be a — (3 compatible actions of G on right-Hilbert A — B bimodules 
X and Y. An isomorphism $ of X onto F is 7 — p equivariant, or intertwines 7 and p, if 

* o 7s = o * 

for all s G G. We say 7 and p are isomorphic, or X and F are equivariantly isomorphic, if such a <1> 
exists. 

It is straightforward to check that this notion of isomorphism is an equivalence relation on the 
class of right-Hilbert A — B bimodules with a — jS compatible actions of G. 

Theorem 2.8. Let G be a locally compact group. There is a category A(G) in which the 
objects are C* -algebras with actions ofG, and in which the morphisms from {A, a) to {B, (3) are the 
equivariant isomorphism classes of right-Hilbert A — B bimodules with a — f3 compatible actions of 
G. The composition o/[X, 7]: {A, a) {B,(3) with [F, p]: {B,f}) (Cjiy), is the isomorphism class 
of the tensor product action {X ^bY,! p)', the identity morphism on {A, a) is the isomorphism 
class of the a — a compatible right-Hilbert bimodule action {A, a) itself. 

Proof. We first note that the composition of morphisms is well-defined: suppose [X, 7] = 
[X',y]: {A, a) {B,(3) and \Y,p] = \Y',p']: {B,0) \c,v), so that we have equivariant right- 
Hilbert bimodule isomorphisms 

(X,7)^(X',7') and ^ : {¥, p) ^ {¥' , p'). 

Then straightforward calculations show that the isomorphism $0^^: X ®bY ^ X' ®bY' from 
the proof of Theorem 2.2 satisfies 

($ (8)B O (7 ®B P)s = (7' ®B p')s ° 

for all s G G, hence gives an isomorphism between the a — u compatible actions j<S>b P and ^' ®bp' ■ 
Next wc establish that composition of morphisms in A{G) is associative; by the above, it suffices 
to show that the actions j ^b {p <8)c c) and (7 ® s p) ®c o" are isomorphic for any right-Hilbert 
bimodule actions (^-^^^3,7), (b^C)/'), and (c-^Djc). Again, straightforward calculations show that 
the isomorphism X ^b {Y <S)c Z) = {X ^b Y) Z from the proof of Theorem 2.2 intertwines the 
actions as desired. 

Finally, note that for any action (aXbj'j), with left coefficient action a, the canonical isomor- 
phism A (E)A X = X intertwines the actions a (E)a 7 and 7. Similarly, for any action (bYa, p) with 
right coefficient action a, the canonical isomorphism Y ®a A = Y intertwines p ^a ot and p. Hence 
the identity morphism on {A, a) is the isomorphism class of the a — a compatible right-Hilbert 
bimodule action (A, a). □ 

Remark 2.9. The equivalences in A{G) are exactly the (isomorphism classes of) imprimitivity 
bimodule actions of G in the sense of [11] or [12]. In one direction, if (A.a){Xil)(B.p) is an imprim- 
itivity bimodule action, then the canonical isomorphisms X ®b X = A and X ®a X = B are easily 
seen to be 7 (8)5 7 — q and 7 ®a 7-/3 equivariant, respectively. In the other direction, if {aXb, 7) 
and [bYaiP) are a — (3 and (3 — a compatible right-Hilbert bimodule actions with 

^®B P = a and p®Al = (3, 

then X is in particular an A — B imprimitivity bimodule by Lemma 2.4, so 7 and p are imprimitivity 
bimodule actions by Remark 2.6. 
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3. Group coactions 

In this section we are going to construct a category C(G), where all actions and morphisms 
arc equipped with coactions of the group G. The necessary background on coactions of groups on 
C*-algebras is given in Appendix A. 

For any right-Hilbert A—B bimodule X and any locally compact group G, we may take the exte- 
rior tensor product of X with the right-Hilbert C*{G) — C*{G) module C*(G), as in Definition 1.35, 
and get a right-Hilbert {A (g) C*(G')) - (B «) C*{G)) bimodule X (g) C*(G'). 

Definition 2.10. Let G be a locally compact group, let 6 and e be coactions of G on G*- 
algebras A and B, and let X be a right-Hilbert A — B bimodule. A S — e compatible right-Hilbert 

bimodule coaction of G on X is a nondegenerate^ right-Hilbert bimodule homomorphism : X — > 
M{X (x) G*(G)), with coefficient maps S and e (called the coefficient coactions of Q, such that 

(i) (1m(A) «> C*{G))C{X) C X ® G*(G), and 

(ii) (g) ida) ° C = (idx ^Sq) ° C (the coaction identity). 

Moreover, ( is called nondegenerate if S and e are nondegenerate coactions and 

(1®G*(G))C(X) = X G*(G). 
Remark 2.11. (1) A condition (as in [20]) 

(iii) C(^)(1m(b) ® G*(G)) C X ® G*(G), 

symmetric to (i), would be redundant: it follows from the analogous property for the G*-coaction 
e, because 

C(X)(1 G*(G)) = aXB){l (g) G*(G)) = C{X)e{B){l G*(G)) 

C C(^)(-B <S> C*{G)) CX(g} G*(G). 

It follows from this that condition (i) of Definition 2.10 is equivalent to the requirement that C(^) ^ 
Mg{X (g G*(G)) (see Definition 1.39). 

(2) If ( is nondegenerate, then it automatically satisfies 

C(X)(1 0G*(G)) = X^ C*{G). 

This is easily checked by using the right module homomorphism property and nondegcneracy of c 

(3) If X is an ^ — B imprimitivity bimodule, and if ^ is a 5 — e compatible right-Hilbert 
bimodule coaction on X, then Q is automatically an imprimitivity bimodule coaction in the sense 
of [20, Definition 3.1] (c/. [2, 2.2], [6, 2.15], and [40, Definition 3.3]). We only need to check that 

5{A{x,y)) = M(A®C'{G)){C{x),C.{y)) 

for all x,y ^ X] but this is immediate from Lemma 1.18 (in fact, for this to be true we only need 
to assume that X is a right-partial imprimitivity bimodule). Moreover, if X is an imprimitivity 
bimodule, then condition (i) in Definition 2.10 is redundant, nondegcneracy of C as a bimodule 
homomorphism follows automatically from nondegcneracy of the coefficient homomorphisms, and 
nondegcneracy of C as a coaction follows automatically from nondegcneracy of the coefficient coac- 
tions. 

The following lemma will be fundamental in all computations with bimodule coactions. 

Lemma 2.12. Let aXb and bYc be right-Hilbert bimodules, and let D be a C* -algebra. There 
exists a right-Hilbert A® D — C ® D bimodule isomorphism 

e : (X (g D) ®B®D {Y ®D)^{X®bY)®D 



Notice that we have incorporated nondegeneracy oi C, as a bimodule homomorphism into our definition, whereas 
Ng's definition [40, Definition 2.10] does not. 



34 



2. THE CATEGORIES 



such that 

(2.1) Q{{x O d) ®B^D {y <8) e)) = {x y) ^ de 

for X e X, y & Y, and d,e & D.^ 

Moreover, the unique extension of 9 to the multiplier bimodules satisfies^ 

Q{{x (g) m) (g) (y (g) n)) = (x (g ?/) (g mn for x e X,y &Y,m,n e M{D). 

Proof. Equation (2.1) clearly determines a map 6: {X Q D) Q {Y Q D) — {X ®bY) ® D. 
The following computation implies that O preserves inner products: 

{e{{x ^d)®{y® e)),e((z /) (w ® 9)))c^D 

= {{x (g) y) (g de, (z (g w) (g fg)c^D 

= {x <Si y,z (Si w)c (g {de)* fg 

= {y, {x, z)b ■ w)^ e*d*fg 

= (y e, {x, z)b-wS d*fg)^^jj 

= {y®e, {{x, z)b {d*f)) ■ {w ® 

= (y e, (a; (g d, ^ /)s(8)D ■ (w 9))c®d 

= {{x rf) (?/ e), (2: /) (w; 5))c0D- 

Since c;learly has dense range in (X 0b 1") D, it therefore extends to an isometry, which we 
continue to denote by 9, of (X D) 0B0D (i^ D) onto (X 0b F) £). Straightforward calculations 
with elementary tensors verify that 9 intertwines the left actions, so that 9 is indeed a right-Hilbert 
A D — C £> bimodule isomorphism. 

For the other part, take c G C and d G D and compute: 

9((a; m) (y n)) • (c d) = 9((a; m) (y n) • (c d)) 

= @({x to) (y • c nd)) 

= 9((a; to) (2/ • c e/)) (for some e,feD) 

= Q{{x TOe) (y • c /)) 

= (a; y ■ c) TOe/ 

= (a; y) • (c TOnd) 

= ((a; y) toti) ■ (c d). 

□ 

The following construction of the balanced tensor product of coactions should be compared to 
[2, Proposition 2.10]. 

Proposition 2.13. If (a,s){-^jO(b,€) '^'^'^ (b,6)(^)^)(c,i>) '^'^e right-Hilbert bimodule coactions 
ofG, then 

C Us ?7 = o (C f?) 

defines a d — '& compatible coaction Us rj of G on X ^b Y, where 9 is the isomorphism of 
Lemma 2.12. Moreover, if ( and r] are nondegenerate, then so is ( jjs rj. 



■^Morc generally, one can prove that (a^b 'ii dZe)®B(i^e (3^0 ® e^f) — y) (Z®^; PF) as right-Hilbert 

A D - C ® F bimodules. 

^It is fairly obvious that the following identity can be generalized to allow x and y to be multipliers as well, but 
we only need the specific fact we record here. 
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Proof. By Proposition 1.34 and Lemma 2.12, Q and ( (E)b r] are nondegenerate right-Hilbert 
bimodule homomorphisms, so their composition (which clearly has the desired coefficient maps) is 
too. 

To show that (1m(A) C*{G)) ■ {( Is Y) <Z {X ig)B Y) ® C*{G), we first claim that 

(2.2) (1m(a) ® c) • (C(x) ® viy)) e (X ® C*iG)) ®b(,C'(g) (Y ® C*(G)) 

for all c e C*{G), x € X, and y G F. For, since C is a coaction on X, (1 (g) c) • C(a;) G X (g) G*{G), 
so we may write (1 (g) c) • C(x) = 2; • (1 (g d) for some z & X ^ C*{G) and G C*{G). Since 77 is a 
coaction on Y we have (1 ig) rf) • ri{y) &Y i^C*{G). Thus 

(10 c)- (C(a;) (g) r?(j/)) = (1 (g c) ■ C(a;) (g ??(y) = 2 • (1 d) r?(j/) 

= ^ (1 d) • ?7(j/) G (X (7*(G)) 0B»c*(G) O C*{G)), 

which gives (2.2). 
Next, note that 

(2.3) (1m(A) ® c) • e(w) = e((lM(A) c) • w) 

for all c G G*{G) and w G M((X C*{G)) ®b®G'(G) {Y C*(G))), because the unique extension 
(Proposition 1.30) of 9 to the multiplier bimodule has left coefficient map idM(A)- 
Now combine (2.2) and (2.3) to get 

(1m(A) ® c) • (C tts ri){x y) = (1 c) ■ e(C(a;) riiij)) 

= e((l0c)-(C(x)0r7(y))) 
G e((X C*(G)) 0B®c*(G) ® C*{G))) 

= {x 0B y)0C*(G), 

so that {Im(A) <^ C*{G)) ■ (C tliJ »?)(^ 0b 1^) C (X 0b F) C*{G) by density and continuity. 

If C, and ry arc nondegenerate, the coefficient homomorphisms of C jjs ?? are certainly nondegen- 
erate, and using the above considerations we can compute 

(10C*(G))(C ttB v){x 0B Y) = e((i c*(G)(C(x) ®M(B^c'(G)) -niY))) 

= e{{X C*{G)) ®MiB^CHG)) V{Y)) 
= e{{X C*(G)) 0B»c*(G) (1 ^ G*(G))r;(F)) 
= e((X G*(G)) 0B0C*(G) (i^ ® C*(G))) 
= {X 0By)0G*(G). 

It only remains to check the coaction identity: 

((C h V) id) ° (C tts ??) = (0 o (C 0B 77) id) o e o (C 0B v) 

= (9 id) o ((C 0B 77) id) o 9 o (( 0^ 77) 

= (9 id) o 9 o ((C id) 0B®c*(G) (?? id)) o (C 0b v) 

= (9 id) o 9 o ((id0(5G) (S)s®c«(G) (id0fc)) o (C 0s ??) 

(3) 

= (id0G5)o9o(C 0B ??) 
= (id0G5)o(C tts ??), 
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where the equaUty at (1) is justified by computing, for x G X, y E Y, and c, d £ C*(G), 
((C <8)B il) (g) id) o e{{x (8) c) (g) (y (X) d)) = ((C ®b v) id) ((x' (g> ?/) cd) 

= (C ®s ?7)(a; (8> y) i8) cd 
= (C(a;) O 77(y)) (8i erf 
= e((C(a;)(8>c)(8)(r?(?/)(8)d)) 
= e((C ® id)(a; c) (r/ (g) id)(y (g) d)) 
= e o ((C «) id) (g)B0C->(G) (?? «) id)) ((cc (g) c) (g) (y «) d)) , 

and then appealing to hnearity, strict density, and strict continuity; the equahty at (2) is justified 

by 

((C O id) g)B®c*(G) iv id)) o (C (gs v) = iC id) o ^ (g^ (77 (g id) o ry 

= (id 'S)Sg) o C 0s (id 0^) o rj 

= {{id^Sc) 0i?®c*(G) (id^fc)) ° iC^B v)\ 

and finally the equality at (3) is justified by computing, for x S X, y G Y, and s,t & G (viewed as 
elements of M{C*{G)) via the canonical embedding G UM{C*{G))), 

(e 0id) 06 o ((id0(5G) ®B®C'{G) (id0(5G))((a: ® s) ® {y®t)) 

= (e ® id) o Q{{id®5G){x ® s) ® {iA®5G){y ® t)) 

= (e g) id) o e((a:; ® s ® s) ® {y ® t ®t)) 

= (e (g id) (((x g) s) (g (2/ g) i)) st) 

= {x®y) ® st® st 

= (id05G)((a;(8>y) 0st) 

= (id05G)oe((a;0s)0(y0t)), 

and then appealing to linearity, strict density, and strict continuity. □ 

Definition 2.14. Let C, and -qhc 5 — e compatible coactions on right-Hilbcrt A — B bimodules 
X and Y . An isomorphism $ of X onto Y la C, — rj equivariant, or intertwines and ry, if 

ry o $ = ($ id) o 

We say ( and r] are isomorphic, or X and Y are equivariantly isomorphic, if such a $ exists. 

It is straightforward to check that this notion of isomorphism is an equivalence relation on the 
class of right-Hilbert A — B bimodules with 5 — e compatible coactions of G. 

Theorem 2.15. Let G he a locally compact group. There is a category C{G) in which the objects 
are C* -algebras with nondegenerate normal coactions of G {see Definition A. 50 for the meaning of 
normal coaction), and in which the morphisms from {A, 6) to [B, e) are the equivariant isomorphism 
classes of nondegenerate right-Hilbert A — B bimodules with 6 — e compatible coactions of G. The 
composition of [X, Q : {A, 6) {B, e) with [Y, rj] : {B, e) — >■ (C, 1?) is the isomorphism class of the 
tensor product coaction C, '^b rj on X^bY] the identity morphism on {A, 5) is the isomorphism class 
of the 6 — 6 compatible right-Hilbert bimodule coaction {A, 6) itself. 

Proof. Wc first note that the composition of morphisms is well-defined: suppose [X, = 
[X',C']: {A,S) {B,e) and [Y,rf\ = [Y',r]']: {B,e) {C,'d), so that we have equivariant right- 
Hilbert bimodule isomorphisms 

^:{X,C)^{X',C) and * : (F, r?) ^ (F', ry')- 



3. GROUP COACTIONS 



37 



Then the isomorphism ^ (E)b '■ X (E)b Y ^ X' (^^b Y' from the proof of Theorem 2.2 satisfies 

(C tts V') o ($ Cg)B = e o (C (8)B r;') o ($ (E)B 

= e o ((C' o $) ®B o ^r)) 

= © o (($ (g) id) o (g)B (g) id) o rj) 

= e o (($ (g) id) Os®B*(G) (* O id)) o (C ??) 

= (($ (g)s *) (g) id) o 6 o (gs ?7) 

= (($ 0s *)(8iid) o(C Sb rj). 

Next we estabhsh that composition of morphisms in C{G) is associative; by the above it suffices 
to show that the coactions ( Ub {v ttc ''') and {( ^b v) tic are isomorphic for any tensorable 
right-Hilbert bimodule coactions {aXb,Q, {bYc,ii)j and {cZd,t). Let X 0b {Y 0c Z) 
(X 0B F) 0(7 Z be the isomorphism from the proof of Theorem 2.2; we need to show that 

((C tts 7?) Be r) o $ = ($ id) o (C is iv ttc r)). 

We check this for an elementary tensor a; (?/ 2;): 

((C tts V) ttc r) o $(a; (y ^)) = e(e(C(a;) r]{y)) t(2)) 

^=-' id) o e(c(a;) O e(r?(y) (8> r(0))) 
= ($0id)o(C tis (?? He t))(x0 (2/0z)), 

where the equahty at (*) is justified by replacing ({x) by an elementary tensor a;' c G X C*{G), 
replacing T]{y) by y' d and t{z) by z' e, and then appealing to linearity, strict density, and strict 
continuity: 

e(e((a;' c) {y' d)) (z' e)) = e(((x' y') cd) (z' e)) 

= ((x' y') z') cde 

= $(a;' (y' z')) cde 

= ($ id) ((a;' {y' z')) crfe) 

= ($ id) o e((a;' c) {{y' z') de))) 

= ($ id) o e((a;' c) Q{{y' d) (z' e))) . 

Finally, note that for any coaction (aXb, C) of G, with left coefficient coaction 5, the canonical 
isomorphism $ : ^4 0^ X ^ X intertwines the coactions S C and (. To see this, take a € A and 
a; G X, and compute: 

C o $(a x) = C(a • x) = (5(a) • ((x) = ($ id) o e{S{a) CC^)) = id) o (S U C){a a;), 

where the equality at (*) is justified by replacing 6{a) by an elementary tensor 6 c £ A C*{G), 
replacing ^(a;) by j/ d, and then appealing to linearity, strict density, and strict continuity: 

{h®c)-{yi^d)=h-y®cd = $(6 ?/) cd = id) ((6 ?/) cd) 

= ($0id)oe((6 0c)0(?/0rf)). 

This gives Q o <^ = {^^ ® id) o [5 'i,A 0- ^ similar argument shows that for any coaction {bXa, C) 
with right coefficient coaction 5, the canonical isomorphism X ® A ^ X intertwines C <5 and C; 
hence the identity morphism on [A, 5) is the isomorphism class of the 5 — 5 compatible right-Hilbert 
bimodule coaction (A, (5). □ 
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Remark 2.16. Notice that we could consider a larger category where the C*-coactions on the 
objects are not required to be nondegenerate and normal, in which our category C{G) would sit 
as a subcategory. For our purposes, we require the specific category C(G), so that the Mansfield 
imprimitivity theorem applies without any further hypotheses (see Appendix B). 

Remark 2.17. The equivalences in C{G) are exactly the (isomorphism classes of) imprimitivity 
bimodule coactions. In one direction, suppose {aXb, C) is an imprimitivity bimodule coaction of G, 
with left coefficient coaction 6. Then the map 

x^C(^):X^ M{{X (g> C*(G))~) 

is a nondegenerate homomorphism, and it is routine to check that the map {X ^ C*{G))~ — > 
X(g>C*{G) defined by 

*(ar®c) =x^c* 

is an isomorphism; hence we can define a nondegenerate homomorphism (: X ^ M(^X C*{G)) 

by ^ _ 

Routine computations show that ( is in fact a bimodule coaction, which is nondegenerate if C is 
nondegenerate. 

We claim that the canonical isomorphism X <^b X — > A intertwines C Is C ^- To see 
this, take x,y £ X, and compute: 

($ id) o (c «B C)(^ 50 = ® id) o e(c(x) ® *(c(y))) 
= A^c'{G){C{x),Ciy)) =KA{x,y)) =So^x^y), 

where the equality at (*) is justified by replacing ({x) by an elementary tensor z ^ c G X ® C*{G), 
replacing ({y) hy w ^ d, and then appealing to linearity, strict density, and strict continuity: 

($ id) o q(^{z (g) c) ^{w d)^ = ($ id) o ©((^ c) (u; d*)) 

= ($ id) ((2: w) cd*) = ^{z «;) cd* 
= A{z,w)®cd* = A^c*{G){z^c,w®d). 

A similar argument shows that the canonical homomorphism ^ : X 0^ X ^ B intertwines C Ha C 
and e. 

In the other direction, if {aXb,C,) and (^1^,7?) are 5 — e and e — 5 compatible right-Hilbert 
bimodule coactions of G with 

C tts ry = (5 and 77 ji^ C = e, 
then in particular X \s an A — B imprimitivity bimodule by Lemma 2.4, so C, and rj are imprimitivity 
bimodule coactions by Remark 2.11. 

4. Actions and coactions 

Definition 2.18. Let 7 and phe a — (i compatible actions, and let Q and 77 be ^ — e compatible 
coactions, of G on right-Hilbert A — B bimodules X and Y. We say the triples {X, 7, Q and {Y, p, rj) 

arc isomorphic, or X and Y are equivariantly isomorphic, if there exists a right-Hilbert A — B 
bimodule isomorphism of X onto Y which is both 7 — p equivariant and Q — rj cquivariant. 

Needless to say, this notion of isomorphism is an equivalence relation on the class of right-Hilbert 
A — B bimodules with a — /3 compatible actions and 5 — e compatible coactions of G. 
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Theorem 2.19. Let G be a locally compact group. There is a category AC{G) in which the 
objects are C* -algebras with actions and nondegeneraie normal coactions of G, and in which the 
morphisms from {A, a, S) to {B, /3, e) are the equivariant isomorphism classes of right-Hilbert A — B 
bimodules with a — f3 compatible actions and nondegenerate 5 — e compatible coactions of G. The 
composition of[X,j,C.]: (A,a,d) {B,l3,e) with [Y^p^rj]: {B,l3,e) (CjV^d) is the isomorphism 
class of {X ®B y,'y ®B P, C tts the identity morphism on {A,a,S) is the isomorphism class of 
{A, a, 6) itself. 

Proof. Since the proofs of Theorems 2.8 and 2.15 both use the same isomorphisms X ®bY = 
Z(SibW, X iSib{YiSic Z) = {X iSibY)iSic Z, AiSiaX = X, and YiSiaA = Y, these proofs combine 
to show that composition of morphisms is well-defined and associative, and that there are identity 

morphisms, in AC{G). □ 

Remark 2.20. It might scorn that this theorem could be proven by identifying AC{G) with 
the "diagonal" subcategory of A{G) x C{G) consisting of the objects {{A, a), {B,S)) which satisfy 
A = B and the morphisms {[X, 7], [Y, Q) which satisfy X = Y. However, this approach would fail, 
because the map [X, 7,(^] 1— » ([X, 7], [X, (^]) may not be injective: on the right side there can be 
different action-equivariant and coaction-equivariant isomorphisms, while on the left side there has 
to be one isomorphism which is both action- and coaction-equivariant. 



One of the basic tools in this work is to exploit the relation between actions and coactions 
on (right-) partial imprimitivity bimodules and actions and coactions on the corresponding linking 
algebras. Recall from Section 5 in Chapter 1 that for any partial A — B imprimitivity bimodule X, 
we can form the linking algebra 



with multiplication and involution as given in (1.11). As usual, we denote the corner projections 
(00) and (01) by p and q, respectively. For actions, we get: 

Lemma 2.21. Suppose that X is a partial A — B imprimitivity bimodule. Let a and (3 be actions 
of G on A and B, respectively, and let 7 be an a — P compatible right-Hilbert bimodule action of G 
on X. Then there exists an action u: G ^ Auti(X) given by 



Conversely, if v. G — > AutL(X) is an action such that Vs{p) =P o-nd {hence) Usio) = Q, we obtain 
actions a, (3, and 7 on A, B, and X, respectively, such that 

0Ls{plp) = pvs{l)p, Ps{qlq) = q'^s{l)q, and is{plq) = pi's{l)q, 

for all s eG and I e L{X). 

Proof. Note first that it follows from Lemma 1.18 that a right-Hilbert bimodule action on 
aXb is automatically a partial imprimitivity bimodule action (and vice versa). Using this, the 
proof follows directly from the algebraic properties in L{X), so we omit further details. □ 



5. Actions and coactions on linking algebras 





We now consider coactions. For imprimitivity bimodules, the following result can be found in 
[21]: 
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Lemma 2.22. Suppose that aXb is a right-partial imprimitivity bimodule and assume that ( is 
coaction of G on X with coefficient coactions 6 and e of G on A and B, respectively. Then there is 
a unique coaction u: L{X) M{L{X) (g) C*(G)) such that {after identifying L{X) (g) C*(G) with 
L{X (g) G*iG)) as in Remark 1.50) 



be normal if and only if e is. 

Conversely, if v. L{X) M{L{X)®G*{G)) is a coaction such thatv{p) = p0l andu{q) = 
then V compresses to give coactions 6 and e on the corners A and B and a 5 — e compatible coaction 
C on X; these coactions will be nondegenerate if and only if u is, and S and e will be normal if and 
only if v is. 

Proof. Let C be as in the first part of the lemma. Then it follows from Lemma 1.52 (see 
also Remark 1.53) that z/: L{X) M{L{X ® C*(G)) = M{L{X) ® C*{G))) is a nondegenerate 
homomorphism. A straightforward computation then shows that it is a coaction. Since 



it follows that v is nondegenerate (as a coaction) if and only ^C,^ is nondegenerate. Similarly, since 



and since, by the Rieffel correspondence, all corner maps are injective if and only if the lower-right- 
hand-corner map is injective, it follows that v is normal if and only if e is normal. 

Conversely, if v: L{X) — > M{L{X) (g G*{G)) is a coaction, it follows from Lemma 1.52 that it 
compresses to a nondegenerate right-Hilbcrt bimodule homomorphism sCej it is then easy to 
check that is a, 6 — e compatible right-Hilbert bimodule homomorphism. The final assertion then 
follows from the first part of the proof. □ 



In this section we want to show that every morphism in our categories C, A{G), C{G), and AC{G) 
can be factored as a product of a nondegenerate standard morphism and a right-partial equivalence 
(see the definitions below). We start by defining what we mean by a standard morphism. This 
is easy in the category C: recall from Example 1.3 that a standard right-Hilbert A — B bimodule 
is one of the form X = (p{A)B, where Lp: A ^ M(B) is a ^-homomorphism. We shall call the 
corresponding morphism [X] : A ^ B in our category C the standard morphism associated to (p. 
The following observation allows us to extend this notion to the category A{G). 

Lemma 2.23. Suppose that {A, a) and {B,/3) are actions and assume that (p: A ^ M{B) is a 

{possibly degenerate) a — [3 equivariant * -homomorphism. Let X ~ ip{A)B C B, and for each s E G 
let f3x{s) denote the restriction of Ps to X. Then (3x is an a — j3 compatible action of G on X. 

We omit the straightforward proof. The coaction analogue of the above result is a bit more 
complicated. 

Lemma 2.24. Suppose that {A,5) and {B,e) are nondegenerate coactions ofG, and assume that 

if. A M{B) is a {possibly degenerate) S — e equivariant * -homomorphism. Then the restriction 
of € to X = (p{A)B C B determines a S — e compatible coaction ex on the standard A — B bimodule 
X. Moreover, if S and e are nondegenerate, then so is ex- 




for all a G A, x,y e X , and b e B. Moreover, v will be nondegenerate if and only if C, is, and v will 
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Proof. Lot l: X ^ B denote the inclusion map. Then i is a right-Hilbert bimodule ho- 
momorphism from aXb to M{bBb)- Thus it follows from Proposition 1.45 that the inclusion 
L ® idc: X ® C*{G) —f Mg{B C*{G)) extends to an inclusion of the G-multiplier bimodules 
Mg{X ® C*(G)) C MaiB ® C*(G)). We show that e{X) C Mg{X O C*{G)). Using Lemma 1.46, 
it is enough to show that 

(1 C*{G))e{X) U e(X)(l C*{G)) CX^ C*{G). 

But this follows from 

e(X)(l ® C*{G)) = e{cp{A)B){l ® C*{G)) 

= idG){S{A)) (e(B)(l ® C*{G))) 

C (<p(g)idG)(5(A)) (S®G*(G)) 

= ((^ idG){S{A)) ((1 G*(G))(B C*{G))) 

= ((^ idG)(5(A)(l C'*(G))) {B G*(G)) 

C ^ idc (A (7* (G)) (S G* (G)) 

= X0G*(G), 

and a similar computation which shows that (1 C* {G))e{X) C X G*(G). Note that if 5 and 
e are both nondegenerate, then taking closures of all terms in the above computation allows us to 
replace all inclusions by equal signs. 

It now makes sense to define the restriction ex ■ X ^ Mg{X G*(G)) of e to X. Then ex is a 
right-Hilbert bimodule homomorphism with coefficient maps 6 and e. To see that it is nondegenerate 
(as a bimodule homomorphism), we compute as above 

ex{X){B G*(G)) = ((^ idc) o 6{A){B G*(G)) 

D ((^ idG){6{A){A G*(G))) (S G*(G)) 
= ((^ idc) (A G* (G)) (B G* (G)) 
= X0G*(G). 

The coaction identity for ex follows directly from the coaction identity for e. If i5 and e are nonde- 
generate, then we already saw above that 

(l0G*(G))e;f(X) = (l0G*(G))e(X) = X G*(G), 

so ex is a nondegenerate coaction. □ 

Definition 2.25. Suppose that (p: A ^ M{B) is a *-homomorphism and let X = ifi{A)B be 
the standard right-Hilbert A — B bimodule associated to (p. 

(i) A^ M{B) is a—j3 equivariant for the actions a and /3 of G on A and B, respectively, 
and if (3x is the restriction of /? to X as in Lemma 2.23, then we say that {X,l3x) is the 
standard action associated to (p. 

(ii) If ip: A ^ M{B) is ^ — e equivariant for the nondegenerate coactions 5 and e of G on A 
and _B, respectively, and ii ex' X ^ Mg{X G*(G)) is as in Lemma 2.24, then {X, ex) 
is called the standard, coaction associated to Lp. 

(iii) If (/?: ^ — > M{B) is nondegenerate, then we say that the above-defined standard mor- 
phisms, actions, or coactions, are nondegenerate. (Note that in this case we have X = B.) 

We now introduce the notion of partial equivalences. 
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Definition 2.26. Suppose that aXb is right-partial imprimitivity bimodule. Then [X] : A ^ B 
is called a right-partial equivalence between A and B in the category C. Similarly, morphisms [{X, 7)], 
[{X, ()] and [{X,^, ()] in the categories A{G),C{G) and AC{G), respectively, are called right-partial 
equivalences, if the underlying module X is a right-partial imprimitivity bimodule. 

Suppose now that aXb is any right-Hilbert A — B bimodule. If we put K = IC{X) and 
let k: A — > M{K) be the associated nondegenerate homomorphism, we obtain a nondcgenerate 
standard bimodule aKk, and kXb becomes a right-partial K — B imprimitivity bimodule. It is 
trivial to check that the map 

k ® X ^ k ■ X 

extends to a right-Hilbert A — B bimodule isomorphism 

a{K ®kX)b^aXb, 

so we see that any morphism in the category C can be factored as the composition of a nondegen- 
erate standard morphism, and a right-partial equivalence. It is easy to extend this observation to 
morphisms in the category A{G): 

Proposition 2.27. Suppose that (A,a)(-^i7)(B,/3) is an action, and let K = IC{X). Then: 

(i) There exists a unique action ji on K such that 7 is fj, — (3 compatible. 

(ii) The canonical nondegenerate homomorphism k: A ^ M{K) is a — ^ equivariant; thus 
{aKktIj) is a nondegenerate standard action with left coefficient action a. 

(iii) The map k®x ^ k-x implements an equivariant isomorphism between {a{K®kX)b, ^j-®k 

7) and {aXb,-i). 

In particular, every morphism in A{G) can be factored as the composition of a nondegenerate stan- 
dard morphism, and a right partial equivalence. 

Proof. Since by definition 7s (x) • {jsiu), 1s{z))b = 1s{x ■ (y, z)b) for all s € G and x,y,z £ X 
it follows from [11, page 292] that fis{K{x,y)) — K{js{x),^'s{y)) determines a unique strongly 
continuous action n of G on K such that 7 is — /? compatible. This gives (i). 

For each a £ A, s G G, and x G X we have 

ip{as{a))'ys{x) = as{a) ■ 7s(a;) = 7s(a ■ x) = 7s((^(a)a;) = iJ.s{(p{a))'ys{x). 

Thus (fi: A ^ M{K) is a — fi equivariant and so (aKk,!^-) is a standard action. 

For (iii) just check that k ^ x k ■ x is {fi (Sir l) — 1 equivariant, which is trivial. □ 

We have to work a bit more to get the analogous result for morphisms in C(G). Recall from 
Remark 1.19 that if <^3>^ : aXb M{cY£)) is any nondegenerate right-Hilbert bimodule homomor- 
phism then there exists a map /x: K-bIX) M{IC£){Y)) such that is a nondegenerate partial 
imprimitivity bimodule homomorphism. The following easy lemma is quite fundamental. 

Lemma 2.28. With the above notation: 

(i) If ka: A ^ M{ICb{X)) and kc: C ^ M{ICd{Y)) are the canonical nondegenerate ho- 
momorphisms associated with the left module actions on X and Y, then the following 
diagram commutes: 

A ) M{Kb{X)) 



M{C)^M{Kd{Y)). 
(ii) ker/i is the ideal induced from ker^ via X. 
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Proof. For (i) let a e ^4, a; e X, and d e D, and compute 

fj,{KA{a)) ■ ^{x)d = ^{KA{a)x)d = $(a • x)d = (p{a) ■ ^{x)d = Kc{ip{a))^{x)d. 



Since ■ _D = F by the nondegcneracy of it follows that fj,{KA{a)) and Kc{<p{ci)) are identical 

in C{Y). The assertion (ii) follows from Lemma 1.20. □ 

Lemma 2.29. Let aXb and cYd be right-Hilbert bimodules. The equation 

(g) l){x (g) y) = k{x) l{y) 
determines a C* -algebra isomorphism $ of Kb{X) KoiX) onto K,b^d{X (8> 5^) such that 

^o{k.a® He) = I^A(g,C, 

where ka'- M(JCb{X)), kq: C ^ M{K,d{Y)), and k,a®C- A®C ^ M{]Cb(»d{X ®Y)) are the 
nondegenerate homomorphisms associated with X, Y , and X ®Y . 

Proof. The first part of the lemma is [33, pages 35-37]. For the second part, simply compute: 

$ o [ka ® Kc){a ® c){x ®y) = <i>(K^(a) ® kc{c)){x (g) y) 

= KA{a)x (g) Kc{c)y = a- x ® c - y = {a® c) ■ {x ®y) = KA(sc{a ® c){x ® y). 

□ 

Proposition 2.30. Suppose that (a,5)(-'^, C)(B,e) is a coaction, and let K = JCb{X). Then: 

(i) There exists a unique coaction /i on K such that C, is /i — e com,patihlc. 

(ii) The canonical nondegenerate homomorphism ka - A ^ M{K) is 6 — equivariant; thus 
{aKk,I^) is a nondegenerate standard coaction with left coefficient coaction 6. 

(iii) The map k®x ^ k-x induces an equivariant isomorphism between {a{K®kX)b, fJ^ C) 
and {aXb, C)- 

Moreover, /i is nondegenerate if C is, and ^ is normal if e is. 

Proof. Since (: X ^ M{X ig) C*(G)) is a nondegenerate bimodule homomorphism, it follows 
from Remark 1.19 that there exists a map u: K ^ M{K,b^c* (G){X ® such that ^Qa is 

a nondegenerate right-Hilbert bimodule homomorphism. We compose v with the isomorphism 
$-1 : M{K,B!SC'{G){X®C*{G))) M{K®C*{G)) provided by Lemma 2.29 to get a nondegenerate 
homomorphism K ^ M{K C*{G)) such that j^Ce is a nondegenerate right-Hilbert bimodule 
homomorphism. Since e is injcctivc and since, by Lemma 2.29, kcr/i = kcri^ is the ideal induced 
from kere via X, it follows that /x is injective, too. Thus to show that n is a coaction on K it only 
remains to show that 

(a) (1 z)fi{k) e K ® C*{G) for all z e C*{G), k€K, and 

(b) (/i (g) idc) o ^ = (idx ®Sg) o /i. 

But (a) follows from the simple calculation 

{i®z)iJ,{K{x,y)) = {1 ® z)M{K0c-{G)){C{x),C{y)) = M(if0c*(G))((i 02;) •C(a;),C(y)), 

which is in if C*{G) since (1 • C{x) e X C*{G) and 

MiK^C'iG)){X C*{G), M{X C*{G))) CK® C*{G). 
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In order to prove (b) we just compute 

(/x^idc) o ii{K{x,y)) = {^^®\AG){M(K®C'(G)){C{x)X{y))) 

= M{K<s,c'{G)®C'(G)){{C ® idc) ° (C ® idc) o C(y)) 
= M(K0C«'(G)®c-(G))((idx ^f^c) ° C,{x), (idx (8)<5g) ° Q{y)) 
= {idx ^Sg) o tJ-ixix, y)) 

for all a;, y G X. Then (b) follows from the density of k{X,X) in K. Since the left coefficient 

map on 1C{X) of any right-Hilbert bimodule homomorphism $: ]c{x)Xb M{cYd) is uniquely 
determined by $ (since it is compatible with the /C(X)-valued inner product on X), this proves (i). 
It follows from Lemma 2.28 that 

where ka^c*{g) ■ ^ ® C*{G) M{Kb^c*{g){X ® C*{G))) is the canonical nondegenerate homo- 
morphism. Thus the second part of Lemma 2.29 gives 

fio ka = {ka <S) id) o 6, 

which establishes (ii). 

For (iii), we need to show that 

(^0$= ($(^id)o(^tlK C), 

where K (Sir X ^ X is the canonical isomorphism. But this was verified in the proof of 
Theorem 2.15, where we showed that there are identities in C{G). 

Now assume that C (and therefore also 5 and e) is a nondegenerate coaction. Then 

(1 ® C*{G))ii{K) = (1 ® C*(G))m(x®c.(G)) (C(^), C(^)> 
= k«g.(G)((1®C*(G))C(X),C(X)> 

= K^C'(G){X^C*{G),C{X)) 

= K^C'(G){{X ® G*{G)){1 G*{G)), aX)) 
= K^C'(G){X ? C'^m.aX){\- - C*(G))) 
= K®C'(G)kX®C*{G),X®C*{G)) 
= K{X)®C*{G). 
Finally, if e is normal, the normality of \x follows from the fact that 

(idK0A)o^((idx °C)(idB0A)oe- J^^B ~^ M{K^!C{L^G))iX '» }C{L'^{G)))b^JC{L^G))) 

is a right-partial imprimitivity bimodule homomorphism. Thus injectivity of the right coefficient 
map implies injectivity of the left coefficient map. □ 

Remark 2.31. Combining Proposition 2.27 with Proposition 2.30 gives a similar factorization 
result for morphisms in AC{G). We omit the obvious details. 

In some situations, it becomes necessary to further factor the right-partial equivalence part of 
the morphisms in C, A{G), C{G), or AC{G), into an equivalence and a standard morphism coming 
from an inclusion of an ideal. To be more precise, if aXb is a right-Hilbert A ~ B bimodule, then 
X can be regarded as an aXbx bimodule in the canonical way, where Bx = {X,X)^. It is then 
clear that the map of a{X <Sibx Bx)b into aXb determined bya;(8>6i-^a;-6isa right-Hilbert 
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bimodule isomorphism. If aXb is a right-partial A — B imprimitivity bimodule, then aXbx is an 
imprimitivity bimodule, and the above isomorphism gives a factorization 

[aXb] = [b,Bb]oUXbx] 

of [a-'^b] as the product of the equivalence [^X^^] and the (probably degenerate) standard mor- 
phism [bxBb] associated to the inclusion of the ideal Bx into B. 

More generally, if {aXb,j) is a right-Hilbert bimodule action, then the above isomorphism is 
easily seen to be 7 — 7 /3x equivariant, where f3x denotes the restriction of /3 to Bx- Thus 
we get a similar factorization for right-partial imprimitivity bimodule actions. As usual, the case of 
coactions is a bit more complicated, so we do it in a lemma. Interestingly, it seems to be necessary 
to assume nondegeneracy of all coactions to do this step. 

Lemma 2.32. Assume that (A,s){X,C)iB,e) ^ nondegenerate coaction and let Bx = {X,X)g. 
Then: 

(i) There exists a unique nondegenerate coaction ex'- Bx M{Bx ® C*{G)) such that 
[aXbxiC) becomes a nondegenerate 5 — ex compatible coaction on aXbx- 

(ii) The inclusion Bx ^ B is ex — e equivariant, and 

iA,S){X,C)(B,e) — {A,S){X ®Bx Bx,C ttsx ^x){B,€) 

via the canonical isomorphism a{X ®Bx Bx)b — aXb- 

(iii) // e is normal then so is ex ■ 

Proof. Of course, we want to define ex as the restriction of e to Bx- For this to make sense, we 
have to show, similarly to the proof of Lemma 2.24, that e{Bx) C Mg{Bx®C*{G)), where we view 
Mg{Bx C*{G)) as an ideal of Mg{B (g) C*{G)) via the canonical inclusion (see Corollary 1.47). 
But this follows from 

e{Bx)=e{{X,X)j,) C {Mg{X C*{G)),Mg{X ® C* {G))) j^^^^^^'iG)) ^ 

and the fact that the range of the Mg{B ® C*(G) )-valued inner product on Mg{X ® C*{G)) lies in 
Mg{Bx (S> C*(G)) (see Lemma 1.44). The coaction identity of ex follows directly from the coaction 
identity for e. Thus, to see that ex is a nondegenerate coaction, it only remains to check that 
ex(Bx)(l<8)C*(G)) = Bx^ C*{G). For this we compute 

ex{Bx){l ® C*{G)) = iCiX), (:{X))MiB^CHG)) (1 ® C*{G)) 

= jaxuixw^mmB^c'iG) 

= (C(X),X0C*(G)))^^^.(e) 

= ((1 C*{G))aX), X C*(G)))^^c..(c) 

= {X^C*{G),X®C*{G)))s^cHG) 
= Bx®C*{G). 

By Lemma 1.44 we can canonically identify Mg{aXb ® C*{G)) with Mg{aXbx ^ C*{G)), 
which now shows that C can be viewed as & 5 — ex compatible coaction on aXbx- This proves (i). 

It is clear from the construction of ex that the inclusion Bx ^ B is ex — e equivariant. For (ii), 
it only remains to show that the canonical isomorphism X^Bx Bx — -'^ is C ttsx ^x — Q equivariant. 
But this follows from the last paragraph in the proof of Theorem 2.15. 

Finally, using the identifications made in Corollary 1.47, (idsx ®^) is precisely the restric- 
tion to Bx of (ids (g)A) o e. Thus, if e is normal (see Remark A. 51), then ex is too. 
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Finally, if e is normal, and if t: Bx ^ B \s the inclusion map, it follows from Proposition A. 6 
that iridic, with /C = K,{LP'{G)), extends to an injective inclusion of M;c{Bx ^K.) into Mjc{B®IC), 
and then we get 

(i (g) idjc) o {idsx = (ids (gA) oeo l, 

where A: C*{G) B{L'^{G)) = M(/C) is the regular representation. If e is normal, the right side 
of this equality is injective, which then implies that (ids^ (8)A) o ex is injective, too. But (see 
Proposition A. 37 and Remark A. 51) this implies that ex is normal. □ 

7. Morphisms and induced representations 

In this section we give an outline of the relationship between our categories C, A{G), C{G), 
and ylC(G), and (covariant) representations on Hilbert space. As always in this paper, we assume 
that the inner product on a Hilbert space H is linear in the second and conjugate linear in the 
first variable. Thus, if A is a C*-algebra, it follows from this convention that a nondegenerate 
representation tt: A B{Ti) gives Ti the structure of a right-Hilbert A — C bimodule. Moreover, two 
such modules TLi and 7^2 are isomorphic as right-Hilbert ^ — C bimodules if and only if there exists 
a imitary U: Tii Ti.2 which intertwines the left j4-actions, i.e., if and only if the corresponding 
nondegenerate representations of A on Tii and Ti.2 arc unitarily equivalent. It follows that the 
unitary equivalence classes of nondegenerate Hilbert space representations of A are precisely the 
morphisms from A to C in the category C. Note also that H = {0} is the only right-Hilbert ^4 — C 
bimodule which is not full. 

Definition 2.33. Let A be a C*-algebra. We denote by Rep(A) the class mor(^,C) of mor- 
phisms from A to C in the category C. Similarly, if (A, a) is an action of a locally compact group 
G on ^, then we put 

Rep(A, a) = mor ({A, a), (C, id)) 

in A{G), and if {A, S) is a coaction of G, we put 

Rep(A, S) = mor {{A, S), (C, id (gil)) 

in C{G). (Here id(8)l: C ^ M(C (g) C*{G)) denotes the trivial coaction of G on C.) We similarly 
define Rep(^, a, ^) for our mixed category AC{G). 

We already saw above that Rep(^) coincides with the class of all unitary equivalence classes of 
nondegenerate Hilbert-space representations of the C* -algebra A (including the zero-representation 
H = {0}). We shall later check that Rep{A,a) and Bjep{A,6) are also precisely the unitary equiv- 
alence classes of nondegenerate covariant representations of {A, a) and {A, 6), respectively (also 
including the zero-representation). 

But before we do this, we note that the definition of Rep(A) as mor(A, C) in the category C 
directly gives us a procedure to use any right-Hilbert B — A bimodule bXa to induce representations 
from A to B: we simply compose the morphisms in Rep(^) with the morphism [X] to obtain the 
map 

Rep (A) ^ Rep(B) : [H] ^ [H] o [X] = [X ®a H], 

which is a bijection if [X] is an equivalence in C, i.e., if X is a, B — A imprimitivity bimodule. 
Exactly the same arguments work in the equivariant cases: if {X, 7) is a /3 — a compatible right- 
Hilbert bimodule action, we get an induction map 

Rep(A, a) ^ Rep(B, p): {{H, U)] ^ [{H, U)] o [{X, 7)] , 

where composition is in A{G), and if {X, () is an e — ^ compatible right-Hilbert bimodule coaction 
we get a map 

Rep(A, 6) ^ Rep(B, e) : [{H, r?)] ^ [{H, r?)] o [{X, ()], 
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where composition is in C(G); the maps are bijections if the respective morphisms are equivalences 
in the appropriate categories. Of course, similar observations can bo made for AC{G). 

We now turn to identifying the spaces Rep(^, a) and Rep(A, 6) with the equivalence classes of 
the covariant representations of {A, a) and {A, 5), respectively. We start with the easy case of an 
action: 

Lemma 2.34. Assume that (tt, U) is a covariant representation of {A, a) on a Hilbert space Ht^. 
Then (Htt, U) is an a — id compatible right-Hilbert bimodule action, and the assignment 

[{'K,u)]^[(n.,u)] 

is a one-to-one correspondence between the unitary equivalence classes of nondegenerate covariant 
representations of {A, a) {including the zero-representation) anrf Rep(A, a). 

Proof. Note that in our definition of covariant representations (tTjU), we already assume 
that tt: A ^ B{TL.^) is nondegenerate (sec Section 2 of Appendix A). Thus it follows from the 
definition of covariance and the definition of right-Hilbert bimodule actions (see Definition 2.5) that 
(tt, U) I— *■ (Wtt) U) is actually a one-to-one correspondence between the nondegenerate covariant 
Hilbert-space representations of (A, a) and the a — id compatible right-Hilbert A — C bimodule 
actions. It is then straightforward to check that two covariant representations are unitarily equivalent 
if and only if the corresponding bimodule actions are isomorphic. □ 

As usual, the coaction case requires a bit more work. Recall from Definition A. 32 that a 

covariant representation of a coaction [A, 5) on a Hilbert space Ti-^ consists of a pair (tt, /x) such 
that tt; A — > ^(7^^) and /i: Co(G) B{T-L.n) are nondegenerate representations satisfying 

(tt ® idc) o 5{a) = {ji® idG)(wG)(7r(a) (gi l)(/i (gi \<1g){wg)* , 

where wq e C'>{G,Mf>{C*{G))) = M{Co{G) ® G*{G)) denotes the canonical embedding s ^ u{s) 
of G into UM{C*{G)). 

Lemma 2.35. Assume that (tt, /i) is a nondegenerate covariant representation of the coaction 
{A,5). Then the map C^: "Hx M{rL^ ® C*{G)) defined by 

C^(x) = {iJL®i<lG){wG){x®l) 

is a (5 — id® 1 compatible coaction on 7i^. 

Proof. We first check that is indeed a right-Hilbert bimodule coaction in the sense of Defini- 
tion 2.10. To see that Cui'H^) C M{H-„^C*{G)), note that {n®\dG){wG) e M{K{n^)®C*{G)) = 

'Cc®c*(G)(W^ ® C*{G)). Moreover, if x e H^, then a; 1 G M{H^ O C*{G)) = Cc^c'{G){^ O 
G*(G),n^ (g) C*{G)). Thus it is clear that 

Ux) = (m ® idG)iwG)ix ® 1) G Cc(,c'(G)iC ® C*{G),n^ G*{G)) = M{H^ G*{G)). 

Next we check that : M{HTr C*(G)) is a bimodule homomorphism with coefficient 

maps 5 and id (g)l. Indeed, if we write a • a; for ■jT{a)x, the covariance condition for {S, fi) implies that 

C^(a • a;) = (/i (g) idG)iwG){a • a; (g) 1) = (/x idG)(wG)(7r(a) (g l)(a; ig) 1) 

= (TT^ido) o,5(a)((/i(gidG)(w;G)(a:(g 1)) = S{a) ■ Ci^{x) 

for all a G A and x € H-n- On the other side, viewing bimodule elements as adjointable operators, 

we have 

iCf^ix), Cm(2/))c®C*(G) = {x(^ 1)*(m ® idG)(wG)*(M ® idG)iwG){y (g 1) 
= x*y<g>l = {x, y)c i8) 1 = (id 0l)((a;, y)^) 

for all x,y € H,r- 
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Since {fi idG)(wG) is actually a unitary operator on Htt <S) C*{G), wc get 



Cm(h,)(c®c*(g)) 



(m (E, idG){wG){{H^ CS> 1)(1 ^ C*{G))) 



which proves that is nondcgenerate. 

We now check that (l®C*(G))Cp(7^^) C H^®C*(G). If z e Gc(G) C G*(G), then (1®z)(wg) e 
M(Go(G) (g) G*(G)) is given by the continuous function s i-^ zu{s) of G into G*(G). Since m(s) is 
the canonical image of s in U M{C*{G)), it follows from the formulas given in Remark A. 8 (where 
u{s) is denoted iG{s)) that zu(.s) £ Gc(G) C G*(G) and (zM(s))(t) = A{s~^)z{ts-^) for t e G. It 
follows that the function s ^ zu{s) lies in Cc{G,C*{G)) for all z G Cc{G) C G*(G); hence we see 
that (1 (g) G*(G))wG C Go(G) <E) C*(G). From this we obtain 



(1 ® C*{G))C^{n„) = (1 ® G*(G))(m ® idG)(«^G)(W, ® 1) 
= O idG)((l G*(G))w;g)(^. '55 1) 
C (/X ® idG)(Go(G) ® G*(G))(H^ 1) 
= (/X idG)(Go(G) ® G*(G))(1 G*(G))(H, 1) 
C (/X idG)(Go(G) ® G*(G))(H^ «) G*(G)) 
C W^(g)G*(G). 



So it only remains to check the coaction identity for For this recall from Proposition A. 34 
that ifw = (/U®idG)('U'G), then we have 1012^13 = (/x(8)^g)(«'g)) with notation as in that proposition. 
Using this equation we compute 



Thus, every covariant representation (7r,/z) of {A, 6) determines a 5 — id(g)l equivariant coaction 
on Conversely, we get: 

Lemma 2.36. Suppose that {H,C} "is a 5 — id (g)! right-Hilbert A — C bimodule coaction. Let 
-k: A ^ B{T-l) be the nondcgenerate representation coming from the action of A on Ti. Then there 
exists a unique nondcgenerate representation fi: Go(G) B{7i) such that {Tr,fi) is a covariant 
representation of {A, 6) on H and such that C = ^^^^ Cm Lemma 2.35. 

Proof. We may assume without loss of generality that H ^ {0}. We first show that there 
exists a unitary w e UiJi^C* (G)) such that C,{x) = w{x ® 1) for all x gH. For this we first define 
a map w.HQ C*{G) ^ W G*(G) by 



iCn O idG) o C^(x) = (C^ (8> idG)(w(a; (g) 1)) 



= w;i2Wi3(a; (g 1 (8> 1) 

= (/i(8)^G)(wG)(a; (8)1(8)1) 

= (id:H„ ®<5G)((Ai®idG)(wG)(a;(8l)) 

= {id-H^ (8(5g) oC(a;) 



for all a; G X. This completes the proof of the lemma. 



□ 



w{x (8 u) = C{x){l (8 u). 
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Note that ({x){l u) e H ® C*(G), since ({H) C Mg(W O C*(G)). Moreover, w preserves the 
C (g) C* (G)-valued inner products: for x,y £H and u, w e C*{G) we have 

(u;(a; u), w{y t;))c®c«(G) = (C(a;)(l u), C{y){l ^ ^^))c0C*(G) 

= (1 (8> u*) (C(a;), C(2/)>M(c®c«(G)) (1 ® 
=(1 ® u*) ((idc ®l)((a;, y)c)) (1 v) 
=(l(8)M*)((x,y)c(8>l)(l0w) 

= (x, y)c (g) u*w 

= (.XCx)?i,?;8)w)c55C*(G) ■ 

It follows that w extends to an isometry w: Ti. <E) C*{G) H <E) C*{G), which is surjective since 
■w{n (g) C*{G)) D C(^)(l «) C*{G)) = C(H)(C (g) C*{G)) =H(E) G*{G) by nondegeneracy of C- 
Now, if {ci)i is a bounded approximate identity of C*{G), we get 

({x) = lim ^(a;) (1 (g) Cj ) = lim w(a; (g) Cj) = w(a; (g) 1) 

(note that both ('(a;) andw(a;(g)l) are in MG(7i(gC* (G)) compare with the proof of Lemma 1.40). 
Thus we have ({x) = w{x (g> 1) for all x gH. Using the coaction identity for it follows that 

wi2Wi3(a; (g> 1 (g 1) = (C (g> idc) o C{x) 
= {idn ^6g) o C(a;) = (idK;(Ti) (gifc)H(a; (g> 1 1) 

for all .T G 7Y, from which wc get the equation W12W13 = {idfcc}iy^SQ){w). It follows then from 
Remark A. 35 that there exists a unique nondegenerate homomorphism /x: Go(G) ^ B{TL^) such 
that w = (/Li0idG)(wG)- It clearly follows from our constructions that /x is then uniquely determined 
by the property that C = C/j- 

It only remains to show that (tt, ji) is a covariant homomorphism of {A, S), where tt : A — > S(7i) 
comes from the left action of ^ on X. For this we just compute 

((tt (g) idc) o (5(a)) (■u;(a; 1)) = ((tt idc) o 5{a))C{x) 

= C{'K{a)x) — w{n{a)x ® l)(^w{n{a) (g) l)w*)w{x (g 1), 

from which it follows that (tt idg) o ^(a) = ^(77(0) l)^* for all a S A. Since w = (/x idG)('u;G)j 
this just means that (tt, fj,) is covariant. □ 

We now combine the above results to get: 

Proposition 2.37. Let {A, S) be a coaction. For a covariant representation (tt, 11) of {A, S) 
let {HnXiJ.) ihe corresponding 5 — id 01 compatible right-Hilbert A — C bimodule coaction as in 
Lemma 2.35. Then 

[(^.M)]^[(7^.,c^.)] 

is a one-to-one correspondence between the unitary equivalence classes of covariant Hilberi- space 
representations of {A, 6) and 'Rep{A, 5) . 

Proof. Having Lemmas 2.35 and 2.36 at hand, we only have to show that two representations 
(tt, fj.) and (p, ly) of {A, S) are unitarily equivalent if and only if {Ti.Tr, Cm) ^^'^ (^pi C;/) ^.rc isomorphic 
right-Hilbert bimodule coactions. So let U : Tin — > Hp be a unitary such that UiT{a) = p{a)U for all 
a e ^ and U^i{f) = u{f)U for all / e Go(G). It then follows that 

{U l)(/x idG)(wG) = (i^ idG)iwG)iU 1). 
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This implies that 

Ci.{Ux) = {v® idG){wG){Ux ®l) = {u® idG){wG){U ® l){x (g) 1) 

= {U® (g idG){wG){x ®l) = {U(i) l)CA.(a;), 

which means that f7 is a ~ C compatible isomorphism between and T-Lp. 

Conversely, if V : TLn Tip is such a compatible isomorphism, then we have Vn{a) = p{a)V for 
all a G A, and a short computation as above shows that 

{V (g) ® idG)(wG) = (J^ ® idG){wG){V «) 1). 

Using slice maps 5*/ for / in the Fourier algebra A{G), it follows from Proposition A. 34 that 

Vnif)^Sf{iV^l){n®idG){wG))=Sf{{u^idG)iwG)iV(^Sl))=iy{f)V. 

Since A{G) is norm-dense in Co{G), we see that F is a unitary which intertwines (tt, /x) and (p, u). □ 

We close this chapter with a short remark on the additive structure of our categories. Recall 

that if X and Y are two right- Hilbert A — B bimodules, then we can equip the direct sum X ®Y 
with the structure of a right-Hilbcrt A — B bimodulc by defining 

{xi+yi,X2+y2)B = 2:2)5 + (2/1,2/2)5 , 
a ■ {x + y) = a ■ X + a ■ y, and [x + y) ■ h = x ■ b + y ■ b, 

for X, xi,X2 G X,y,yi,y2 a & A and b G B. It is not hard to check that [X] + [Y] = [X (BY] 
defines an additive structure on the morphisms mor(A, B) in our category C, so that the zero- 
morphism {i.e., X = {0}) serves as an additive identity. It is also straightforward to check that the 
distributive laws 

[Z]o{[X] + [Y]) = [Z]o[X] + [Z]o[Y] and {[X] + [Y]) o [Z] = [X] o [Z] + [Y] o [Z] 

hold in C. Of course we can define similar additive structures on the categories A{G), C{G), and 
AC{G) — we omit further details on this. One can even define infinite direct sums of right-Hilbert 
bimodules, and then we get a notion of infinite sums of morphisms from A to B: if {Xjjjg/ is a 
family of right-Hilbert A — B bimodules, then, as usual, one defines ©jg/Xj as the completion of 
the vector space 

{{xi)i^j \ Xi for only finitely many i G 1} 

with respect to the B-valued inner product {{xi), {x[)) g = X^ig/ {^ii^'i)B ^'^^ obvious left and 
right actions of A and B. We then put = 

Note that these additive structures on C, A{G), C{G), and AC{G), are something which is not 
available in the category of C*-algebras with *-homomorphisms as morphisms, since in general the 
sum of two *-homomorphisms , (^2 : A B is not a *-homomorphism any more. 



CHAPTER 3 



The Functors 

In this chapter we show that many fundamental C*-algebraic constructions — including restrict- 
ing, inflating, decomposing, and taking crossed products by actions and coactions — have right- 
Hilbert bimodulc counterparts, and that these constructions give functors among the various cate- 
gories A{G), C{G), and AC{G). 

1. Crossed products 

1.1. Actions. In Theorem 3.7 below we will define a fimctor from A{G) to C{G) with object 
map {A,a) ^ {A G,a). Because the objects in A{G) are actions on C*-algebras, rather than 
isomorphism classes of such, we need to choose a single version of the reduced crossed product 
and stick with it. Wc use Definition A. 13: the action a can also be regarded as a nondegenerate 
homomorphism a: A ^ Cb{G,A) C M{A (g) Co(G)) via a{a){s) — ag-i{a), and we define 

A Xa,r G = (i^ X il;){A XaG)C M {A (g) IC{L^{G))), 

where (i^, i^) is the covariant homomorphism ((id^ (g)M) o a, 1 A) . 

The dual coaction of G on A x^^^ G is defined (see Example A. 26 in Appendix A) by 

HiAia)ihif)) = (iAia) ® IWg ® ^)(/) for a e A, / e Ge(G), 
where u: G ^ UM{C* (G)) is the canonical inclusion. Recall that we require all coactions in C(G) 
to be normal and nondegenerate; every dual coaction a has these properties (see Example A. 26 and 
Proposition A. 61). 

We find it convenient to do many of our calculations with vector-valued Gc-functions. To 
facilitate this, by a slight abuse of notation we identify Gc{G, A) with its image (i^ x «q)(Gc(G, A)) 
in A Xa,r G. The calculations will sometimes involve integrals of functions with values in locally 
convex spaces, rather than just G*-algebras. Because we (almost always) only need to integrate 
continuous functions of compact support, the standard theorems about vector- valued integration 
apply, and we have chosen to use this theory to avoid having to insert G*-algebra elements and 
linear functionals at every turn; the technical foundations we require are laid out in Appendix C. 
As an example of how such integrals arise, notice that the embedding of Gc{G,A) in A x^^r G is 
described in terms of the canonical embeddings (i^,i(j) strictly convergent integral 

/ = / i'AifisWGi^)ds. 
JG 

As a point of notation, we usually identify G with its canonical image in UM{C*{G)), so that, for 
example, we can say that the dual coaction of G on ^ x^^r G is given on Gc(G, ^) by the strictly 
convergent integral 

Hf)= [ i'A{f{sWG{s)(^sds. 
JG 

We now show how to regard a{f) as a Gc-function. To prepare for this, we require some 
technical flexibility involving tensor products. If i? is a G* -algebra, we (often without comment) 
make extensive use of the canonical embedding of the algebraic tensor product Cc{G,A) © B into 
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Cc{G,A (3 B) given by (/ ® b){s) = f{s) Cg) b. (We occasionally extend this convention to other 
fmiction spaces, such as C&, the bounded continuous functions.) Note that this embedding extends 
to the canonical isomorphism of {AXa,rG)^B onto x^^id.rG from Lemma A. 20. We employ 

this trick many times throughout this work when dealing with coactions in terms of Cc-functions. 
The idea is to treat the extra copy of C*(G) as a freely moving object. 

This allows us to embed CciG,A'S>B) in {A x„,,. G) ® S, and CciG,Mf^{A^ B)) in M{{A x,y^r 
G) iS> B); for the latter we use the embedding of Cc{G,Mi^{A)) into M{A Xa,r G) provided by 
Corollary C.7. (Recall that we write M^{A) for M{A) equipped with the strict topology.) Note 
that for / e Cc{G,A) and b £ B, we have 

f^b= [ i-Af{s))ih{s)ds^b= [ i:^{f{s))iUs)^bds 

JG JG 

= I {eA{f{s))®b){eG{s)®l)ds= I {eA®id){{f®b){s)){l},{s)®\)ds, 
JG JG 

so that, by linearity, density and continuity, if / G Cc{G,M^{A ® B)) then as an element of 
M{{A Xa,r G) (g) B) we have (by the same abuse of notation as above) 

/ = / (i^®id)(/(s))(i^(s)®l)ds. 

JG 

Lemma 3.1. Let {A,G,a) he an action. For each f S Cc{G,A), we have 
d(/) G Cc{G,M^{A^C*{G))) C M{{A x^G) ®C*(G)), 
with a{f){s) = f{s) (8> s for s £ G. 
Proof. Compute: 

"(/) = & (^J^iAim)iGis)ds^ = jjj,{f{sWG{s)®sds 
= [ (i^0id)(/(s)®s)(i^(s)®l)ds. 

JG 

Thus, a{f) agrees with the element s f{s) s of Cc{G, Ml^{A O C*{G))). □ 

Functoriality requires that we also give a construction of crossed products of right-Hilbert bimod- 
ules. Such constructions have appeared in several places in the literature {e.g., see [12, 11, 30, 2, 17] 
for several constructions of full and reduced crossed products by Hilbert modules). In order to have 
a construction which is best suited for our needs, and for completeness, we shall give our own con- 
struction of reduced crossed products by a right-Hilbert bimodule actions. Of course we closely 
follow the ideas presented in the literature cited above. 

Let (^A,a) (-^) l)(B,/3) be a right-Hilbert bimodule action. Consider the dense subalgebras Gc{G, A) 
and Cc{G,B) of A Xa.r G and B Xp^r G. We want to equip Cc{G,X) with a pre-right-Hilbert 
Cc(G, ^) — Cc(G,B) bimodule structure with operations 

f-x{s)= [ f{t)-jtix{t-h))dt, 

JG 

(3.1) x-g{s)= / x{t)- (it{9{t-^s))dt, and 

JG 

{x,y)Bx0G{s) = / l3t-i{{x{t),y{ts))B)dt 

JG 

for / e Cc{G,A), x,yG Cc{G,X), and g G Cc{G,B). 



1. CROSSED PRODUCTS 53 

Proposition 3.2. With the above operations, Cc{G,X) completes to give a right-Hilbert AXa,r 
G—BXj3^rGbimodule. Moreover, if Bx = {X,X)q, then {X x^^rG,X X'y,rG)g^^ ^ = BxXp^j-G. 

We do the proof in two steps. In the first step we consider the right-Hilbert bimodule action 
{kXb, fj.Jp), with K = IC{X), as provided by Proposition 2.27, and use a linking algebra argument to 
see that the proposition is true in this special situation. We then observe that the homomorphism 
K, Xr G: A Xa,r G — » M {K x^^r G) coming from the a — ji equivariant homomorphism k: A — > 
M{K) = C{X) induces a left action of A Xa,r G on X Xj^j- G which coincides on Cc-functions with 
the actions as given in (3.1). 

If {kXb, ^7/3) is a right-Hilbert imprimitivity bimodule action of G on the partial imprimitivity 
bimodule k^b, then we obtain a strongly continuous action z/: G — > Auti(X) by defining 

[fk x\\^ (fijik) ls{x)\ 

(see Lemma 2.21). The convolution algebra Cc{G,L{X)) has a canonical decomposition as two-by- 
two matrices 

Ce(G,L(X))-(^^^^^ G,(G,S)j' 

and it is straightforward to check that the pairings among the corners Cc{G,K), Cc{G,X) and 
Cc{G,B) given by convolution on Cc{G,L{X)) are precisely the ones given by (3.1). 

Now let p = (J§) and q = (q?) denote the corner projections in M{L{X)), and let i£(p) 
and i£(q') denote the images of p and q in M{L{X) x^^r G). It follows from Lemma A. 16 that 
the canonical inclusions of Cc{G,K) and Cc{G,B) into Gc(G, L(X)) provided by (3.3) extend to 
isomorphisms 

K x^,r G ^ il{p){L{X) x^,r G)il{p) and B x^,, G ^ il{q){L{X) x,,, G)il{q), 
and we have 

C,XG,X)^zlip){L{X) x,,,r G)il{q), 

where we identify Cc{G, X) with the upper right corner of Cc{G, L{X)) as in (3.3). In particular, it 
follows from Lemma 1.48 that Cc{G, X) completes to give a partial Kx^^rG—Bx /3,r-G imprimitivity 
bimodule X G, with actions and inner products given by (3.1). Using Lemma 1.49 we also see 
that L{X) x^^r G is then canonically isomorphic to L{X Xj^r G). 
We now gather the above observations: 

Lemma 3.3. Suppose that {kXb, fijp) is a right-Hilbert bimodule action of G on the partial 
imprimitivity bimodule kXb- Then Cc(G,X), equipped with the Cc{G,K) — Cc{G,B) pre-right- 
Hilbert bimodule structure of (3.1), completes to a partial K x i^^rG — B x p^rG imprimitivity bimodule 
such that the identification (3.3) extends to a canonical isomorphism 

L{X) X^^rG^L{X X^^r G), 

with V as in (3.2). Moreover, the ranges of the left- and right-valued inner products on X x^^r G 
are given by the ideals Kx x^i^r G and Bx x p^r G, where Kx and Bx denote the ranges of the inner 
products on X. In particular, X x-y^rG is a K X /^^r G — B X /s^r G imprimitivity bimodule if and only 

if X is a K — B imprimitivity bimodule. 

Proof. Everything but the assertion on the ranges of the inner products follows from the above 
considerations. 



(3.2) 



(3.3) 
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For the ranges we first consider the case where Kx — K and Bx — B, i.e., where X is a. K — B 
imprimitivity bimodule. It follows then from Lemma 1.48 that p and q arc full projections in L{X), 
which implies that and are full projections in M{L{X) x^^^ G). To see this, compute 



L{X) x,,r G = i^a{C*{G))il{L{X)y^{C*{G)) 



= iUC*{G))il{L{X)qL{X)y^{C*{G)) 
= fe(C^*(G))*£(i(X)))z£(g)fe(L(X))i^(C*(G))) 
= {L{X) x,^r G)iliq){L{X) x,^r G). 
Thus it follows that X x.y^r G is & K x^^r G — B x^^r G imprimitivity bimodule. 

If kXb is a partial imprimitivity bimodule, then (^-^ ^ ] , which we denote by Z/™p(X), 

embeds as an ideal in L(X) and therefore L™p(X) x,^ = ( /v^ ^^'"^^ ^ ^^'^ ^ ) canonically 

' X'y,r^) ^X Xl3,r^J 

embeds as an ideal in L{X x^^r G). Since this embedding is the identity on X x^^j. G, and since 
Kx-^Bx is an imprimitivity bimodule, it follows that the ranges of the inner products on X x^^rG 
are precisely Kx G and Bx Xp^r G, respectively. □ 

Proof of Proposition 3.2. Let K = 1C{X). Then it follows from Proposition 2.27 that 
there exists an action //, of G on JsT such that {kXb, ^'yp) is a right-Hilbert bimodule action on 
the right-partial K — A imprimitivity bimodule kXb, and such that the homomorphism n: A ^ 
M{K) = Cb{X) coming from the left action of A on X is a — equivariant. Lemma 3.3 implies that 
Cc{G, X) completes to a right-partial iiTx^rG—Bx/jj-G imprimitivity bimodule, and it follows from 
Lemma A. 16 that there exists a homomorphism kx^G: Ax^.tG M{Kx„ rG) = Cbx,.g{X x..f i.G) 
given on Cc{G,A) hy f ^ k o f. Using this, it is straightforward to check that the resulting left 
action of A x^r G on X x^^r G coincides on Cc{G, A) with the action given by (3.1). □ 

As with reduced G*-crossed products, we identify Cc{G, X) with its image in X x.-j,,r G. 

To complete our functor, we need a dual coaction on X x^^r G, and for this we will view 
Cc{G,Mf{X (g) G*(G))) as a subspace of M{{X x^,^ G) (g) G*(G)j. The following general lemma 
justifies this embedding, since for any G*-algebra G, it follows from Lemma G.8 that we have an 
embedding Gc(G, Ml^{X G)) ^ M{{X G) x^^id.r G). 

Lemma 3.4. For any action {A,a){^T'l){B,fi) and for any C* -algebra C the canonical embedding 
of Gc{G,X) qC in Gc{G,X (g) G) extends to an isomorphism 

^ - (AXc,rG)0c((-^ X-y,r G) iSl C)(^Bx0,rG)(SC 

Proof. We know that the embedding of Cc{G, A)qC into Cc{G, A®C) determines an isomor- 
phism of ( A X G) Cx) G with (^'$5G) x.^gjid rG, and similarly for _B. A routine calculation now shows 
that the embedding of Gc(G, X) G C (X x^^^ G) ® G into Gc(G, X (g C) <Z {X (g C) x^^id.r G is 
compatible with these coefficient maps and all bimodule operations. Since the image of Gc(G, X) (g)G 
is inductive limit dense in Gc(G, X ®C), the result follows. □ 

Proposition 3.5. 1/7 is an a — (3 compatible action of G on a right-Hilbert bimodule aXb, 
then there is a unique nondegenerate a — j3 compatible coaction 7 of G on X x~^^r G such that for 
each X e Cc{G,X) we have 

7(a;) G Gc(G, M^{X O G*(G))) C M{{X x^,^ G) ® G*(G)), 
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with 7(.t)(.s) = x{s) ® s for s G G. 

Proof. As for the construction of the crossed product X x^^^ G, we use a Unking algebra 
argument. For this let K = IC{X), let fi: G AutK denote the action of G on X provided 
by Proposition 2.27, and let z^: G A\itL{X) denote the corresponding action on the linking 
algebra. It then follows from Lemma 3.3 that X Xj^r G is a right-partial K x^^r G — B Xp^r G 
imprimitivity bimodule and L{X x-y.j. G) = L{X) G. By Lemma 3.1, the dual coaction z> maps 
Cc{G,L{X)) C L{X)x^,rG into Cc{G,Ml^{L{X)®C*{G))) M((L(X) x„,,,G)(8)G*(G)) according 
to the rule £'{f){s) = f{s) (8) s for s G G. We make the canonical identifications 

r' (c T ( x\\ — I Gc{G,A) Cc{G,X) 

Oe^u, y^Q,{G, xy Cc{G, B)^ 

and 

r (r MP(T(X6,r*(r\\W - ( Cc{g,mHa®g*{G))) c,{g,mP{x ®c*{G)))\ 

Oe(^G,M {^K^®^ K'^}))} - yc^{G,MP{X®C*{G))y Cc{G,MP{B®C*{G)))J ' 

where the latter identification is allowed since the strict topology on M{L{X) (g) G*(G)) coincides 
with the product of the strict topologies of the corners by Proposition 1.51. With this identification, 
the formula for i> becomes 

g A \ ( \ [ aijl^s x{s) s\ 

for g e Cc{G,A), x,y € Cc{G,X), and I G Cc{G,B). In particular, it follows from this that 
P{p) = p (g) 1 and i>((jr) = (jT !g) 1, where p,q £ M{L{X x~^^r G)) = M{L{K) x„^r G) denote the usual 
corner projections. Thus it follows from Lemma 2.22 that D compresses to a fi — f3 compatible 
coaction 7 on the upper right corner X x^^r G which then has to be given by the formula 

7(a;)(s) = x{s) €5 s 

for X G Cc{G, X). Since z> is nondegenerate by Example A. 27, it follows from Lemma 2.22 that 7 is 

nondegencrate, too. 

We now complete the proof by observing that it follows directly from the formulas for a and jl 
that the homomorphism kx^G: AXc,,rG — > M{Kx^j^^rG) isa—p equivariant (where k: A ^ M{K) 
is determined by the left ^-action on X). This shows that 7 is a nondegenerate a — $ compatible 
coaction on X x^^r G. □ 

For later use it is important to see that the crossed product by a standard morphism [aXb,^) 
associated to an a — /3 equivariant homomorphism ip: A ^ M(B) is again standard. 

Proposition 3.6. Suppose that ip: A M{B) is a {possibly degenerate) a — (3 equivariant 
homomorphism, and let (^Xb,7) he the standard right-Hilhert A — B bimodule action associated 
to ip (see Definition 2.25). Then ax^gIA" x^^^ G)BxrG is canonically isomorphic to the standard 
right-Hilbert A x G — B x G bimodule Y = ipXj. G{A Xa,r G){B x p^j. G), and this isomorphism 
is equivariant with respect to 7 and the restriction $y of $ to Y. 

Proof. Since aXb = ip{A)B, we see that 

^ Xr G{Gc{G, A))Gc{G, B) D {C,{G) ip{A)){C,{G) Q B) = Gc(G) © X 

is inductive limit dense in Cc{G, X). The result then follows from the fact that the above inclusion 
of Lp Xr G{Cc{G, A))Cc{G, B) preserves the left and right Cc{G,A)- and Gc (G, i?)-actions and the 
Cc{G, -B)-valued inner products. The 7 — Py equivariance follows directly from the formulas for the 
respective dual coactions as given in Lemma 3.1 and Proposition 3.5. □ 
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Theorem 3.7. The object map (A,a) i-^ {A Xa,rG,a) and the morphism map [aXb,j] 
[Axr-oiX x^^rG)Bxr.G,^] define a functor from A{G) to C{G). 

Proof. We first show that the map on morphisms is well-defined. Suppose X — > K is an 
isomorphism of right- Hilbcrt A — B bimodules which is equivariant for a — j3 compatible actions 7 
andpofG. Then ($XrG)(a;)(s) = <i>(a;(s)) is easily seen to give a bijective map $ x^G : Cc{G,X) — > 
Cc{G, Y) which respects the pre-right-Hilbert bimodule structures given by Equation (3.1) and hence 
extends to a right-Hilbert (A x „ G) — (B x ^ G) bimodule isomorphism of X x j^j. G onto Y x ^ j. G. 
It suffices to check 7 — p equivariance of $ x^. G for x e Cc{G, X): 

(($ Xr G) (g) id) o 7(a;)(s) = ($18) id)(7(x)(s)) = $(a;(s)) s 

= ($ Xr G){x){s) (g) s = /3 o ($ Xr G){x){s). 

If {A, G, a) is an action then it follows from Proposition 3.6 that the bimodule crossed product 
aAa Xr G is equivariantly isomorphic to the standard right-Hilbert bimodule ax,.g{A x^ G)Axr-G, 
which shows that the crosscd-product functor preserves identities. 

It only remains to see that the assignment [X, 7] [X x^^r G] respects composition of mor- 
phisms; ^ that is, if {aXb,^) is a — p compatible and {bYc, p) is p — fj, compatible, we need to find 
a right-Hilbert {A x^^r G) — [C x^^r G) bimodule isomorphism 

T: {X x^^r G) (S>Bx.G {Y Xp,^ G) ^ {X ®b Y) x^^^,^ G 
which is (7tlBxrG p) — 'J ® p equivariant. The rule 

T{x<^y){s)= I x{t) ® pt{y{t-^ s)) dt 

JG 

defines a map from Cc{G, X) Gc(G, Y) to Cc{G, X i^^bY) which is easily checked to preserve the 
pre-right-Hilbert bimodule structures. In order to see that T extends to an isomorphism of the 
completions, we need only verify that T has dense range for the inductive limit topology. For this, 
let xiGXandfe Gc(G, B), and define x e Gc(G, X) by x^s) = xi ■ f{s). Then for y € Gc(G, Y) 
we have 

T{x y){s) =xr® j f{t) ■ pt{y{t-h)) dt = xi®{f- y){s). 

JG 

Now, we can approximate y hy f ■ y in the inductive limit topology, and taking y of the form 
y{s) = yig{s) for yi e Y and g G Gc(G) we can thus approximate the function s 1— »• (a;i <Siyi)g{s). 
But such functions have inductive limit dense span in Cc{G,X ®bY). 

For the equivariance, it suffices to show that fora;GGc(G,X) Q X Xj^r G and y e Cc{G,Y) C 
Y Xp^rG we have 

■y^p o T{x <8) y) = (T id) o (7 jj p) (a; y) 



This is also proven (using non-categorical language) in [30, Lemma 3.10]; we include our own proof for 
completeness. 
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as elements of Cc{G,Mf^{{X (S>b Y) (g) C*(G))) C M{{{X ®b Y) x^^p,^ G) ® C*(G)). First note 
that for x' G Cc{G, X), y' € Cc{G, Y), and u,v,s G G we have 

(T id) o Q[{x' m) (g) {y' v)){s) = (T id) ((a;' y') ■uw)(s) 

= (T(a;' y') uw)(s) = T{x' y')(s) <^ 

= / x'{t) ^ pt{y'{t~'^s))dt^uv 
Jg 

= / {x'{t)0pt{y'{t-^s)))<»uvdt 
Jg 

= / e((a;'(i) 0u) (pt 0id)(t/'(i"^s) 01;)) 



= / e(^(a;' 0u)(f) (pt 0id)((y' 0'y)(t"'s))j dt. 

By linearity, density, and continuity we conclude that for x & Cc{G,X), y £ Cc{G,Y), and s £ G 
we have 

(T id) o (7 tt p)(a; y){s) = (T id) o 9(7(0;) p{y)) (s) 
Q{7{x){t) (pt 0id)(p(2/)(f-is))) (it 

= y e((a;(i)0t)0(pt(y(i"^s))i8)i"^s))di 

{x{t) ® pt{y{t''^s))) sdt = / x{t) ® pt{y{t~^s))dt'» s 
J Jg 

= T{x j/)(s) s = 7 p o T(a; y){s). 

□ 

Remark 3.8. For later use, it is worthwhile to observe that the proof of Proposition 3.2 implies 
that if aXb = ®K is the (equivariant) standard factorization of X, as described in 
Proposition 2.27, then we get the standard factorization 

Ax„,rG{X Xj^r G)BXp^rG — AXa,,rG{{K X^_r G) ®Kx„,rG {X X^^r ^))bX0 rG' 

which is clearly equivariant with respect to the dual coactions. It follows from Proposition 3.6 below 
that Axa,rG{K Xfi,rG)Kx^,rG is equivariantly isomorphic to aKk x^^^G, so that the action-crossed- 
product functor of Theorem 3.7 preserves standard factorizations of morphisms. 

1.2. Coactions. In Theorem 3.13 below we define a functor from C{G) to .4(G) with object 

map 

{A,5)^{AxeG,5). 

As for actions, we first need to choose once and for all a single version of the crossed product, and 
we use Definition A. 39: the coaction ^ is a nondegenerate homomorphism into M{A G*(G)), and 
composing with the nondegenerate homomorphism id0A: A^C*{G) M {A ^ K,{L'^ {G))) gives a 
nondegenerate homomorphism 

jA = {id^X)oS: A^ M{A(^IC{L'^{G))). 

Writing = 1 M, we get a covariant homomorphism {jA,jG) of {A, G, 5) to M{A /C(i^(G))). 
(Wc sometimes write Jq for jo if there is danger of confusion.) Then the crossed product is defined 

as 

AxsG = jA{A)jGiCo{G)) C MiA /C(i'(G))). 
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The standard theory of coactions (see Appendix A) tells us that Ax sG is a. C* -algebra and that 
the triple {A xs G,jA,jG) has the universal property that for every covariant homomorphism (tt, /j.) 
of {A,Co{G)) into a multiplier algebra M{B) there exists a unique nondegenerate homomorphism 
TT X (m: AxsG —> M{B) such that (tt x jj,){jA{a)jG{f)) = T^{a)ii{f) for aU o e A and / G Co{G). 

The dual action 5 of G on A G is defined (see Definition A. 47) by 5s = Ja x Ug ° Ps), where 
Ps denotes right translation on Cq(G). 

li tp: A M(B) is a homomorphism which is equivariant for coactions 6 and e of G on A and 
B, there is an associated homomorphism 

ipxG={jBoip)x jo 

of AxgG into M{B x^ G), which is nondegenerate if ip is nondegenerate (see Lemma A. 46). 

Let X M(X (x) G*(G)) be a (5 — e compatible nondegenerate coaction on a right-Hilbcrt 
A — B bimodule X. We will define the crossed product X XqG following [20, Theorem 3.2] (except 
here we use full coactions and avoid representing things on Hilbert space). Put 

jx = (id(8)A)oC. 

Proposition 3.9. Assume that {aXb,Q is a nondegenerate right-Hilbert bimodule coaction. 
With the above notation, the subspace 



XxcG = jx{X)-jB{Co{G)) 

of M{X®1C{L'^{G))) is a right-Hilbert (AxsG) — {B x^G) bimodule. Indeed, Xxi^G is closed under 
the bimodule actions of A xgG and B x^ G, and, the M{B (E) IC{L^{G))) -valued inner product on 
XXfG actually takes values in Bx^G. Moreover, if Bx — {X,X)^, then {X x^ G,X X(^ G)g^ q = 
Bx x,^ G. 

As for actions, we first give the proof for the case of a nondegenerate right-partial imprimitivity 
bimodule coaction {kXb,Oj using the linking algebra approach. So let L{X) = ^) denote the 
linking algebra of X. If we identify L{X) (g) G*(G) with L{X ^ G*{G)) as described in Section 5 
of Chapter 1, we can use Proposition 1.51 to get a canonical identification M{L{X) G*(G)) = 
L{M{X (g) G*(G))). Thus, by Lemma 2.22 we obtain a coaction i/ of G on L{X) determined by 



(3.4) 



y bj) [ciy) e{b) 



If we similarly identify M(L{X) ® IC{L'^{G))) with L{M{X (g) /C(L2(G)))), we see that the maps 
UlJg) ■ (HX), Go(G)) ^ M{L{X) ® ]C{L^{G))) can be written as 



JL = (idi, ® A) o V 

and 

3g = ^M(L) <8> M = 



{iAk <8)A) o IX (idx <8)A) °C\ ^ fm jx 
(id^ (8>A) o Q (ids OA) oe) \jx 3b 



1m(b)®m; \o jg 



Thus, for the crossed product L{X) x„ G. we can write 



LiX)x,G = jLiL{X))jg{CoiG)) 



jk{K)3^{C,{G)) jx{X)j§{Go{G)y 
,,u{X)j§{Co{G)) jb(B),?|(Go(G)), 



Note that if p = (q {]) and q = (g °) denote the corner projections in L{X), then jL{p) and jL{q) 
are the corner projections of L{X) x^G = L{X x^G). We now gather these results into: 
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Lemma 3.10. Suppose that {KXB,fiCe) is a nondegenerate right-Hilbert bimodule coaction of G 
on the right-partial imprimitivity bimodule kXb- Then 



Xx^G = jxiX)jgiCo{G)) = if iGo{G))jx{X) 

is a right-partial Kx^^G — BXfG imprimitivity bimodule with respect to the bimodule operations 
as described in Proposition 3.9. 

If kXb is an imprimitivity bimodule, then so is k-k^g{X G)bx^g — ii^ general, the range 
of the B G-valued inner product on X X/^G is Ex x G, where Bx denotes the range of the 
B -valued inner product on X and ex denotes the restriction of e to Bx [see Lemma 2.32). 

Finally, iff = ^ ) is the corresponding coaction on the linking algebra L{X), then L{X) x^G 

is canonically isomorphic to L{X x^ G). 

Proof. All assertions follow directly from the above considerations, except the fullness of the 
left inner product on X G and the identification of the range of the right inner product with 
Bx Xex G. (The identity Xx^G = j^{Co{G))jx{X) follows from identifying j^{Co{G))3x{X) as 
the upper right corner of jQ{Co{G))jL{L{X)).) 

The fullness of the left inner product follows from the fact that if g € M(L{X)) is a full 
projection, then jL{<l) is a full projection in L{X) x,^ G, which follows from 



{L{X) X. G)jL{q){L{X) x. G) = j^(Go(G))ji(L(X)qi(X))j^(Go(G)) 



= i^(Go(G))i^(L(X))j^(Go(G)) = L{X) x. G. 

(Compare with the proof of Lemma 3.3.) If Bx = B, the same argument applies to give fullness of 
the right inner product on X x,^ G. Thus, in this case X x,^ G is an imprimitivity bimodule. 

To get the general formula for the right inner product we do the same trick as in the action 

case. Let i™P(X) = ^ ^ ^ ^ • We know from Lemma 2.32 that C is also /j, — ex compatible, so we 

can view Z/™p(X) as a coaction invariant ideal in L{X), and obtain a corresponding embedding of 



L™P(X) x^G = 



KXf,G Xx(^G 
{Xx^GJ Bxx.^G 



into L{X) Xi, G = L{X Xc^ G), which is the identity on the upper right corner X Xc^G and which 
compresses to the inclusion Bx x ex GCBx^G in the lower right corner. □ 

Proof of Proposition 3.9. Let K = IC{X). By Proposition 2.30 we see that there is a unique 
nondegenerate coaction /i: K ^ M{K(E)C* {G)) such that the homomorphism k : A — > M{K) coming 
from the left action oi A on X is S — ^ cquivariant and such that {kXb, C) is — e compatible. By 
Lemma 3.10 we get an identification K x^j^G = K{X X(^G). Thus the homomorphism 

KxG:AxsG^ M{K x^ G) S Cbx^g{X G) 

determines a left action of A x^ G on X x^ G. Since 

K X G = (jif o k) X jf = (k (g) idK.) o {jA X jo) 

(see the proof of Lemma A.46), it follows that this left action coincides with the action described in 
the proposition. □ 

We now introduce the dual action of G on X x ^ G. 
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Definition 3.11. Given a. d — e compatible nondegenerate coaction C of G on a right-Hilbert 
A — B bimodule X, the dual action C of G on the crossed product X Xf G is defined on generators 
by 

Qs{jx{x) -jcif)) = jxix) ■ jg(Ps(/))- 
(Recall that ps denotes right translation on Go(G) by s.) 

It is straightforward to check that the above formula determines a S — e compatible action on 
the right-Hilbert {A Xs G) - {B G) bimodule X x^G. 

For later use it is necessary to know that coaction-crossed products by standard right-Hilbert 

modules arc standard. 

Lemma 3.12. Suppose that ip: A ^ M{B) is a [possibly degenerate) homomorphism which is 
equivariant for nondegenerate coactions 5 and e of G, and let {AXB,ex) be the standard coaction 

associated to ip [see Definition 2.25). Then {axsg{^ Xex G)bx,g^ ^x) is equivariantly isomorphic 
to the standard action {axsgZbx^G, ^z), Z = ipxG{AxsG){Bx^G), associated to (fxG: AxgG — > 
M{B x,G). 

Proof. Since ex is defined as the restriction of e to X = (f{A)B, it is clear that the inclusion 

l: aXb ^ bBb is ex — e equivariant. It follows from Lemma 1.46 that l eg) id^c: Mx;(^2((5))(X (g) 
/C(L^(G))) ^ Mfc(L'^(G)){B ® K,{L'^{G))) is an isometric inclusion. Thus, for o € A and b € B, we 
can compute 

((, idjc) ojx{ip{a)b) = (ids (gA) o (i ido) o ex{ip{a)b) = (ids ®A) o e{cp{a)b) = jB{ip{a)b). 
Restricting to X x^^ G = jGiCo{G))jx{'f>{A)B)jGiCo{G)), it follows that 
i ® id^iX X,, G) = jG (Go (G) )jB MA) )jB (B) jG (Go (G) ) 

= ^x G{jGiCo{G))jA{A))ijB{B)jG{CoiG)) 
= >pxG{AxsG){B x,G). 

It is clear that this isomorphism is — ez equivariant and preserves all bimodule operations. □ 

Theorem 3.13. The object map {A, 6) i-^ [A xg G,d) and the morphism map [^X^,^] i-* 
[axg{X G)sxGjC] define a functor from C{G) to A{G). 

Proof. To see that the morphism map is well-defined, let 

(A,5)(^,C)(B,e) ^{A,5) (^,??)(S,e) 

be an equivariant isomorphism. Then the isomorphism $ (g) id: X (g) /C(L^(G)) — > F (g) /C(i^(G)) 

takes jx onto jy (after extending to the multiplier bimodule), hence maps X G onto Y x,, G. 
Obviously, $ (g) id preserves the right-Hilbert bimodule operations and is equivariant for the dual 
actions. Thus [X x^ G, C] = [Y x^ G, 57]. 

It is a very special case of Lemma 3.12 that the morphism map preserves identities. 

For compositions, if {aXb, C) S — e compatible and {bYcj rj) is e — compatible, we need to 
find a right-Hilbert {A Xg G) — {C x^ G) bimodule isomorphism 

6: (X x^ G) ®sx,G {Y x^ G) ^ (X ®b Y) x^j^ G 

which is (C (g 77) — C ji ?7 equivariant. The notation G is suggestive: by Lemma 2.12 we already have 
a right-Hilbert [A (g /C(i2(G))) - (G O K.{L'^{G))) bimodule isomorphism 

e : (X K{L\G))) ®b^k(l-{G)) {Y 1C{L\G))) ^ (X ®B Y) K{L\G)), 
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and we will show that it takes {X G) ®bx^G (Y x^, G) onto {X ®bY) x^j^ G (after extending 
to multiplier bimodules). For /, 5 € Go(G), x & X, and y & Y we have 

0(Jg(/) ■ 3x{x) ® jriy) ■ j§{9)) = 3G{f) ' e((id®A) o C(a;) (id ®A) o ri{y)) • ^^(5) 

= Jg(/) • (id^A) o (C tt ri){x ® y) • ig(5) = j^{f) ■ jx^.vix y) ■ jg{g), 

and such elements densely span (X (8)5 F) x G. It follows immediately from the construction that 
Q gives an isomorphism {X x^ G) <S)bx,g {Y x-^ G) = (X (8)3 Y) x^j^ G, and a quick calculation 
verifies that 8 intertwines the actions C ® r) and C tl '7- ^ 

Remark 3.14. It follows from the proof of Proposition 3.9 that the right- Hilbert bimodule 
Axsg{X x^G)BxeG factors as the product 

Ax,g{{K X, G) ^Kx,G {X x^ G))^^^^, 

where the first factor is the nondegenerate standard bimodule corresponding to the homomorphism 
KxG: AxsG^ M{K G), and the second factor is the right-partial imprimitivity bimodule 
kx^g{X x^ G)BxeG- This decomposition is clearly equivariant with respect to the dual actions. It 
follows from Lemma 3.12 that axsg{K Xi,G)kx^g is equivariantly isomorphic to aKk X/j, G, so we 
see that the coaction crossed-product functor of Theorem 3.13 preserves standard decomposition of 
morphisms. (Compare with Remark 3.8.) 

2. Restriction and inflation 

2.1. Actions. If iJ is a closed subgroup of a locally compact group G, we can restrict any 
action of G to an action of H, and if is a closed normal subgroup of G, we can inflate any action 
of G/N to an action of G (by composing with the quotient map). More generally, suppose we have a 
continuous homomorphism (p: G ^ F oi locally compact groups. Then any action a of gives rise 
to an action a o of G. We want to make this (and hence restriction and inflation) into a functor, 
so we need to handle the morphisms. 

Lemma 3.15. Let 7 be an a — fH compatible action of F on aXb, and let ip: G ^ F be a 
continuous homomorphism. Then ^ o (p is anao(fi — (io<p compatible action of G on aXb- 

Proof. Just note that for each x G X, the map s 1— > (7 o (p)s{x) = 7,^(5) (a;) is continuous from 
G into X. □ 

Proposition 3.16. Let G and F be locally compact groups, and let ip: G ^ F be a continuous 
homomorphism. Then the object map {A, a) 1— > {A,aoip) and the morphism map [aXb,j] i— > 
[aXbj'J o ^] define a functor from A{F) to A{G). 

Proof. It is obvious that the morphism map is well-defined on isomorphism classes (because 
any i^-equivariant isomorphism is also G-equivariant) and sends identities to identities. For compo- 
sitions, let {aXb,j) and (bYcp) be actions of F. Then just observe that 

(7 <8)B p) o <P = (7 ° tp) <8)B (p ° ^) 

on aX<S,bYc. □ 

Specializing to restriction and inflation, we immediately get the following corollaries: 

Corollary 3.17. For a closed subgroup H ofG, the object map {A,G,a) i-> {A, H,a\H) and 
the m,orphism m,ap [aXb,G,j] i-^ [aXb, H,j\h] define a functor from A{G) to AiH). 

Corollary 3.18. For a closed normal subgroup N of G, the object map {A, G/N, a) 1-^ 
(A, G, Infa) and the morphism map [aXb,G/N,^] i-^ [AXB,G,lufj] define a functor from A{G / N) 
to A{G). 
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2.2. Coactions. If iJ is a closed subgroup of a locally compact group G, we can inflate any 
coaction of to a coaction of G (see Definition A. 29), and if iV is a closed normal subgroup we 
can restrict any coaction of G to a coaction of G/N (see Definition A. 28). Again, we want to 
make functors out of restriction 5 (5| and inflation S Inf (5, and again there is a more general 
situation which unifies both; that of a continuous homomorphism ip: G ^ F oi locally compact 
groups. We can integrate up to a nondegenerate homomorphism, still denoted by </3, from C*{G) 
to M(G*(F)), and this allows us to pass from coactions of G to coactions of F. 

Lemma 3.19. (i) If 5 is a coaction of G on a C* -algebra A, then (id^ip) o5 is a coaction of F 
on A. Moreover, if 5 is normal or nondegenerate, then so is (id®(/?) o 5. 

(ii) If ( is a coaction of G on a right-Hilbert himodule X , then (id(8)<^) oC, is a coaction of F on 

X. If C. is nondegenerate, then so is {id(E)(p) o(. 

Proof, (i) Certainly (id ^(f) o 5 is a nondegenerate injective homomorphism from A to M{A^ 
G*(F)). Since (5(A) C Mg{A G*(G)) it follows from Proposition A.6 that {idA^v) ° ^iA) C 

Mf{A®C*{F)). 

For the coaction identity, 

(id fSiSp) o (id (^(fi) o i5 = (id (^6f o ip) o 6 = (id (^{(p ip) o So) o S = {id ®p ®ip)o (id ®5g) o 5 
= (id ®p ® ip) o {5 ®id) o 8 = ((id ®p) o 5 ® p) o 5 — ((id ®p) o 5 (g) id) o (id ®p) o 5. 

For the normality, it suffices to show that if (tt, jj) is a covariant homomorphism of {A, G. 6) then 
(tt, ^ o (p*) is a covariant homomorphism of {A,F, (id®pi) o i5), where ip* : Go{F) M{Co{G)) = 
Cb{G) is defined by p*{f) = f o p. Normality of (id(8><^) o S then follows from normality of 5 by 
applying this fact to {jAjjc)- We have 

Ad(/Lt oip* (g) id)(wF)(7r(a) (g) 1) = Ad(^ (g) id) ((</?* (g) id)(wF)) (7r(a) ® 1) 

= Ad(^(g)id)((id(g)(^)(wG))(7r(a) (g) 1) = Ad(id (g)</?) ((^ (g id)(wG)) (7r(a) (g) 1) 
= (id(g(^) o Ad(/Lt (g id)(wG)(7r(a) (g 1) = (id(g(p) o (tt (g id) o 6{a) 
= (tt (g) id) o (id g)</?) o (5(a), 

as desired. 

For the nondegeneracy, we have 

(id^if) o S{A){1 C*{F)) = (id^ip) o 6{A){1 ® ip{C*{G))C*{F)) 

= (id®(^) o 6{A){1 ^(G*(G)))(1 C*{F)) 
= {id<8>'p){5{A){l^C*{G))){l^C*{F)) 
= (id®(p)(A®G*(G))(l®G*(F)) 
= A^p>{C*{G))C*{F)=A^C*{F). 

(ii) A similar argument handles bimodules. □ 

Theorem 3.20. Let F and G be locally compact groups, and let (p: G ^ F be a continuous 
hom,omorphism. Then the object m,ap {A, 5) ^ [A, (id(g><^) o 5) and the morphism map [aXb, C] '-^ 
[aXb, (id(g>i^) o C,] define a functor from C{G) to C{F). 

Proof. The morphism map is clearly well-defined and preserves identities. For compositions, 
let {aXb,C) he S — e compatible and (bYc,??) he e — •& compatible. We must show that the 
(id(8><^) o S — (id(g(^) o <& compatible coactions (id®(/?) o 77) and ((id0(p) o Q jjs ((id0<p) o rj) 
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on the right-Hilbert A — C bimodule X ^bY agree. Because this requires mildly fussy bimodule- 
multiplior calculations, wc go through it in detail. By definition of the tensor product coactions, it 
suffices to show that the triangle 

X^bY M{{X ® ®B8C-(G) {Y ® C*{G)) 

(id ^<fi)<8B^c* (G) (id 0¥') 



(id(8iv3)of0B(idC 

M{{X O C*{F)) <S>B<»C'(F) (Y <S> C*{F))) 

and the square 

{X (S> C*(G)) ®B^C'{G) {Y «) C*{G)) — > {X ®B Y) ® C*{G) 



(id ®(p)®B®c* (G) (id 



id 0y) 



M{{X ® C*{F)) 0S0C*(F) {Y ® C*(F))) M((X ®s 1^) ® C*(F)) 

commute, where 9g is the canonical isomorphism of (X (g) C*{G)) ^b^c*{G) {Y (8) C*(G)) onto 
{X ^bY) ^ C*{G) from Lemma 2.12, and similarly for Qp. A trivial computation on elementary 
tensors shows that the triangle commutes. 

We show that the square commutes: for x G X, y G Y, and f,g& C*{G) we have 

Ofo ((id(8)(p) 0B®c«(G) (id(8>v?))((a;(8>/)(8)(y(8)5f)) 

= OfHx (g) ifif)) (g) (y «) ifiig)) = (a: ® y) (g) ^(/y) 

= (id i»ip){{x ® y) ® /g) = (id 0^) o Og ((a; /) (y ® 5)) . 

□ 

Specializing to restriction and inflation, we immediately get the following corollaries: 

Corollary 3.21. For a closed normal subgroup N of G, the object map {A,G,S) 1— » 
{A,G/N,S\q/n) and the morphism map [aXb,G,C,] i-^ [aXb,G/N,(\q/j^] define a functor from 
C{G) toC{G/N). 

Corollary 3.22. For a closed subgroup H ofG, the object map {A,H,6) 1-^ (A, G, InfJ) and 
the morphism map [aXb, H,C,] 1— > [^Xb, G,Inf (^] define a functor from C{H) toC(G). 

3. Decomposition 

3.1. Actions. Let {A, G, a) be an action, and let be a closed normal subgroup of G. Then 
there is a canonical action a of G on the restricted crossed product A x^^i N, and this is usually 
called the decomposition action because [25, Proposition 1] tells us that Ax^G can be decomposed 
into a twisted crossed product of A x„| TV by a. We will define a corresponding decomposition 
action a'^^'^ on the reduced crossed product, and show that {A, a) {A Xoi\,r -^i Oi'^'^'^) is the object 
map of a functor on A{G). 

Decomposition actions use the modular function for conjugation of G on N: 

Ag,jv(s) = 1^g{s)/^g/n{sN)-^, 

which has the property that 

/ f{n) dn = Ag,n{s) [ f{s~^ns) dn for / e G^N), s G G. 
Jn Jn 

Lemma 3.23. Let N he a closed normal subgroup of G. 
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(i) If a is an action of G on a C* -algebra A, then there exists a unique action a'^°'^ of G on 
A Xce\^r ^ given on Cc{N,A) by 

(ii) If J is ana — (3 compatible action of G on a right- Hilbert bimodule aXb, then there exists 
a unique a'^'^'^ — P'^'^'^ compatible action j'^^'^ of G on X A'' given on Cc{N,X) by 

7f^(x)(n) =AG,Ar(s)7.(x(s-ins)). 

Proof. For (i), since the right side of the given formula is the one defining the decomposition 
action a on the full crossed product ^ x„| A^, and since a leaves the kernel of the regular homomor- 
phism X invariant [25, Lemma 10], the desired action a'^^'' on the reduced crossed product 

A x,j,| exists. 

For (ii), the right side of the formula gives an automorphism of the pre-right-Hilbert Cc{N, A) — 
Cc{N, B) bimodule Cc{N, X) which is continuous for the inductive limit topology and is compatible 
with the the actions a^'"^ and on the coefficients. It therefore extends to an automorphism 7^ '^'^ 
of X x^^r N by Lemma 1.23. □ 

Theorem 3.24. The object map {A, a) 1-^ (A x„| A^, a'^°'^) and the morphism map [aXb,'^] i— > 
[AxrN{X x^i r A'')sxriv,7*^'*^] define a functor from A{G) to itself. 

Proof. Composing the reduced-crossed-product functor with the restriction functor, and then 

forgetting about the actions on the; image, we get a functor A{G) — > C; wc must trace the decom- 
position actions through the various isomorphisms. First we show that, given a right-Hilbert A — B 
bimodule isomorphism $ : X — > F which is equivariant for a — /3 compatible actions 7 and p, the 
associated isomorphism $ x^ A^: X x^\_r-N Y Xp^^^N from Theorem 3.7 is 7dec_pdec equivariant. 
But this is easily checked for x G Cc{N ^ X): 

($ X, Af) o7f-(x)(n) = $(7d-(x(n))) = <^{AG,N{s)ls{x{s-^ns))) 

= p,(AG,iv(s)$(x(s-ins))) = pf ^ o ($ X, N){x){n). 

For the identities, let {A, a) be an action. From Theorem 3.7 we know that the right-Hilbert 
bimodule crossed product aAa^tN is isomorphic to the right-Hilbert bimodule A>irN{AXrN)AxrN- 
Since the decomposition actions coincide on Cc-functions, the isomorphism is equivariant. 

Turning to compositions, let {aXbiI) be a — /3 compatible and (bFcjP) be /3 — compatible. 
We need to show that the isomorphism T of {X x^ N) ^bx^n {Y x^ N) onto {X (^b Y) Xr N from 
Theorem 3.7 is (7'*^'= (g) p'^'"') - (7 p)'^'"= equivariant. For /e G, x G Gc{N, X), y e Cc{N, Y), and 
n G N, we have: 

T o (7^'- ® ® y)in) = T(7f^(x) ® pf^iy)) (n) 

= / j^'^^{x){k)®Uk{pf'iy){k-'n))dk 

JN 

= / AG,N{s)ls{x{s~'^ks))®Vk{AG,N{s)ps{y{s~'^k~'^ns)))dk 

JN 

= AG,Ar(s) / -fsix{k)) iSi Vk{ps{y{k^^s~^ns))) dk 

= AG,iv(s)(7 ® p)s{T{x y){s-'^ns)) = (70 p)f ^ o r{x y){n). 

□ 



3. DECOMPOSITION 



65 



3.2. Coactions. Let {A, G, S) be a nondegenerate normal coaction, and let TV be a closed 
normal subgroup of G. Recall from Lemma A.49 that the decomposition coaction 6'^'^'^ of G on 
A x^l G/N is defined on the generators by 

S^''''ijA{a)jG/N{f)) = Ua (S> id) o 6ia)ijG/N{f ) ® 1), 

and moreover S'^'^'^ is also nondegenerate and normal. We will define a functor from C{G) to itself 
with object map 

iA,S)^{Axsi G/N,S''-'^). 
For the morphism map, we need decomposition coactions for bimodules. 

Proposition 3.25. If is a nondegenerate S — e compatible coaction of G on aXb, then there 
is a unique 6'^'^'^ — e'^'^'^ compatible coaction C,'^°'^ of G on X Xj| G/N which is given for x ^ X and 
f G Co{G/N) by 

(3.5) C""'{jx{x) ■ jE/Af)) = Ux ® id) o ax) . UE/Af) ® !)• 

Proof. Let K = 1C{X) and let /x: ii' — > M{K®C*{G)) denote the unique coaction on K which 
makes {kXbX) a /x — e compatible coaction (sec Proposition 2.30). Moreover, let L{X) = g) 

denote the associated linking algebra and let = ^ ^ be the corresponding coaction of G/N on 

L{X). By the proof of Lemma 3.10 we get an identification 

LiX) X, GIN = L(X X, GIN) = (^J' if^'^^^ ^ 

which identifies the dense subspace jL{L{X))jQ^^{CQ{G/N)) of L{X) G/N with 
nK{K)jE/ACo{G/N)) jx{X)jE/AGo{G/N))\ 
[hdX)jE/N{CoiG/N)) jB{B)jE/ACo{G/N))) ' 

Using Proposition 1.51 we get a canonical identification 

M((L(x)x ,r/Ari6,r*fn)-('^'^((^^''i^/^)®^*(^)) M{{X x^^G/N)^C*{G)y 

M[{L{X)x,\G/N)^C {G}) -^M{iX x^^G/N)^C*iG)y M{{B x,\G/N) ®C*{G)) ^ 

With these identifications, the decomposition coaction v'^'^^ of G on L{X) x^i G/N is then given on 
the generators 

'3K{k)3^,,Af) Jx{x)jE/Af)\ 



Jx{y)j^/Af) Mb)jS/Nif), 



by 



^'^^ {jL (ill)) jh/Nif)) = ijL id) o ((I I)) (j^/^(/) 1) 

_ { Uk ® id) o ^(fc) {jx ® id) o C{x)\ ( jE/nU) ® 1 \ 

V0x®id)oC(2/r {jB®-^A)oe{h))y .?|/jv(/)®V 

_ / {JK ® id) o fi{k){jiy,Af) » 1) iJx ® id) o C(a:)(j|/jv(/) ^ 1)\ 

\{jx ® id) o ayTUE/Af) ® 1) Ub ® id) ° e(6)0-|/^(/) ® 1) j ■ 

Thus we see that v'^'^'^ compresses on the corners K G/N and B x^i G/N to the coactions /i'^®'^ 
and (3'^'^'^, and it follows from Lemma 2.22 that u'^^'' compresses to a nondegenerate n'^^'' — /3'^^'' 
compatible coaction on X x^^i G/N, which is then given on the generators by (3.5). 

To see that (^^^ is also 6^°^ — e'^'^'^ compatible with respect to the given left action of A x„| G/N 
on X Xfi G/N, it suffices to show that the homomorphism k x G/N: AXa\ G/N —>■ M{K x^^i G/N) 
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is 6'^^^ — ij'^^^ equivariant, where k: A ^ M{K) = Cb{X) is determined by the left A-action on X. 
Using the equations 

(k X G/N) o jA = JK OK, {kx G/N) o 2^1^ = 2qi^, and (k ® idc) o8 = [ion 

(which follow from the 6 — \x equivariance of k: ^ ^ M{K) and the definition of k x G/N), we can 
compute 

{{k X G/N) idc ) o 5''-'^{jA{a)j^,i,{f)) = ((« x G/N) ® idc) (Oa ® idc) ° S{a){j^/M ® 1)) 

= {{jK o k) O idc) o S{a){j§^M ® 1) 
= {jx (8> idc) o (k (g) idc) o 5{a){j^/t^{f) O 1) 
= {jK ® idc) o t-i{K{a)){j§/M ® 1) 
= /-(iK(,.(a))i^/^(/)) 

= /-o(«xG/7V)(iA(a)i^/;v(/)) 

for all a G A and / € Co{G/N). Thus ((k x G/iV) ® idc) o = ^'^'^'^ o (k x G/A^) and the proof 
is complete. □ 

Theorem 3.26. The object map {A, S) i-> (A x^i G/N, 6'^"'') and the morphism map [aXb, C] '-^ 
UxG/Jv(-'^ XCI G/^)bxG/n,C'^^''] define a functor from C{G) to itself 

Proof. The proof is almost the same as that of Theorem 3.24; we merely indicate the differ- 
ences. We know already that the composition {A, 6) {A, d\) x^i G/N) is a functor from C(G) 
to C; we must trace the decomposition coactions through the various isomorphisms. First, given an 
isomorphism $ : (A,s){XX){B,e) ~^{A,5) (^)^)(B,e)) the associated isomorphism $0 id: X x^^^G/N ^ 
Y x^i G/N (from the proof of Theorem 3.13) is ^^""^ - rj'^'"' equivariant: 

(($ ® id) $5 id) o C'^'ijxix) ■ ja/Nif)) = «> id«)id)((jx «> id) o C(x) • {jc/Nif) ® 1)) 

= {jy ® id) o ,7 o ^x) ■ (JG/Nif) ® 1) = V^^'Urmx)) ■ JG/Nif)) 

= r,^^^o($0id)(jx(x)-jG/Ar(/)) 

forxeX, f eCo{G/N). 

Next, it follows straight from the definitions that the decomposition coactions coincide on a 
standard-bimodule crossed product aAa x^i G/N = axG/n{A Xg^ G/N)axG/n- 

Finally, fix (A,6){X,0(B,t) and {B,t){Y,v){c,^), and let 

6: (X x^l G/N) ^BxG/N {Y x^, G/N) ^ (X ®b Y) x^u^^, G/N 
be the bimodule isomorphism from Theorem 3.13 (see also Lemma 2.12). Further letting 



@G : {{X x^i G/N) ® G*(G)) (S)iBxG/N)^C'iG) {{Y x^, G/N) ® G*(G)) 
^ ((X x^i G/7V) ®BxG/iv {Y x^i G/AT)) ® G*(G) 
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be the canonical isomorphism which appears in the definition of C,'^'^'^ ^bxG/n rf^'^'^^ we have 
(6® id) o {C^-- U.a/N Tl''mjG/N{f )-3x{x)®jY{y)-jG/N{g)) 

= (e «) id) o eG((jG/Ar(/) ® 1) • {jx ® id) o C(x) (g) Or ® id) o //(y) • (jg/jv(3) 1)) 
= (e «) id)((jG/Ar(/) 1) • eG((.7x id) o C(x) Or eg) id) o T^{y)) ■ {jo/Nig) ® 1)) 
= (JG/Jv(/) 8) 1) • {jx^uY ® id) o Qg{C.{x) ® f]{y)) ■ {jg/n{9) <S> 1) 
= Ua/Nif) ® 1) • (jx®bY g) id) o {( tls ?7)(x (g y) • (jo/Nig) 1) 
= (C tts »7)'^'''((JG/Jv(/) • jx^BV (a; ® 2/) • iG/Jv(5)) 
= (C its ?7)<^^^ o e(jG/iv(/) • ix(a;) jV(2/) ■ jo/Nig)) 

for all /,5 e Cq{G/N), a; G X, and y e F. Thus 6 is (C'^'^'^ ttsxG/JV J?'^**'^) - (C Us equivariant, 
which shows that the morphism map preserves compositions. □ 

4. Induced actions 

Let if be a closed subgroup of G. We will define a functor from A{H) to A{G) with object map 

{A, a) (Ind^ A, Inda). (See (B.3) in Appendix B for the definition of the induced action Inda.) 
Recall from [48, Corollary 3.2] that if (A,H,a) is an action, then 

M(Indg A) ^{x e M{A g) Cq{G)) \ x{sh) = a^-i {x{s)) for all s eG,he H}. 

It follows that ii ip: A — > M[B) is a nondegenerate homomorphism which is equivariant for actions 
of H, there is an associated nondegenerate homomorphism Ind<^: Ind^ — > M(IndB) defined by 

Ind</p(/)(s)=^(/(s)). 

For the morphism map we need to induce right-Hilbert bimodules. Let (A,a)(-^, 7)(b,/3) be a right- 
Hilbert bimodule action of H. We define 

lmi%X = {x e Cb{G,X) I x(s/i) ==7^-i(x(s)) and {sH ^ \\x{s)\\) e Co{G/H)}, 

and for s e G we define Ind 7^ : Ind X Ind X by 

lnd-fs{x){t) = x{s~H). 

Lemma 3.27. With the above notation, IndX becomes a right-Hilbert Ind A — IndB bimodule 
with pointwise operations 

{f ■ x){s) = f{s) ■ x{s), {x ■ g){s) = x{s) ■ g{s), and {x,y)indB{s) ^ {x{s),y{s))B, 

and Ind7 is an Inda — Ind/? compatible action of G on IndX. Moreover, if Bx = {X,X)g is the 
range of the B-valued inner product on X, then (IndX, IndX)jjjjjg = IndBx- 

Proof. Routine calculations show that the above formulas satisfy the algebraic properties of a 
right-Hilbert bimodule. The inner product (•,-)indB is positive-definite because (•,-)_b is. It is also 
straightforward to check that for each s G G the map Ind 7^ is a right-Hilbert bimodule automor- 
phism with coefficient maps Inda^ and Ind /3s, and that for each x e IndX we have Ind7s(a;) — > x 
uniformly as s ^ e in G. 

We next observe that there are enough elements in IndX. For / G Gc{G,X) define F{s) = 
Jjj jhif{sh)) dh; then F G IndX. Moreover, if a; G X and if we choose f = g ® x with g G 
Gc(G)+ supported in a small neighborhood of e G G such that j^g{h) dh = 1, we sec that F{e) = 
Ju lh{f(h)) dh is close to x. Using translation, we see that there are enough elements in IndX such 
that all evaluations at the points s G G have dense range in X. 
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To see that {lndX,lndX)^^^g = Ind-B^ (viewed canonically as a closed ideal of IndB), we 
appeal to the Lemma in [13]. Let Cq be the linear span of the range of the IndB- valued inner 
product. To see that Cq is dense in Ind Bx it sufHces to show that for each s G G the set {g{s) \ g e 
Co} is dense in Bx, and that Co is closed under multiplication by Cc{G/H). But the first follows 
from the density in X of the images of the evaluation maps on IndX and {X, X)^ = Bx, and the 
second from closure of IndX under the right module action of Cc{G/H) C M(IndB). □ 

Remark 3.28. If X is a partial A — B imprimitivity bimodnlc, wc also obtain a left IndA- 
valued inner product on X which turns X into a partial Ind^ — Indi? imprimitivity bimodule 
and, as in the proof for the range of the Ind valued inner product on Ind X given above, we see 
that A (Ind X, Ind X) = Ind Ax with Ax = a{X,X). This shows that IndX is a right-partial 
imprimitivity bimodule, or a left-partial imprimitivity bimodule, whenever X is. 

Moreover, if L{X) = {^^) is the linking algebra of X, equipped with the if-action induced 
from the iJ-action on X (compare with Lemma 3.3), then it is straightforward to check that the 

canonical identification Cb{G,L{X)) = (^CbiG xy ^^(G sj) restricts to a canonical identification 

, , find A lndX\ 

IndL(X) = 

^ ' \hidX IndB J 

We use the above observation for the proof of: 

Lemma 3.29. Let H he a elosed subgroup of G, {aXb.H,")') a, right-Hilbert bimodule action, 
and T a vector subspace of IndX such that for each s 6 G the set {x{s) | x £ J-} is dense in X, 
and such that T is closed under multiplication by Cc{G/H). Then T is dense in IndX. 

Proof. This follows very quickly from the C*-version, which is the Lemma in [13]. modulo 
a linking- algebra connection. Forgetting about the left A-module structure, we may view X as a 
right-partial iV" — B imprimitivity bimodule, where K = JCb{X). Let L{X) be the associated linking 
algebra. Then IndL{X) = L(IndX), so by [13], the set 

findK T 
\ T* IndS^ 

is dense in \ndL{X). But then T is dense in the upper right corner IndX of IndL(X), and we are 
done. □ 

Proposition 3.30. The object map (A, a) i-> (Ind A, Ind a) and the morphism map [aXb,^] <->■ 
[ind A (IndX) IndB, Ind 7] define a functor from A{H) to A{G). 

Proof. Wc first show that the morphism map is well-defined. Suppose $: X F is an 
isomorphism of right-Hilbert A — B bimodules which is equivariant for a — /? compatible actions 7 
and p of G. Then the map Ind$: IndX — > IndY defined by Ind$(a;)(s) = ^{x{s)) is easily seen 
to give a right-Hilbert Ind A — Ind B bimodule isomorphism of Ind X onto Ind Y. It is trivial to see 
that the morphism map preserves identities. 

For compositions, let (aXb,7) be a — /3 compatible and let (bYcp) be /3 — e compatible. 
Then ^{x ® y){s) = x{s) ® y{s) is easily seen to give a right-Hilbert Ind A — IndC bimodule 
homomorphism $ : Ind X ®ind b Ind Y Ind(X ^bY). To see that $ is an isomorphism it remains 
to show that its range is dense. But this follows from Lemma 3.29, since for each s £ G the set 
{x{s) I X G $(IndX©Indy)} is dense in X^bY and $(IndX©Indy) is closed under multiplication 
by GciG/H). □ 

When the action of the subgroup H is restricted from an action 7 of the larger group G on 
aXb, the induced action on IndX is isomorphic to, but not identical to, the action 7 (g) r on 



^1 = 
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X (g) Co{G/H), where r is the canonical action of G on Cq{G/ H) by left translation. So to deduce 
from Proposition 3.30 that this latter, more common construction is also functorial, we just need 
to make sure that this isomorphism — which is defined for x € Cb(G, X) by ip{x){sH) = ^s{x{s)) 
— and the related coefficient isomorphisms transport the induced actions to the respective diagonal 
actions on the tensor products. Unsurprisingly, this is completely straightforward, and has nothing 
particularly to do with the nature of the translation action r. The result could also be proved 
directly via elementary means. 

Corollary 3.31. For any closed subgroup H ofG the object map (A, a) i-^ (Ai^iCoiG / H) , aiStr) 
and the morphisrn map [aXb,^] i-> [a^Co(G/h){X ® Co{G/ H))b^Co(G/h),1 ® t] define a functor 
from A{G) to itself. 

5. Combined functors 

In the next chapter we will need to combine several functors we have already constructed, 

involving the category AC{G): 

Proposition 3.32. Let N be closed normal subgroup of G. 

(i) The object map {A, a) ^ {A y.a\,r N , a'^'^^ a\N) and the morphisrn map [X, 7] 1-^ 
[X x^i^r iV,7<i«*^Inf7j^] define a functor from A{G) to AC{G). 

(ii) The object map {A, 5) 1— > {A Xs\ G/N,lnf 5\G/N,S'^'^'^) o,nd the morphisrn map [X,Q 
[X X(\ G/A/'.Inf C|g/jv,C'^''1 define a functor from C{G) to AC{G). 

Proof, (i) We know that (A, a) i-^' [A N,a'^'"') is a functor from A{G) to A{G). On the 
other hand, (A, a) ^ (AXrN, Inf al^) is a ftmctor from A{G) to C{G) because it is the composition 
of the restriction, crossed-product, and inflation ftmctors: 

(A, G, a) (A, N, uIn) (A TV, a\N) ^ {AxrN, Inf uIn)- 

To see that the combined map {A, a) 1-^ {A x^ iV, a^*"^, Inf a|Ar) is a functor, we need (as usual) to 
check that the morphism map is well-defined and preserves identities and compositions. But this 
will be easy; for example, suppose we have an equivariant isomorphism (X, 7) = {Y,p). Then the 
proof of Theorem 3.24 gives a specific isomorphism X x^N = Y x^N. On the other hand, the proofs 
of Corollary 3.17, Theorem 3.7, and Corollary 3.22 give corresponding isomorphisms which, when 
composed, produce the same isomorphism as Theorem 3.24. Thus this common isomorphism is 
simultaneously equivariant for both the decomposition action 7'^*^'^ and the inflated coaction Inf 7|jv 
Therefore, the morphism map of the present theorem is well-defined. Similar arguments show that 
it preserves identities and compositions, and (ii) is proved similarly. □ 
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1. statement of the main results 

This chapter contains our main results. The main idea is that any reasonable imprimitivity 
theorem can be viewed as expressing a natural equivalence of appropriate functors. We shall il- 
lustrate this for two versions of Green's Imprimitivity Theorem (one with induced algebras and 
another which is the basis for the usual characterization of induced representations of actions), 
and for Mansfield's Imprimitivity Theorem (for an extensive survey of these theorems we refer to 
Appendix B). More precisely, as our first main result we shall prove: 

Theorem 4.1. Let H be a closed subgroup of a locally compact group G. The Green imprimi- 
tivity bimodules V§{A,a) implement a natural equivalence between the functors 

(A, a) ((Ind^ A) Xjnd a,r G, Ind a) and {A, a) i-» {A Xa,r H, Inf^ a) 
from A{H) to C{G). 

Here V^{A, a) denotes the completion of the pre-imprimitivity bimodule Cc{G, A) with actions 
and inner products described in Equation (B.4). We say "implement" here because there are some 
implicit assertions being made. The natural equivalence must assign to each object {A, a) e A{H) an 
equivalence in the category C(G) from the object ((IndA) x^G, Inda) to the object (^ x -ff , Inf d) . 
Green's theorem says that the isomorphism class [V§{A, a)] is an equivalence in the category C, so 
we need to construct a coaction Sy of G on V§{A, a) such that [V§{A, a), dy] is an equivalence in 
C{G). Then to prove that the assignment {A, a) [V§{A,a),Sv] is a natural equivalence we shall 
need to show that any morphism [(A,a)(^) 7)(b,/3)] '^(H) gives a commutative diagram 



((IndgA) x^G,Inda) 



[(IndX)XrG,Ind7] 



((IndgB) Xr G, Ind f3) 



[V§{B),Sv] 



^ {A Xr F,Inf d) 

[XXri?,Inf 7] 



in the category C(G) (see Theorem 4.15). For obvious reasons we shall state this more simply as 
"the diagram 



(4.1) 



(Ind^yl) XrG— — >AXrH 



(IndX)XrG 



XXrH 



(Ind^B) XrG 



Vg{B) 



-^BXrH 



commutes equivariantly for the appropriate coactions." We shall construct the coaction 6v in 
Section 3 below and we shall also give a proof of Theorem 4.1 in that section. 
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If we start with an action a of G on a C*-algebra A, then (Ind^ A) x,. G is naturally iso- 
morphic to Co{G/H,A) Xa^r,r G, and (after identifying the corresponding coaction on this alge- 
bra) Theorem 4.1 immediately gives another natural equivalence between crossed-product functors; 
equivalently, commutativity of the diagram 

X'-^ (A) 

Co{G/H,A) XrG^^AXrH 



Co{G/H,X)XrG 



XXrH 



CoiG/H, B) Xr G > B Xr H, 

Xg(B) 

equivariantly for the appropriate coactions, where Xj^{A) is the Co{G/ H, A) X(j(g)r,r G — A x„| H 
imprimitivity bimodule of Theorem B.3. 

If we require the subgroup to be normal, we can also get equivariance for appropriate actions. 
(In the following discussion we call the subgroup N instead of H to emphasize that it will be 
normal in G.) In this situation there exists a natural isomorphism between the crossed product 
Go(G/A^, ^) Xa^T-r G and the iterated crossed product A x^.r G x^^ G/N, which transforms the 
dual coaction a (g) r into the decomposition coaction a'^'^^ (see the proof of Lemma 4.18 below). The 
G-action on the iterated crossed product is the action Inf d|: we first take the dual coaction a, then 
the restriction d| to G/N, then the dual action a\ of G/N, and then inflate this to an action of 
G. The counterpart on the A Xr A^-side is given by the decomposition action a'^'^'^ as described in 
Section 3.3. Mainly as a consequence of Theorem 4.1 we then derive: 

Theorem 4.2. Let N be a closed normal subgroup of a locally compact group G. The Green 
imprimitivity bimodules X^{A,a) implement a natural equivalence between the functors 

{A,a)^{AXc,,rGx&\^rG/N,lnf&\,a'^^'=) and (^a) (A x„,r- ^^,a<^'^^Inf a|) 
from AC{G) to itself 

Finally, in Section 5 we shall derive a complete dual version of Theorem 4.2. For this let (5 be a 
nondegenerate normal coaction of G on the G*-algebra A, and let iV be a closed normal subgroup 
of G. Using the generalization of Mansfield's imprimitivity theorem for coactions as presented in 
[28], we obtain an imprimitivity bimodule Yq^j^(A, S) for the crossed products Ax^Gx^^^N and 
A Xs\ G/N (sec Theorem B.6). Again, both crossed products carry canonical actions and coactions 
of G: the action on^x^Gx^i ^iVis the decomposition action S'^'^^, and the action on Ax g\G/N is the 

inflation Inf 5\ of the dual action 5\ of G/N on A x^i G/N. Similarly, the coaction onAx^Gx^i^iV 

is the inflation Inf i5|, and the coaction on >1 x^j G/A^ is the decomposition coaction 6^'^'^ as described 
in Appendix A (see Lemma A. 49). 

Theorem 4.3. Let N be a closed normal subgroup of a locally compact group G. The Mansfield 
imprimitivity bimodules Yqj^^ [A, 5) implement a natural equivalence between the functors 

{A,5) ^ {A xs,r G x^i^^ N,5'^'"',IniI\) and {A,S) ^ {A Xs,r G/N,Ini5\,5'^'''=) 
from AC{G) to itself 

The construction of the appropriate actions and coactions on the bimodules, and the proof of 

Theorem 4.3, will be given in Section 5. The strategy of the proofs of all three theorems discussed 
above is to factor the right-Hilbert bimodule X which appears in Diagram (4.1) (or in the appropriate 
diagrams corresponding to Theorem 4.2 and Theorem 4.3) into the tensor product of a standard 
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bimodule and a right-partial imprimitivity bimodule. Then we prove the theorem in these special 
cases, and put the results together (using functoriality) to get the desired result for general right- 
Hilbert bimodules. 

2. Some further linking algebra techniques 

Lemma 4.4. Suppose Z is a right- Hilhert E — F bimodule. Let p G M{E) and q G M{F) he 
projections. Then, via restriction of the actions and inner product, pZq becomes a right-Hilbert 
pEp — qFq bimodule. If p is a full projection, then pZq is a full right-Hilbert pEp — qFq bimodule. 

Suppose in addition that ;p<l>^ : eZf ^ M{jiWs) is a nondegenerate right-Hilbert bimodule 
homomorphism and that q G M{F) is full. Then ipil) is a full projection in M{S), and 3" restricts 
to give a nondegenerate right-Hilbert bimodule homomorphism 

pEp{pZq)gFq ^ m(^(p)h^(p)((^(p)VK^((z))^^^^^^^^^). 

Proof. First note that pEpE = pE, which follows from the fact that pE is a left pi^p-Hilbert 
module with respect to the canonical module operations. Similarly, we have FqFq = Fq. 

It is clear that pEp ■ pZq C pZq and pZq ■ qFq C pZq, so the actions restrict. Likewise, 
{pZq,pZq)p C qFq, so the right inner product also restricts. Nondegeneracy of the left pi^p-module 
action follows from the nondegeneracy of the left module action of E on Z and 

pEp ■ pZq = pEpE ■ Zq = pE ■ Zq = pZq. 

If p is full, i.e., if EpE is dense in E, it follows that 

(:pZq,pZq)^Pq = q{pE ■ Z,pE ■ Z)pq = q{Z, EpE ■ Z)pq 

is dense in qFq. Hence pZq is full. 
For the other part, first note that 

Rip{p)R = Rip{E)ip{p)ip{E)R = Rip{EpE)R 

is dense in R, because p is full and is nondegenerate. 

Now clearly <E> maps pEp into M{(p{p)R(p{p)), pZq into M{ip{p)Wtp{q)), and qFq into 
M{'tp{q)Stp{q)); the only remaining issue is the nondegeneracy of the restrictions of ip, and ip. 
This is clear for and tp: for example, using pEpE = pE and the nondegeneracy of (p we get 

Lp{pEp)R = ip{pEp){ip{E)R) = ip{pEpE)R = <f{pE)R = (p{p)R, 

which clearly implies (f{pEp)R(p>{p) = (p{p)Rip{p). To prove nondegeneracy of $ we need fullness of 
q: we then get 

^pZq) . ^{q)S^{,q) = ^pZ • Fq) ■ ^S^iq) = v{pMZ) ■ xP{FqF)S^{q) 

= ^MpMzyWWHo) = vipMz) ■ s^{q) = <^(p)w^v(?)- 

□ 

Remark 4.5. In the above lemma, if Z is a (partial) E — F imprimitivity bimodule, then 
pZq becomes a (partial) pEp — qFq imprimitivity bimodule — ^just argue as above for the left inner 
product as well. If, in addition, pZp and rWs are imprimitivity bimodules, the restriction of $ to 
pZq is also a nondegenerate imprimitivity bimodule homomorphism, by Remark 1.19. 

The following result generalizes [21, Lemma 4.6]. 

Lemma 4.6. Suppose aXb and cYd o,fc partial imprimitivity bimodules, and Z is a right-Hilbert 
L{X) — L(Y) bimodule. Let p = ( J q) and q = (g ?) denote the canonical full projections in both 
M{L{X)) andM{L{Y)). Then: 
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(i) Via restriction of the actions and inner products, pZp becomes a right-Hilbert A — C 
himodule, pZq becomes a right-Hilbert A — D bimodule, and qZq becomes a right-Hilbert 
B — D bimodule. 

(ii) There are natural isometric right-Hilbert A — D bimodule homomorphisms 

X ®B qZq ^ pZq and ^ : pZp ®c Y ^ pZq 

given by $(x ^ z) = x ■ z and ^{w <^y) =w -y. 

(iii) Let us now denote by qx the q-projection in M(L{X)) and by py the p-projection in 
M{L{Y)). Then, if qx is full, the homomorphism $ of (ii) is an isomorphism. Similarly, 
if Py is full, then ^ is an isomorphism. In particular, both maps are isomorphisms if 
aXb and cjYd i^'e imprimitivity bimodules. 

(iv) If Z is a partial L{X) — L{Y) imprimitivity bimodule and if AipZq.pZq) C a{X,X), then 
the map $ of (ii) is an isomorphism. Similarly, if {pZq,pZq) ^ C (y, y)^, then ^ is an 
isomorphism. 

Proof. Since pL(X)p = A, qL{X)q = B, and so on, (i) follows directly from Lemma 4.4. 
In order to prove (ii), first observe that $ clearly intertwines the left actions. To check that $ 
preserves the D-valued inner products, fix x,x' G X and z, z' e qZq, and compute: 

{x ® z,x' ® z')d = {z, {x,x')b ■ z')d = {z,x*x' ■ z')d = {x ■ z,x' ■ z')d = {^{x z),^{x' z'))d- 

A similar argument applies to 

Suppose now that qx is full. Then L{X)qxL{X) is dense in L[X), and using L{X) ■ Z = Z hy 
nondegeneracy of the left action, we see that 

$(X fe5 qZq) = pL{X)qx ■ Zq = pL{X)qxL{X) ■ Zq 

is dense in pZq. Similarly, the fullness of py implies that ^ is surjective. This proves (iii). 

For the proof of (iv) assume that Z is a partial L{X) — L{Y) imprimitivity bimodule. Let 

Ax = a{X.X) and let UlX) = be the linking algebra of the right-partial imprimitivity 

bimodule Ax^b. Then L^{X) is a closed ideal of L{X), and we can consider the partial L^{X)—L{Y) 
bimodule L^{X) ■ Z C Z. We claim that pU{X)Zq = pZq. To see this we simply note that 
AxpZq = pZq, since pZq is a left Ax-Hilbert module by assumption; this implies that p(L^{X) ■ 
Z)q C Ax • pZq = pZq. Since Ax^b is a right-partial imprimitivity bimodule, it follows from 
Proposition 1.48 that qx is a full projection in M{U'{X)), and thus it follows from the proof of (iii) 
that pL{X)qx Zq I) pU {X)qxZq = pZq. But this implies surjectivity of A similar argument 
shows that if (pZq,pZq) j-, C {Y,Y)^, then "if is surjective. □ 

Before continuing to develop our general techniques, let us first explain how a result like 
Lemma 4.6 can be used in the proofs of the main theorems. For this we go back to the situation of 
Theorem 4.1. As explained earlier, the proof of this theorem requires us to show the equivariant com- 
mutativity of Diagram Example 4.1, i.e., that the bimodule compositions V§{A) <S)AxrH {X 
and {{IndX) Xr G) 

®(indS)XpG (-B) are equivariantly isomorphic. As mentioned at the end of 
the previous section, our strategy is to factor the problem into two cases, and it is the partial im- 
primitivity bimodule case where the above lemma becomes extremely helpful. To see this, assume 
now that X is a partial A — B imprimitivity bimodule, and let Vff{L) be Green's imprimitivity 
bimodule for the associated G-action on the linking algebra L{X). By Lemma 3.3 and Remark 3.28 
we have the identifications 

{IndL{X)) XrG = L{{IndX) XrG) and L{X) Xr H = L{X x^ H). 

If we now apply part (ii) of Lemma 4.6 to the right-Hilbert L((IndX) G) — L{X x^ H) bimodule 
Z = V§{L), we get pZp = V§{A) and qZq = V§{B) (which follows easily from the construction 
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of V§ as given in Theorem B.2). If we can show that in this situation the maps $ and \1/ are both 
surjective, we directly obtain the desired isomorphism 

V§{A) ^Ax^H {X Xr H) ^ ((IndX) X, G) (^andB)x^G V§{B), 

and it only remains to show the cquivariancc of the diagram with respect to appropriate actions 
and coactions. So we pause to obtain the desired surjectivity result. It follows from item (iv) of 
Lemma 4.6 together with: 

Lemma 4.7. Suppose that {aXb,^) is ana — (i compatible action on the partial A — B imprim- 

itivity bimodule X , and let L{X) denote the linking algebra of aXb with corresponding action v . 
As above, we regard V§{L) as a right-Hilbert L((IndX) G) — L{X Xr H) bimodule. Then, with 
the usual meanings of p and q, we have 

(indA)x.G {pV§{L)q,pV§{L)q) C (i„dA)x,G((IndX) x^ G, (IndX) x^ G) and 
{pV§{L)q,pV§{L)q)^^^^ C {X Xr H,X x. H)^^^„. 
Proof. By construction (see Theorem B.2), V§(L) is a completion of 

C^{G,L{X))-^^^^^^~^ 

with module actions given by the formulas (B.4). It follows that pV^{L)q is the closure of the upper 
right corner Cc{G, X). Using the the multiplication rule in L{X) together with the formulas for the 
L{X) Xr-ff-valued inner product on Cc(G, L{X}) (and the fact that this inner product restricted to 
Cc{G, X) takes values in CdH, B) C B Xr H) we get for all x,y € Cc{G, X) 



ix,y)cMH,B) (h) = ^Hih)-'/^ f {x{t-%^H{y{t-^h)))^ dt, 

'J G 

which determines an clement in Cc{H, Bx), with Bx = {X,X)g. But this implies that 



{C,{G,X),Cc(G.X))s^,,H '^Gc{G,Bx) C Bx Xr H = {X Xr H, X x^ H) ^^^j,, 
where the last equation follows from Lemma 3.3. A very similar argument shows that 



(I„dA)x.G {CeiG,X),Ce{G,X)) CCe{G,lndAx) C (indA)x.G((IndX) XrG, (IndX) XrG). 



□ 



Of course, as the statement of Theorem 4.1 indicates, we also need to show that the above 
isomorphism is equivariant with respect to the given coactions. For this to make sense we first have 
to define the appropriate coactions on Green's bimodules V§ , which we shall do in the next section. 
However, as soon as this has been done in a coherent way {i.e., in such a way that the coaction on 
Vff{L) compresses to the corresponding coactions on the corners V§{A) and V§{B), respectively), 
then this cquivariancc will follow from: 

Lemma 4.8. Suppose aXb and cYd are right-partial imprimitivity bimodules and Z is a right- 
Hilbert L{X) — LiY) bimodule, and let p and q be as in Lemma 4.6. Suppose in addition that t is a 

j.1 — V com,patible coaction of G on Z, where ji and v arc coactions of G on L{X) and L(Y) arising 
from coactions and, rj on X and Y , respectively {as in Equation (3.4)). Then: 

(i) T restricts to give right-Hilbert bimodule coactions of G on pZq and qZq which are com- 
patible with the appropriate coefficient coactions. 

(ii) Assume further that r restricts to a right-Hilbert bimodule coaction on pZp. Then the 
isometric homomorphisms ^: X qZq pZq and Vf: pZp®c Y pZq of Lemma 4.6 
are equivariant for the appropriate coactions. 
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Proof. By definition, if S is the left coefficient coaction of (, then 

Mf) = (t^°) = (J8)®i=p®i 

in M{L{X)iSiC*{G)), and similarly ii(q) =501, i/{p) = 1, and u{q) = 501. Thus, since q is full 
(since the left inner products on aXb and cYd arc full by assumption), it follows from Lemma 4.4 
that the restriction of r to pZq is a nondegenerate right-Hilbert bimodule homomorphism into 
M((p(g)l)(Z(g)C*(G))(p(8)l)) = M{pZp®C*{G)), and similarly for qZq. Since it is immediate that 
each of these restrictions satisfies the appropriate versions of conditions (i)-(ii) in Definition 2.10, 
this establishes (i) above. 

To check the equivariance of $ in (ii), first note that if 

Q:{X® C*{G)) <E>B^C'iG) ilZq <E) C*{G)) ^ (X ®b qZq) <8> C*{G) 
is the isomorphism from Lemma 2.12, then the extension to the G- multiplier bimodules satisfies 

(gi id) o 6(u ^v) = u-v 

for u e Mg{X ® C*{G)) C Mg{L{X) (g) G*{G)) and v G MaiqZq ® C*(G)) C Mg{Z ® C*{G)). 
This can be seen by taking elementary tensors x ^ c € X Q C* (G) and z ^ d G qZq © G* (G) and 
computing 

($ (g) id) o e((a; c) d)) = id)((a; ^) erf) = a; • ^ cd = (a; c) • (2: d), 

and then extending to the G-multiplier bimodules. 

Now, by definition, {( t){x 2) = Q{({x) t{z)) fov x & X and 2 e 5.Z'5. Thus, we can 
compute: 

($ id) o (( tts T)(a; z) = ($ id) o Q{C{x) r(2;)) = ({x) ■ t{z) =t{x ■ z) = to ^{x z). 
The equivariance of ^' is proved similarly. □ 

For the proofs of Theorem 4.2 and Theorem 4.3 we shall also need a version of Lemma 4.8 which 
handles actions: 

Lemma 4.9. Suppose aXb and cYd are partial imprimitivity bimodules and Z is a right-Hilbert 
L{X) — L{Y) bimodule, and let p and 5 be as in Lemma 4.6. Suppose in addition that a is a fj. — v 
compatible action of G on Z, where n and v are actions of G on L{X) and L{Y) arising from 
actions 7 and p on X and Y, respectively. Then: 

(i) a restricts to give right-Hilbert bimodule actions of G on pZp, pZq, and qZq which are 
compatible with the appropriate coefficient actions. 

(ii) The isometric hommnorphisms $ : X 0b qZq pZq and ^ : pZp 0c Y — > pZq of 
Lemma 4.6 are equivariant for the appropriate actions. 

Proof. If a is the left coefficient action of 7, then for all s € G we have 

^'^(P^ = [ o) = [o oj=^' 

and similarly fj.s{<l) = Q, ^s{p) = and Vs{(i) = 9- Thus 

UsipZp) = iJ.s{p)os{Z)vs{p) =pZp, 

and similarly for pZq and qZq, so a restricts appropriately to the various corners. It is immediate 
that these restrictions are compatible with the coefiicient actions as indicated, so this establishes (i). 
For (ii), X G X, z G qZq, and s gG and compute, for example, that 

$ o (7 a)s{x 2;) = $(7s(a;) as{z)) = Js{x) ■ a-s{z) = as{x ■ z) = ag o ^{x z). 

Similar calculations show that is appropriately equivariant; this completes the proof. □ 
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Finally, the following lemma will help to do the nondegenerate homomorphism parts of our 
main theorems. 

Lemma 4.10. Suppose aXb — *■ M{cYu) is a nondegenerate imprimitivity bimodule ho- 

momorphism. Then: 

(i) The following diagram {of morphisms) commutes: 

(4.2) 




(ii) // $ is equivariant for imprimitivity bimodule coactions of G on X and Y, then Dia- 
gram (4.2) commutes equivariantly for the appropriate coactions. 

(iii) // $ is equivariant for imprimitivity bimodule actions of G on X and Y , then Dia- 
gram (4.2) commutes equivariantly for the appropriate actions. 

Proof. Part (i) is exactly [29, Lemma 5.3]; we rc-prove it here for completeness, and because 
it follows easily from Lemma 4.6. Simply note that, by [20, Remark (2) of Appendix], $ gives rise 
to a nondegenerate homomorphism 



{ll)--L{X)^M{L[Y)). 



This makes L{Y) into a right-Hilbert L{X) — L{Y) bimodule Z such that pZp is C with the A — C 
bimodule structure from ^p and qZq is D with the B — D bimodule structure from ij). Hence 
Lemma 4.6 (iii) provides an isomorphism 

(4.3) X®bD^C ®cY 

of right-Hilbert A — D bimodules, which establishes the commutativity of Diagram (4.2). 

For (ii), suppose the coactions on X and Y are C, and t]. The C ~ ^ equivariance of $ implies 
that V \s jjL — u compatible, where ji and v arc the associated coactions on the linking algebras, so 
Lemma 4.8 gives the equivariance of Diagram (4.2) for the coactions. Similarly, (iii) follows from 
Lemma 4.9. □ 



3. Green's Theorem for induced algebras 

This section is devoted to the proof of Theorem 4.1. We start with the construction of the 
appropriate coaction 5v on Green's {{h\d% A) Xjnda.r G) — {A Xa^r H) imprimitivity bimodule 
V§{A, a). Theorem B.2 tells us that V^{A) (wc streamline the notation when confusion is unlikely) 
is a completion of the Cc{G, Ind^ A) — Cc{H, A) pre-imprimitivity bimodule Cc(G, A) with actions 
and inner products given in Equation (B.4). We shall make extensive use of the embedding of 
Cc(G, M^{A)) into M [A x,, G) as provided by Corollary C.7. Moreover, Proposition C.9 shows that 
Cc{G, M^{A)) also embeds in M{V^{A)). As we shall make more precise in Lemma 4.14 below, we 
may similarly view Cc(G, M^^ {A(E} C* {G))) as a subspace of M{V§{A) (g) C*{G)), which then allows 
us to state: 

Theorem 4.11. Let G be a locally com,pact group, and let (A.H.q) be an action of a closed 
subgroup H of G. There is a unique imprimitivity bimodule coaction Sy of G on V^{A,a) im- 
plementing a Morita equivalence between the coactions Inda on (IndA) Xinda,r G and Inf d on 
A Xc,,r H, such that for x G Cc{G,A) we have 

(4.4) 5v{x) G Co{G, M'^{A ® C*{G))) C M{V§{A) ® C*{G)), 
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with 5v{x){s) = x{s) (8) s for s e G. 

Remark 4.12. We should point out that a Morita equivalence for the coactions Infd and 
Inda has been obtained also in [22] as a corollary of a more general equivariance result for the 
dual coactions appearing in the symmetric imprimitivity theorem. However, the realization of 
the coaction on the bimodule V^{A) was quite different from that given in the above theorem; 
the realization we give here makes it much easier to obtain certain equivariance results for our 
bimodules. 

Before we come to the proof of this theorem, we have to explain a bit more how to work with 
strictly continuous compactly-supported functions in the various multiplier algebras and bimodules. 
Observe first of all that if H is a closed subgroup of G and (^4, H, a.) is an action, then for any C*- 
algcbra C the canonical embedding of Cb{G, A) Q C into Cb{G, A eg) C) determines an isomorphism 
^ of (Ind A) (g) G onto Ind(A (g) C) which is equivariant for the actions (Inda) €5 id and Ind(a (g) id). 
We use the (inverse of the) composition 

((IndA) XrG)®G — ^ ((Ind A) (g) C) G (Ind(A (g) G)) G 

to embed Cc (G,Ind(^ (g) G)) (regarded as functions of two variables as in the discussion following 
Equation (B.2) in Appendix B) into ((Ind A) x^ G) (g) G, and to embed Gc(G, M^(Ind(A0 G))) into 
M ( ( (Ind A) X r G) (g) G) ^ . This allows us to work with the dual coaction Ind a in terms of two- variable 
functions: 

Lemma 4.13. With notation as above, for f € Gc{G,lndA) we have 

JMi({f) G Gc(G,M^(Ind(^(gG*(G)))) C M(((IndA) x^ G) (g G*(G)), 

with Ind a{f){s, t) = f{s, t) (g) s for s,t G G. 

Proof. By Lemma 3.1 we have Inda(/) e G;(G. Af''((Ind A) (g) G*(G))), so via tp we can 
identify Inda(/) with an element of Gc(G, M^^(Ind(A (g) G*(G)))). Using our conventions and the 
formula from Lemma 3.1, we compute: 

1^{f){s, t) = fi^d^(/)(s)(i) = (/(s) (g s){t) = f{s){t) ® s = f{s, t) <g) s. 

□ 

The following lemma justifies (4.4): for any G*-algcbra G, it allows us to embed Gc{G,A (g G) 
into V§{A) g) G, and to embed Gc(G, M'5(A (g G)) into M{V§{A) (g G). 

Lemma 4.14. With notation as above, the canonical embedding of Gc{G,A)QiG in Gc{G, Ag)G) 
extends to an imprimitivity bimodule isomorphism 

(Ind AXrG)^ciV§ {A, a) (g G)(^AXrH)^C — Ind{A^C) X rG^H {A (g G, Q! (g) id)(^A^c)x^H- 

Proof. We have introduced (in the above discussion and in Chapter 3) the canonical iso- 
morphisms ipL and (fin of the left and right coefficient algebras of V§{A) g) C onto those of 
V§{Ag)G). A routine calculation now shows that the embedding of Gc(G, A) (g C C V^'{A) g) G 
into Gc{G,A (g G) C V^{A g) G) respects both inner products. By Lemma 1.24, this embedding 
extends uniquely to an imprimitivity bimodule homomorphism of V§{A) (g G onto V§{A (g G); by 
Remark 1.21, since the coefficient maps are isomorphisms, we are done. □ 



^Note that for / G Cc(G,IndA) and c G C wc have 

(i/. XrG)oip(f<S>c){s,t) = ^(<pif(S)c){s,-)){t)=tP{f{s,-)(S)c){t) = f(s,t)<S'C. 
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Proof of Theorem 4.11. The rule 6v{x){s) = x{s) (8) s certainly defines a map from 
Cc{G,A) C V§{A) to CciG,M'^{A O C*(G))) C M{V§{A) ® C*{G)). ' We first show that it 
preserves both inner products. By Lemma 1.24, we will then know that dy extends uniquely to a 
nondegenerate imprimitivity bimodule homomorphism from V^{A) to M{V§(A) (g) C*(G)). 

Using the formulas given in Equation (B.4) (extended to the various Cc-functions in the multi- 
plier algebras and bimodules) we compute, for x,y e Cc{G,A) C V§{A) and s,t £G: 

M{{{IndA)XrG)^C*{G)){Sv{x),5v{y)){s,t) 

= [ {a^id)h{5v{x){th)Sv{y){s-Hhy)dhA{s)-'^/^ 

JH 

= [ {ah'»id){{xith)(»th){y{s-Hh)* i»h-H-'^s))dhA{s)-'^/'^ 

JH 

= [ {ah id) {x{th)y (s-Hh)* ^s)dhA{s)-^/^ 

JH 

ah{x(th)yis-hhy) d/i A(s)-^/^ (g) s 



H 



and for h e H, 



= {Ind A) x^G{x,y){s,t) (g) S 

= liida{(^ind A) x,.G{x,y)){s,t), 

{Sv{x),6viy))MaAx^H)(SC'(G))ih) 

5v{x){s-^y{a ® id)h{Sv{y){s-^h)) ds A{h)-^'^ 



-L 

= [ (a;(s-^)*(8)s)a,,(8>id(y(s-^/i)(g)s-^/i)rfsA(/i)-^/^ 

JG 

= I x{s-yah{y{s-^h))®hdsA{h)-^/'^ 

JG 

= / x{s-^yah{y{s-^h))dsA{h)-^''^ 'Sih 

JG 

= {x, y)AxrH{h) ^h = a{{x, y)AxrH){h). 
By Remark 2.11, it now suffices to verify the coaction identity. For s G G: 
{5v (8i id) o 5v{x){s) = x{s) s (8> s = (id^fc) ° Sv{x){s). 

We are finally ready to prove Theorem 4.1. As discussed earlier, the result is equivalent to: 



□ 



Theorem 4.15. Let G be a locally compact group, and let H be a closed subgroup of G. If 
{aXb, H,^) is a right-Hilbert bimodule action, then the diagram 

(4.5) {lnd%A)XrG^^^^AXrH 

(IndgX)x,G XXrH 

(Indg B) Xr G BXrH 
commutes equivariantly for the coactions Sv{a), Sv{b), Ind7, andlni'j of G. 
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Proof. As indicated previously, our strategy is to factor the right-Hilbert bimodule. If X is a 
partial imprimitivity bimodule, Lemma 4.8 together with the discussion preceding that lemma show 
that our construction of the coaction 5v on V§ completes the proof in this case, since it follows 
from the formula for 5v as given in Theorem 4.11 that the associated coaction on the linking 

algebra L = L{X) compresses to the coactions 5v{a) and 5v(b) on the corners. 

For the nondegenerate homomorphism version, assume that (p: A ^ M{B) is a nondegenerate 
homomorphism which is equivariant for actions a and (3 oi H. We must show that the diagram 

(4.6) (IndgA) x^G^^^x^if 



Indg ipXrG 



commutes equivariantly for the appropriate coactions. For this we show that there is a nondegen- 
erate imprimitivity bimodule homomorphism ^ : V§{A) M{V§{B)) which has coefficient maps 
Ind^ ip Xj. G and p Xj. H and also is Sv{a) — Sv(b) equivariant. The commutativity of the diagram 
will then follow from Lemma 4.10. 

For X e Cc{G, A) C V§{A), define *(a;) : G M{B) by 

(4.7) ■^{x){s) = v{x{s)). 

Then * is a map from Cc(G,A) to Cc{G,M^{B)) C M{Vg{B)). By Lemma 1.24, if we can show 
that ^ preserves both inner products, then we will know that it extends uniquely to a nondegenerate 
imprimitivity bimodule homomorphism from V§{A) to M{V^{B)). For x, y G Cc{G, A) and s,t gG 
we have 

M((indB)x.G)(*(x),*(2/))(s,i) = / l3^{^{x){th)^{y){s-Hhr)dhAG{s)-'/^ 

J H 

phiHx{th)My{s-Hhy)dhAG{s)-'/^ 

H 

I ah{x{th)y{s-Hhy)dhAG{s)-^/^ 
Jh 

= 'p{{IndA)x^G{x,y)is,t)) 

= (Ind^v? Xr G){(indA)Xr.G{x,y)){s,t), 

and for h G H, 

{^{x),^{y))MiBxMh)= I ■^{x){s-'Yl3h{^{y){s-^h))dsA{h)-^'^ 

Jg 

= [ <p{x{s)ri3h{Ms-'h)))dsA{h)-'/^ 
Jg 

= if (^j^x{s-^yah{y{s-^h))dsA{h)-^'^^ 

= V{{x,y) Ay^uih)) = {p Xr H){{x,y)^^^jj){h). 

To check cquivariance of the coactions, for x £ Cc{G,A) and s G G we have: 

® id) o Sv(A){x){s) = {ip® ■v\){5v{A){x){s)) = 'p{x(s)) Cx) .s = 4'(a;)(s) ® s = 5v(b) (*(x)) (s). 

Assume now that a^b is an arbitrary right-Hilbert A — B bimodule. Using Proposition 2.27, 
we equivariantly factor aXb as the composition of a right-partial imprimitivity bimodule kXb and 



= V 
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a nondegenerate homomorphism (p: A —> M{K). By our previous results we now know that for 
both pieces the appropriate diagrams commute. This tells us the upper and lower trapezoids of the 
diagram 



(IndA) XrG' 



(IndX)XrG 



IndipXrG 




V§{K) 



ndX)XrG 




XXrH 



(IndB) XrG- 



VS(B) 



-^BXrH 



commute equivariantly for the appropriate coactions — that is, these trapezoids commute in the 
category C{G). The left and right triangles commute in the category C{G) by functoriality of Ind 
and Xr- We conclude that the outer rectangle commutes equivariantly for the appropriate coactions, 
as desired. □ 



4. Green's Theorem for induced representations 

In this section wc shall derive our second main theorem, Theorem 4.2, mainly as a consequence of 
Theorem 4.1. As mentioned in the discussion preceding Equation (B.5), if we start with an action a 
of G on A, then there is a natural isomorphism between (Ind^ ^) Xjnda.rG and Co{G/H, A)Xa^r,rG, 
where Ind a denotes the action of G induced from the restriction of a to the closed subgroup H. 
This isomorphism is the crossed product </? x,. G of the isomorphism cp of Ind^ A onto Ca(G/H. A) 
given by ip{f){sH) = as{f{s)). In particular, (p XrG is equivariant for the dual coactions Ind a and 
a<^T. Together with the map of Cc{G,A) into itself given by ^'(a;)(s) = as{x{s)), we obtain an 
isomorphism 

^' (Indg A)Xi„dc.,rG^^(^)Ax„,rH ^ Co(G/i?,A)Xag,^,rG^H(^)AXa,ri? 

(see Theorem B.3). This isomorphism carries the coaction Sy on V^{A), as constructed in Theo- 
rem 4.11, to a unique coaction, 5x, of G on X§{A), which makes the diagram 



Sv 



^M(Vf (A)oG*(G)) 

*(8iid 



X§iA)—-^M{X§iA)^C*iG)) 



commute. Thus 5x implements a Morita equivalence between the G-coactions a (g) r 
Cn{G/H, A) Xr G and Inf a\ on A Xr H. In this special situation. Theorem 4.15 becomes: 



on 



Theorem 4.16. Let G be a locally compact group, and let H he a closed subgroup of G. If 
{aXb,G,^) is a right-Hilbert bimodule action, then the diagram 



(4.8) 



GoiG/H,A) Xa0T,rG 
Ca(G/H,X)y-^,(,,r,rG 

Cq{G/ H,B) Xj3^T,rG 



x> 



rH 
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commutes equivariantly for the coactions Sx(A)7 5x{b), 7 ® t, and Inf 7I of G. 

Remark 4.17. Later (in the proof of Theorem 5.1) we will need a Cc-formula for the coaction 
5x of G on X^{A). Using the isomorphism \I> : ]/ — > X, it is routine to check that in fact 5x is 
given by the same formula as 5v' for x E Gc{G, A] C X§{A) wc have 

Sx{x) eGc{G,M'^{A^C*{G))) C M{X§{A) ^ C*{G)), 

and 6x{x){s) = x{s) (g) s for s e G. 

We now want to specialize to the case where H is normal in G, and in order to make this more 
evident we shall from now on write A'' instead of H for our subgroup. In this situation the above 
results may be restated in terms of duality theory and dual coactions, as follows from: 

Lemma 4.18. If {A,G,a) is an action and N is a closed normal subgroup of G, then 

Co{G/N, A) x„^^,^ G ^ A x„,^ G G/N, 

equivariantly for the coactions a r and a'^'^'^ of G. 

Proof. Theorem A.65 gives an isomorphism ip o{Cq{G/N, A) y-am,rG onto AXa,rGy.a\ G/N 
such that 

V'(»Co(G/JV,A)(a® /)»g(5)) = iG/iv(/)jAx,G(«!4(a)«G(3)) 
for a e A, / G Co{G/N), and g G Cc{G). We only have to check that this isomorphism is equivariant 
for the coactions a r and d'^'"^: 

° HicoiG/N,A)i^ ® f Vcig)) = &'''''{jG/Nif).U.^G{i'A{aKGi9))) 

= (iG/Jv(/) ® 1)0ax,g id) o d(i^(a)i^(s()) 

= {JG/Nif) O 1)(Mx,g <8) id) (^J^ 5(s)iA(a)i^(s) s ds^ 

= Og/wC/) «) 1) / g{s)jAxMiAia)iGis))'^sds 
Jg 

= / g{s)3G/N{f)3AxrG{iA{a)iG{s)) ^ sds 
Jg 

= /^5'(s)^(«Co(G/JV,A)(a® /)^g('S)) ®sds 

^ g{s){il} ® id) (ico(G/Ar,A) (« ® Dihis) s) ds 

= (V'® id)(^ff(s)a^(i^^(e/jv,A)(a8'/)«G(s)) dsj 
r={tp(g) id) o S0^(ico(G/]V,A)(a <S> f YGia))- 

□ 

Of course it follows from the above lemma that, in case of a normal subgroup N of G, we may 
replace Diagram (4.8) by the diagram 

(A\ 

(4.9) AxrGxG/N ^^AxrN 



L 



XXr.GxG/N 



XXr-N 



B XrGx G/N B Xr N, 
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which commutes equivariantly for the coactions 7'^'^'^ and Inf7| (where 7 denotes the given action 
on aXb)- However, in order to get a complete proof of Theorem 4.2 we need to show that the 
above diagram is also cquivariant with respect to the G-actions Inf 7I on X Xr G x G/N and 7'^"'^ 
on X Xr N. For this we have to construct a G-action on the bimodule X^{A) which is compatible 
with the actions Inf a;| and a'^^'^. Such an action was constructed in [15, Theorem 1], for actions 
twisted over N, full (twisted) crossed products, and with slightly different modular functions in 
the formulas for the module actions and inner products. The following lemma and its proof are an 
adaptation of that construction to the present situation. 

Lemma 4.19. If {A, G, a) is an action and N is a closed normal subgroup of G, there is a unique 
imprimitivity bimodule action of G on X^{A), implementing a Morita equivalence between the 
actions Inf d| on AXrG x G/N and a'^^'' on Ax^N , such that for x € Cc{G, A) and t G G we have 



Proof. Formula (4.10) certainly defines a homomorphism of G into the group of linear au- 
tomorphisms of the vector space Gc(G, A). We need to show that for x,y € Cc{G,A) C X^{A), 
s e G, and 6 G Gc(G x G/N, A)CAXrGx G/N we have 

(i) af{b-x)^lnfa\^{b)-af{x), 

(ii) (af (x),af (2/))ax,jv = af%{x,y)AxrN), and 

(iii) s I— > a-^ix) is continuous for the norm of X^{A). 

Note that Theorem A. 65 not only allows us to identify Gc(G x G/N, A) as a dense subalgebra of 
AXrGx G/N, but also implies that the action Inf a\ is given on Gc-functions by 



(4.10) 



af{x)it)=AG,N{sy/^x{ts). 



Recall that the modular function Ag^^v for conjugation of G on iV is given by 



Ag,n{s) = Ag{s)Ag/n{sN) 



-1 



(4.11) 



ln{al{f){t,rN) = f{t,rsN). 



For (i) and (ii), we compute: 



<{b-x){t) 



AG,Nisy/'ib-x)its) 




{Inial{b)-af{x)){t), 
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and for n G N, 

JG 

= A;v(n)-'/'AG,jv(s) / at{x{t-Hyy{t-^ns))dt 

JG 

* Aiv(n)-i/2AG,iv(s) / a,t{x{t-yy{t-^s-^ns))dt 

JG 

= AG,jv(s)a« (^AN{n)-^/^ j^at{x{t-^)*y{t-h-^ns)) dt 

= AG,Nis)as{{x,y)Ax,.Nis~'^ns)) 
= 0!f''{{x,y)Ax^N){n). 

For (iii), it suffices to observe that if s — > e in G then af{x) ^ a; in the inductive limit topology 
of Cc{G, A), which is stronger than the norm topology from X^{A). □ 

We are now almost done with the proof of Theorem 4.2, which is equivalent to: 

Theorem 4.20. Let G he a locally com,pact group, and let N he a closed normal subgroup of G. 
If {aXb,G,j) is a right-Hilbert himodule action, then Diagram (4.9) commutes equivariantly for 

the actions a-^'^^\ a^'^-*, Inf 7I, and 7'^'"^ of G, and also for the coactions 6x{a)> 5x{b)> 7'*'''^, and 

Inf7| ofG. 

Proof. We already observed that Diagram (4.9) commutes equivariantly for the coactions. 
Wc need to know that it is also equivariant for the actions, and for this we must trace through the 
steps of the argument of Theorem 4.15, where we factored aXb into a right-partial imprimitivity 
bimodule kXb and a standard bimodule aKk- In the proof of the partial imprimitivity bimodule 
case we appealed to Lemmas 4.6, 4.7, and 4.8 to get an isomorphism which is equivariant for the 
coactions (see the discussion preceding Lemma 4.7). Lemma 4.9 does the same job for the actions. 

Next, for the standard bimodule case, i.e., for a nondegenerate equivariant homomorphism 
If: A ^ M{B), we appealed to Lemma 4.10 to see that coaction-equivariance of the bimodule 
homomorphism V{A) M{V{B)) implied that the diagram commuted equivariantly for the coac- 
tions. The action part of that lemma does the same job for our actions as soon as we can show 
that the bimodule homomorphism X^{A) M{X^{B)) is equivariant for the appropriate ac- 
tions. For this first note that the isomorphism = X§ transforms the bimodule homomorphism 
V{A) ^ M{V{B)) of Equation (4.7) to a bimodule homomorphism * : X{A) ^ M{X{B)) given by 
exactly the same formula. Thus, for x e Cc{G, A) C Xj^{A) and t G G we can compute: 

^{af^^\xm = v{af^^\x){t)) = v^{x{ts)) = n^){ts) = af (^)(*(a;))(i). 

This establishes the action-cquivariancc in the standard bimodule case. 

Exactly as in the proof of Theorem 4.15 we combine both special cases in order to get the 
desired result. □ 

5. Mansfield's Theorem 

In this section we are going to prove Theorem 4.3. The basic idea is the same as for the cor- 
responding results concerning actions as given in the previous sections: using Proposition 2.30, we 
equivariantly factor a given equivariant right-Hilbert A — B bimodule X into a right-partial im- 
primitivity bimodule and a nondegenerate homomorphism and show that the appropriate diagrams 
commute equivariantly in both special cases. 
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Theorem 4.21. Suppose that {aXb,G,C) is a, right-Hilhert bimodule coaction whose coefficient 
coactions are nondegenerate and normal, and that N is a closed normal subgroup of G. Then there 
is an action and a coaction Sy of G on Mansfield's bimodule Y^^j^ {given by the formulas (4.13) 
and (4.14) below) such that the diagram 

(4.12) AxGXrN— — >AxG/N 



XxGXrN 



XxG/N 



BxGXrN > B X GIN 

commutes equivariantly for the actions oi^ a^^^\ C''*"^, and\aiC,\ ofG, and also for the coactions 

Sy{A), Sy(b), InfCI; andC'^'''' ofG. 

As already discussed, this theorem is equivalent to Theorem 4.3. We start with the construction 
of the action . Recall from Appendix B that for a nondegenerate normal coaction (5 of G on a 

C*-algcbra A and closed normal subgroup N of G, the {AxsG Xg^ ^ N) — {Axg^ G/N) imprimitivity 

bimodule Y^^j^(A) is obtained as the completion of the Cc{N,D) —T>n pre-imprimitivity bimodule 
T) with operations given by Equation (B.7). 

Proposition 4.22. For any nondegenerate normal coaction {A,G,5), there is a unique im- 
primitivity bimodule action of G on Y^ij^{A), implementing a Morita equivalence between the 

actions 5'^^'^ on AxsG x^^^N and Inf 5\ on Ax^^ G/N, such that for x £T> we have 
(4.13) aJix) = AG,N{sy/H,{x). 

Proof. Formula (4.13) certainly defines a homomorphism of G into the group of linear au- 
tomorphisms of the vector space V. By Lemma 1.24 and Remark 2.6 it suffices to show that for 

x,y €V, s £ G, and g G Cc{N, V) we have 

(i) AxGx^N{aX {x),a^ (jj)) =5f2{AxGx^N{x,y)), 

(ii) {a^{x),al{y))AxG/N = Inf (5U(a;, y)AxG/Ar), and 

(iii) s {x) is continuous for the norm of Yqij^ ■ 

For (i) we compute, with n £ N: 

AxGxrN{al{x),al{y)){n) = aY{x)dn{al {yr)A{n)-^/^ 

= AG,N{s)Ux)SUy*)A{n)-'/^ 

= AG,N{s)Ss{xS,-ir,siy*)Ais-^ns)-^/^) 

= AG,N{s)ds{AxGx^N{x,y)is~^ns)) 

= ^f^(AxGx.iv(x,y))(n). 
In order to prove (ii), we mention first that the embedding Ja x Jg] ■ A Xg^ G/N M{A xg G) is 

Inf 6\ — 6 equivariant. Thus, since we identify Axg^ G/N with its image in M{A xgG) when working 
with the dense subalgebra V^, we may compute 

{aY{x),al{y))AxG/N = LiaJ (x)* aj (y)) dn = 5n{AG,N{s)6s{x*y)) dn 

JN JN 
n^sns J ^^^(^^*y^(ij^ ^ Sn{x*y)dn^ = Inf 5\^{{x,y)AxG/N)- 
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For (iii) it suffices to observe that if s ^ e in G then 

AxGx^N{Ssix) - X, 6s{x) - x) -»• 

in the inductive limit topology of Cc{N, A Xg G). □ 

The Inf (5| — 6^'^'^ equivariant coaction Sy on the bimodule Y^^^ was actually constructed in [21, 
Proposition 3.2]. Translating the construction given there into a more abstract setting, we get the 
formula 

(4.14) (5r(a;) = (x(8)l)(jGi8)id)(wG) for a; G D. 

Proof of Theorem 4.21. We first derive the commutativity of Diagram (4.12) in case where 
aXb is a right-partial imprimitivity bimodule. As in the action case, this follows almost automat- 
ically from our general linking algebra techniques. We want to apply Lemmas 4.6, 4.9, and 4.8 to 
the Mansfield bimodule Y^^j^{L) of the linking algebra L{X), using the identifications 

L{X) X G XrN = L{X X G XrN) and L{X) x G /N ^ L{X x G /N). 

Since qY^^j^{L)q — Y^^^{B) and pY^^j^{L)p — Y^^j^{A), item (ii) of Lemma 4.6 provides isometric 
AxGXj-N — Bx G/N bimodule homomorphisms 

^-.{XxGXrN) ^BxGx^N Y§/^{B) ^ pY^f^{L)q 

and 

YS/^{A) ®axG/n {X X G/N) ^ vYS,i,{L)q, 
which, by Lemmas 4.9 and 4.8, are equivariant for the appropriate coactions. We have to show that 
these maps are surjective in order to obtain an action- and coaction-equivariant isomorphism 

{XxGXr N) ^BxGx.N Y§/j,{B) ^ Y§/j,{A) ®AxG/N {X X G/N). 

To see this we appeal to item (iv) of Lemma 4.6 and the following lemma, which is an analogue of 
Lemma 4.7. 

Lemma 4.23. The ranges of the AxGXrN- and BxG/N- valued inner products on pY^^j^(L)q 
lie in range of the Ax G Xr N -valued inner product on X x G x^ N and the range of the B x G/N- 
valued inner product of X x G/N, respectively. 

Proof. Since X is a right-partial A — B imprimitivity bimodule, it follows from Lemma 3.10 
and Lemma 3.3 that X xG Xr N is a right-partial AxGx^N — BxGXrN imprimitivity bimodule. 
Thus the AxGXr Af- valued inner product on A x G x ^ is full, which clearly implies that it contains 
the AxG Xr A'-valued inner product on pY^^j^{L)q. To see the other inclusion, let Bx be the range 
of the S- valued inner product on A. It then follows from Lemma 3.10 that the B x G/A'- valued 
inner product on X x G/N has range Bx x G/N. 

On the other hand, if we follow the construction of Yq^j^{L) as described in Section 2 of Appen- 
dix B, we see that it is the closed linear span (with respect to the Hilbert-module norm) of certain 
elements of the form 

with / G Gc(G), from which it follows that pY^^j^{L)q is generated by certain elements of the form 
jx{x)jG{f)- It follows then from the formula for the right inner product on Y^jj^ as given in Equa- 
tion (B.7), that the B x G/N-valued inner product of two such elements jx{x)jG{f),jx{y)jG{g) € 
PYG/Ni^)l is given by 

{3x{x)3G/N{f),jx{y)jG/N{9))B^G/N = M'P{f))jB{{x, V) eMfid)), 
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with (p{h){sN) = h{sn) dn for h G Cc(G). Since (x, y) g G Bx^ it follows that 

{jx{x)jG/N{f),jx{y)jG/N{9))B^G/N ^ X G/N. 

□ 

Back to the proof of Theorem 4.21. It's a bit harder to prove the commutativity of Di- 
agram (4.12) in the nondcgencratc homomorphism case. Given a nondegenerate homomorphism 
ip: A M{B) which is cquivariant for nondegenerate normal coactions 5 and e of G on A and B, 
respectively, wc shaU show that the restriction of </? x G : ^ x^ G ^ Af(i? x^ G) to TX^A) C A x^ G 
extends to a nondegenerate imprimitivity bimodulc homomorphism 

^■.YS,r,{A)^M{Y§/j,{B)) 

which has coefficient maps (pxCx^N and (pxG/N, and is also both 5y{a)—^y{b) and a^'^^^ —a^^^^ 
equivariant. The result will then follow from Lemma 4.10. 
We first claim that if a; G 'D{A) and c G T>j^{B), then 

{if X G){x)c G V{B). 

By the definition of 'D{A), T>{B)^ and T>n{B) (see Definition B.8), it suffices to show that for each 
pair u,v & Ac{G) and each pair of compact subsets E, E' C G, there exist w G Ac{G) and a compact 
set F C G such that (</? x G){x)c G V(^^ p'^{B) for each x G r'(„^£;)(A) and c G 'D(^y E',N){B)- Since 
the pairing {x, c) {if x G){x)c is certainly norm-continuous in both variables, it suffices to take 

X = jA{Su{a))jG{f) G 1^{u,eM) and c = jB{ev{b))jB{9) G V^^^e',n){B). 

To verify the claim note first that by [38, Lemma 9] there exists a compact subset F' (only depending 
on E) such that x can be approximated in norm by elements of the form '^^^ijG{fi)jA{Su{cii)), 
with supp/i C F' for all i. By the norm continuity of the pairing (x, c) ^ {(p x G){x)c it follows 
from this that we may as well assume that x = 3G{f)3A{^u{0')) with supp/ C F' . Then 

X G)(a;)c = j|(/)jBK54a)))iB(e.(6))j|(5) =i|(/)iB(e„Ka))e,(6))j|(5). 

Choose w G Ac{G) which is identically 1 on (supp m) (supp w). If {e^} is a bounded approximate 
identity for B, then 

(^w{(^u{ei'p{a))ey{l))) = e„(e,:(/?(a))e^(&) for aU i, 

by [38, Lemma 1 (in)]. Since e„(ei(p(a)) e„(i^(a)) by strict continuity of e„ on M{B), we get 
Cw{eui'fi{a))ev{b)) — eu{f{a))ey{b) by norm continuity of e^; on B x^ G. Thus 

(^xG)(x)c = j|(/)jB(e»(rf))j|(5), 

with d = eu{(p{a))€y{b) G B. Another use of [38, Lemma 9] reveals that there exists a compact 
subset F C G, only depending on F' (and hence on E) such that iG{f)jB{f-w{d))jQ{g) G 'D{B)(^^^py 
This proves the claim. For later use note that when N = {e} the above computations give 

(4.15) {ip X G)(x)y G V{B) for x G V{A). y e V{B). 

In the next step wc show that the pairing (x,c) i—>(ipx G){x)c is actually continuous with 
respect to the norms on V^A) and ^{B) inherited from the bimodules Yq^j^{A) and Yq^j^{B), 
respectively. For this recall from Equation (B.7) that the A Xg^ G/N-valued inner product is given 
by 



{x,y)AxG/N = 




88 4. THE NATURAL EQUIVALENCES 

where for x in V{A), the integral 5n(x) dn is determined by the equations 

w 5n{x)dn^^ j u){5n{x))dn, uj e{AxsG)*. 

Using this, and the identity e„(c) = c for all c G Vn{B) and n € N, we now compute for any 
a; e (S x^G)* 



oj{{{(p X G)(x)c, ((yj X G){x)c)bxG/n) = (^y" X G){x*x)c) dn ^ 

= I iu{c*e„{{<fi X G){x*x))c) dn = / c- u> ■ c*{{ip x G){d„{x*x))) dn 
Jn Jn 



so that 
(4.16) 



oj{c*{<fi X G/N){{x,x)axG/n)c), 



\\{<p X G){x)cfya^^B) = X if X G){x)c)bxG/n\\ 

= l|c*(v' X G){{x,x)axG/n)4 < ||(a;,a;)^xG/Jv||||c*c|| = ||a;||^G (a)I|c||^- 



It follows that for every x G T^iA) the formula T(c) = x G)(a;)c defines a bounded linear map 
from 'Dn{B) to 'D{B), where the latter is given the Hilbert module norm of Yqi^{B). We show 
that T is adjointable. For y G 'D(-B) and c G T>n{B) we have 

{T(c),y)BxG/N = / e„(c*(v3 X G)(a;*)t/)dn= / c*e„(((/3 x G)(a;*)y) dn 



C 



/ en{{(pxG){x*)y)dn= (c, en{{ip x G){x*)y) dn 
Jn \ Jn 



BxG/N 

where we use (4.15) to see that all integrals above are well-defined. Thus 



T*{y)= [ en{{^xG){x*)y)dn 
Jn 



defines an adjoint T* for T . It follows that T extends uniquely to an adjointable linear map from 
B x^i G/N to Y^ij^{B), i.e., to a multiplier of the {B x^ G ^ N) - {B x^i G/N) imprimitivity 

bimodule Y^^j^{B), by [20, Proposition 1.3]. We have shown that for all x G ^^{A) there exists 
*(x) G M{Y^/^{B)) such that ^{x)c = (ip x G){x)c for c e PAr(S). 

A computation similar to the derivation of the inequality (4.16) shows that for x,y £ 'D{A) and 
c, G T>n{B) we have 

{'^{x)c,'i'{y)d) BxG/N = 

c*{ip X G/N){{x,y)AxG/N)d, 



so 



(*(.T),*(y))M(BxG/JV) = (<^ X G/N){{x,y)AxG/N)- 

By Lemma 1.24, the following computation allows us to extend \l/ uniquely to a nondegenerate 
imprimitivity bimodule homomorphism, which we still denote by ^, from YQ^j^f{A) to M{Yq^j^{B)), 
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with coefficient maps (p x G Xr N and (p x G/N: for x,y & and z £ 'DiB) we have 

= {^xG){x) f en{{^ X G){y*)z) dn 



N 



= / {ipxG){x)en{{vxG){y*))e„{z)dn 
Jn 

= [ {^xG){x){^xG){Sn{y*))U^)dn 
Jn 

= I (</PxG)(ar^„(y*)A(n)-V2)e„(^)A(n)V2rfn 
Jn 

= / (v? X G)(AxGx,iv(a;,2/)(n))e„(z)A(n)i/2^n 
Jn 

= / {ipxGXrN){AxGxrN{x,y)){n)eniz)A{ny^^dn 
Jn 

= {ipxG Xr N){AxGXr-N{x,y))z, 



so 



M{BxGXr- 

Ar)(*(.T),*(y)) ^{ipxG XrN){AxGx^N{x,y)). 

We now check the coaction cquivariancc. For x G 'D{A) wc have 
Old) o(5y(^)(a;) = {{(p x G) <E) id){{x id){wc)) 
= {{if X G){x) X G)oj^ ® id) iw*G) = {{ip X G){x) ® ^ id)(i(;^). 
Now, for any c G 'Dn{B), 

5y(b){{^ X G)(a;))e'i-(c) = (5y(B)((^ x G)(a;)c) = ((<^ x G)(ar)c ® ® id)(«;£) 

= ((<p X l)(c® l)(i^ ® id)(«;£) = ((^ x G)(a;) ® id)(to^)e''^^(c), 

so 

(* id) o 5y{a){x) = (5y(B)((<p X G){x)) = 5y{b) ° "fix). 
This gives the coaction equivariance. For the action equivariance, if x € V{A) we have 

* o «r(^)(x) = {^x G){AG,Nis)'/^l{x)) = Ag,jv(s)1/'6,(((^ X G){x)) = af^^) o <l!{x). 
As with Theorems 4.15 and 4.20, this suffices to complete the proof. 



CHAPTER 5 



Applications 

In this chapter we give some apphcations of the naturahty theorems from the preceding chapter 
to our motivating problem of understanding the relationships between induction and duality. First 
we uncover some new relationships between Green and Mansfield induction. Important special 
cases of these results say that the Green bimodules X^^y {A) and Mansfield bimodules Yq^q (A) are 
in duality: 

Xf^y{A)xG^Y^/^{AxG) and Xgy{A x G) ^Y^/ai^) x G. 
Results of this type require several applications of our main theorems, and it is vital that we 
know everything is appropriately equivariant. The same is true of our other applications to the 
restriction-induction duality program of [14, 29, 18] . We close with a new application of linking 
algebra techniques to the symmetric imprimitivity theorem of [51]. 

1. Equivariant triangles 

Our first application concerns a curious relationship between the Green and Mansfield bimod- 
ules. We prove two results (Theorems 5.1 and 5.9) which say, very roughly, that Green and Mansfield 
imprimitivity are "inverse to each other" , at least up to crossed product duality. 

1.1. Dual Mansfield equivariant triangle. We begin with an action {A, G, a) and a closed 
normal subgroup N of G. We consider various imprimitivity bimodules arising from this data: 
first of all, there is the Green bimodule AxrGxG/NX^{A)AxrN- Temporarily forgetting about N, 
we also have the Green bimodule ax,^gxgX^{A)a- Recall from Lemma 4.19 that every Green 
bimodule carries an action a^; in the particular case of X^, the action in a — a compatible. 
Restricting these actions to N and taking crossed products gives an {Ax^GxGXr N) — (Ax,. N) 
imprimitivity bimodule X^{A) Xr N. On the other hand, the dual coaction a oi G on A XrG gives 
rise to the Mansfield bimodule AxrGxGxrNYQ^j^{A G)ax^GxG/n- The following theorem ties 
these bimodules together: 

Theorem 5.1. For any action {A,G,a) and any closed normal subgroup N of G, the diagram 

(5.1) A X^^r GX&G X N ^o/N{A>'rG) ^ ^^^^ ^ 

X^{A)Xr.N 

A Xa\^r N 

commutes equivariantly for the appropriate actions and coactions of G. 

Proof. First of all, recall that the dual coaction a is automatically normal and nondegenerate, 
so the Mansfield imprimitivity bimodule YQ^jy{A Xr G) exists. Commutativity as a diagram of 
imprimitivity bimodules, but at the level of full crossed products (and without the equivariance) , 
is in [18, Theorem 3.1]. We will adapt the isomorphism of [18] to the present context of reduced 
crossed products. 
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Before we get into the details of this isomorphisiii, we should make sure we know what the 
"appropriate" actions and coactions are: on X^{A) we take the action from Lemma 4.19, given 
on X in the dense subspace Cc{G, A) by 

af{x){t)=AG,N{s)'/^xits). 

(Recall that Ag^n{s) = Ag(s)Ag/jv(s7V)~^) The coaction on X^{A) will be the Sx from Re- 
mark 4.17, given on x in Cc(G,A) by 

dx{x){s) = x{s) (g) s, 

where we regard 5x{x) as an element of Cc{G,M^{A ® C*(G))) C M{X^{A) (g) C*(G)). The 
crossed product X^{A) XrN carries a decomposition action, which for ease of writing in this proof 
we denote simply by a^^^^. Note that Cc{N x G,A) embeds in X^{A) Xr N via the chain of 
inclusions 

G,{N xG,A)^ Gc{N,C,{G,A)) ^ C,{N,X) ^Xx^N, 
and a-^^^ is given on z in the dense subspace Cc{N x G,A) by 

x^(^)(n,t) = AG,Nis)zis-'ns,ts). 

The coaction on X^{A) Xj- N, which we shall simply denote by ^xxat; will be the inflation to G of 

the dual coaction of A^. However, before we can give a formula for this coaction which will suit our 
purposes in this proof we must prepare some more tools involving Cg-functions. 

Lemma 5.2. The {Ax,,GxGXrN)~{AXrN) imprimitivity bimodule Xf Xr-N is the com,pletion 
of the Cc{N X G X G,A) — Cc{N, A) pre-imprimitivity bimodule Cc{N x G,A), with operations 

f-x{n,t)= I I f{k,s,t)as{x{k-'^n,s-Hk))A{s)^/'^dsdk 
Jn Jg 

Jn 

Ax,.GxGx^N{x,y){n,s,t) = A(s)-i/2^G,iv(n)^/2 / x{nk,t)as{y{k,s-Hn)*)A{k) dk 

Jn Jg 

forx,yeCe{NxG,A), f e Cc{N x G x G, A), and g € Ge{N, A). 

Just to be clear about how Cc{N x G x G,A) is sitting inside A Xr G x G Xr N , note that 
Gc{N X G X G,A) embeds continuously in Gc{N,Cc{G x G,A)) (for the respective inductive limit 
topologies), hence in A Xr G x G Xr N since Cc{G x G, A) embeds continuously in A Xr G x G via 
the isomorphism A Xj. G x G = Cq{G,A) x^ G from (the special case = {e} of) Theorem A. 65. 
Also recall that in this latter special case we must remember that the second variable comes from 
Co{G,A). 
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Proof. We just compute: 

f-x{nj.) = f-x{n,-)it) 

f{k,;-)-a^{x{k-'n,-)) dk) {t) 

N J 



and 



= / (/(A;,-,-)-af(x(fc-in,-)))Wrffc 

JN 

JN JG 

= 11 f{k,s,t)as{x{k-'^n,s-Hk))A{sy/'^dsdk, 

JN JG 

x-g{n,t) = x-g{n){t) = (^J x{k,-) ■ ak{g{k~'^n)) dkj (t) 

= I {x{k,-)-ak{g{k-^n))){t)dk 
Jn 

= / x{k,t)at{akig{k~'^n})) dk 

JN 

= / x{k,t)atk{g{k~^n))dk, 

JN 

AxrGxGx,.N{x, y){n, s, t) = ax^GxGx^n{x, y){n, •, •)(«, t) 
= (^J^Ax.GxG{x{nk,-),a^ {y{k,-)))A{k) dk^ {s,t) 

= I AxrGxG{x{nk,-),a^{y{k,-))){s,t)A{k)dk 

JN 

= [ A{s)-'/^x{nk,t)as{a^ {y{k,-)){s-h)*)A{k) dk 

JN 

= [ A{s)-^/'^x{nk,t)as{AG,N{nf''^y{k,s-^tn)*)A{k)dk 

JN 

= A{s)-'/'AG,N{n)'^' I 
Jh 



x{nk,t)ag{y{k,s ^tn)*)A{k)dk, 

N 



{x,y)AxrN{n) = I ak-i{{x{k,-),y{kn,-))A) dk 

= / [ ak-.Mk,s-ryikn,s-^))dsdk. 

JN JG 

Lemma 5.3. With notation as above, for x e Cc{N x G,A) we have 

Sxxn{x) e Cc{N X G,M'^{A^C*{G))) C M((Xf AT) ® 
with SxxN{x){n, s) = x{n, s) (g) n for (n, s) G N x G. 
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Proof. Since x e Cc{N, X^), by Proposition 3.5 the dual coaction of takes x to the element 
of Cc{N, M^{X^ C*{N))) given by n x{n, •) n. After inflating to a coaction of G, we get 

Sxxn{x) €Cc{N,M^{X^ (^!^C*{G))) and 5xxN{x){n) ^ xin, ■) <3 n. 

Further, since x{n, •) e Cc(G, A), our usual canonical embedding gives 

x{n,-) <»n £ Cc{G,M'^{A(S:C*{N)) and (x(n, •) «) n) (s) = a;(n, s) n. 

Now, the map (n, s) i-^ x{n, s) ® n is in Cc(A'' x G, M^{A (g) C*(G))), and we have just seen that 
^xxN^x) agrees with this map, so we are done. □ 

Wc must now do similar (and a little harder) work to obtain formiilas for the action from 
Proposition 4.22 and the coaction dy from (4.14) on the Mansfield bimodule Yq^j^{A Xr G) at the 
level of Gc-functions. When A'' is amenable, [18] shows that Gc(G x G,A) embeds in Mansfield's 
bimodule Y^^j^{Axr G). The techniques there involve the symmetric imprimitivity theorem of [51], 
but this can be avoided: 

Lemma 5.4. The a-invariant *-subalgebra Cc{GxG,A) of AXrGxG is contained in V [Ax rG) 
{see Appendix B), and has algebraic operations 

xy{s,t) = / x{r,t)ar{y{r~^s,r~^t)) dr 
Jg 

x*{s,t) = as{x{s-\s-Hy)A{s)-'^ 
ar{x){s, t) = x{s, tr). 

Proof. Let x e Gc(G x G,A). Then suppa; is contained in F x F for some compact subset 

F of G. Choose a compact subset E oi G whose interior contains F, and then choose u G Ac{G) 
which is identically 1 on E. We claim that x is {u, E). Approximate x in the norm of A x^ G x G 
by a finite sum 

X^JG(/fe)jAx,G(«!4(afe)*G(cfe)) with afe G A,fk,Ck e Ce{G). 
k 

This sum is (u, E) since supp fk^E and 

^!4(«fc)«G(cfc) = iAMihi't^Ck) = a„(i^(afc)iG(cfc)). 

This shows that Gc(G x G,yl) C V{A x^ G). 

The next two assertions follow quite easily from the isomorphism A Xa,r G Xa G = 
Go(G, A) Xa^r,r G, which we freely abuse: 

xy{s,t) = xy{s){t) = (^J x{r){a ^ T)r{y{r~'^s)) dr^ (i) 

':{r){t){ar(^Tr){y{r-h)){t)dr 

= / x{r,t)ar[y{r~^s){r~^t)) dr 
Jg 

= / x{r,t)ar{y{r~^s,r~^t))dr, 
Jg 



X[ 

G 
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and 

x*{s,t)=x*{s){t) = (q®t),(x(s-1)*)(<)A(s)-i 
= a,(x(s-i)*(s-ii))A(s)-i 
= as{x{s-'){s-Hr)A{s)-' 
= as{x{s-\s-Hr)A{s)-\ 

The formula for a foUows from Equation (4.11). □ 

The above lemma and Proposition 4.22 immediately give us the following Cc-formula for the 
bimodule action a^: for x G Cc{G x G,A) C 'D{A Xj-G) we have 

al{x){t,r) = AG,N{sy^^x{t,rs). 

The following Cc-dcscription of the Mansfield bimodule is essentially [18, Proposition 1.1], but 
we do it for reduced crossed products, and wc give a different argument. 

Lemma 5.5. For any action {A,G,a) and any closed normal subgroup N of G, the {A x^ 
G X G Xj. N) — {A Xj- G X G/N) imprimitivity bimodule Yqi^{A Xj. G) is the completion of the 
Cc{N X G X G,A) — Cc{G x G/N, A) pre-imprimitivity bimodule Cc{G x G,A), with operations 

f-x{s,t)= / / f{n,r,t)arix{r~'^s,r~'^tn))A{ny/'^ drdn 
x-g{s,t)= / x{r,t)ar{g{r~^s,r~^tN))dr 

JG 

{x,y)AxrGxG/N{s,tN) = / / ar-i{x{r,rtn)*y{rs,rtn)) drdn, 

JN JG 

for f e Cc{N xGxG,A),x,y€ Cc{G x G,A), and g G Cc{G x G/N, A). 

Proof. Note first of all that CdN xGxG, A), Cc{G x G, A), and Cc{G x G/N, A) are dense 
in the respective normed spaces A Xy. G x G Xy. N , Y^i^{A x^G), and A x^G x G/N . We have 



f-x{s,t)= [ {f{n,;-)-n-x){s,t)dn= f (/(n, •, •K(a;)A(n)V2)(s,t) 
Jn Jn 

f{n, r, t)ar (d„(a;)(r"^s, r"4)) A(n)^/2 dr dn 
f{n, r, t)ar{x{r~^ s, r~^tn))A{ny^'^ dr dn. 



N JG 



In Jg 

AXrGxGx^N{x,y){n,S,t) = Ax,GxGXr-N{x,y){n, ■, ■){s,t) 



= A{n)-'/\x&n{y*)){s,t) = A{n)-'/^ / x{r,t)ar{an{y*Kr-h,r-H)) dr 

JG 

= A(n)-i/2 / x{r,t)ar{y*{r-'^s,r-Hn))dr 

JG 

= A(n)"^/2 / x{r,t)ar{ar-is{y{s~^r,s^'^rr^^tn)*))A{r^'^s)~'^ dr 

JG 

= A(n)~^/^ / x{r,t)as-i{y{sr,stn)*)A{r)dr, 

JG 
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and 

{x,y)AxrGxG/N{s,tN) = an{x*y){s,t)dn= x*y{s,tn)dn 

JN JN 

= 11 x*{r,tn)ar{y{r^^s,r~^tn))drdn 

JN JG 

= ar[x{r~^,r~^tn)*y{r~^s,r~^tn))A{r)~^ drdn 

JN JG 

= 11 ar-i{x{r,rtnyy{rs,rtn))drdn. 

JN JG 

The formula for x ■ g follows from membership of g in M{A XrG xG), since Cc{G x G/N, A) embeds 
continuously in A G x G/N, hence also continuously in M/^{A XrG x G). □ 

The following lemma prepares us to deal with the coaction 5y in terms of Cc-functions; as usual, 
the trick is to allow the extra copy of C*(G) to be a freely moving object. 

Lemma 5.6. For any action {A,G,a), any closed normal subgroup N ofG, and any C* -algebra 
G, the canonical embedding of Gc{G x G, A) (■) G in Gc{G x G, A® G) extends to an imprimitivity 
bimodule isomorphism 

(Ax.GxGx,iV)®c(^G/Jv(^ X«,r ® (Ax^GxG/N)(SC 

^ (A(g,C)x,GxGx,iv(yG/jv((^® C") Xa«)id,r <^)) (A(g,C) x.GxG/JV- 
PROOF. We first must exhibit isomorphisms 

ipL - {AxrG xG Xr N)(S)G ^ {A(S)G) XrG xG Xr N and 
tpR-. {AXrGxG/N)®G ^{A®G)xrGxG/N 

between the left and right coefficient algebras. This mainly involves a few applications of 
Lemma A. 20 and Theorem A. 65: for the right cocfhcicnts, we have 

{AXrGx G/N) ®G^{{A(d Go{G/N)) x^ G) (g) C 
^ {{A®Go{G/N)®G) XrG) 
^ {{A®G(E)Go{G/N)) XrG) 
^ ((A(g)G) XrG) X G/N, 

giving the isomorphism tpR. Note that (fa is equivariant for the actions (Inf Q;|)cx)id and Inf(Q! (® id|)'. 
For the left coefficients, we use Lemma A. 20 once more, together with what we have already shown 
about ifn- 

{A Xr G X G Xr N) (g) G ^ {{A Xr G X G) ® G) XrN ^ {{A ®G) XrG X G) Xr N, 

which gives ipL- 

We are now ready to prove the required bimodule isomorphism. By Lemma 1.24 and Re- 
mark 1.21, it suffices to show that ^' respects both inner products. For y,z € Gc{G x G,A) and 
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c, d £ C wc have 

L(*(2/(8'c),*(z0(i)}(n,s,t) 



= A(n) / *(yig)c)(r,f)(aig)ici)s-i(*(2;(g)d)(sr,sfn)*)A(r)dr 
Jg 

= A(n)"^/^ / (y(r, (g) c) (a^-i (8> id) (2:(sr, sin)* 0d*)A(r)dr 

= A(n)~^/^ / y{r,t)as-i{z{sr,stn)*)/^{r)dr ®cd* 

= L{y,z){n,s,t) (g)cd* = (pL{L{y,z) <8cd*){n,s,t) = ipL{L{y ® c,z ® d)){n,s,t) 



and 



(*(y®c),*(z®(i))i?(s,t7V) 

= (a 0id)r-i(*(y (8) c)(r, rin)**(2; (g) d)(rs, rin)) drdn 

>/jv 

= {y,z)R{s,tN)®c*d = ipR{{y,z)R^c*d){s,tN) = ipii{{y ^ c, z ^ d)R){s,tN). 

□ 

We use Lemma 5.6 to embed Cc(G x G, A® C) in rj^^^ ( ( A x ^ G) (g) C) and Gc(Gx G, M^(A(8)G)) 
in M{Y^^j^{{A Xr G) (g) G)). Recall from (4.14) that the decomposition coaction Sy of G on Y^^j^ 
from [21] is given by 

Sviv) = {y^ Wg O id)(wG) 
for y e V, and in particular for y e Gc(G x G,A), and the multiplication takes place in M{{A Xj. 

GxG)(E)C*{G)). 

Lemma 5.7. With notation as above, for y G Cc{G x G, A) we have 

Sviv) e Ge(G X G, mP{A ® G*(G))), 

wii/i (5y(2/)(s, t) — y{s, t) (g t^^s for s, t G G. 

Proof. We first claim that for / e Go(G) wc have yjaif) e Gc(G x G,A) and 

{y]G{f)){s,t)^y{s,t)f{s-h). 

Because of the isomorphism from Theorem A. 65, we can work in Go(G,y4.) x^^r.r G instead of 
AXa,rG XaG. First, for s € G we have 

fe(G,A)(l ® f)){s) = y{s, ■){a t)«(1 ® /) = y{s, ■){! t,(/)), 

and evaluating this at i G G we get 

fe(G,A)(l®/))(s)(i) = 2/(s,t)T.(/)(t) = y(s,i)/(s-ii). 

This is jointly continuous in {s,t) and has compact support (because y does), and this verifies the 
claim. 

Hence, if we further have c e G* (G) then 

{y ® l)(jG ® id)(/ ®c) = yjaif) c G Ge(G x G,^ G*(G)) 
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and 

((2/0 l)(jGOid)(/®c))(s,i) = (yjaif) ^ c){s,t) = {yjG{f)){s,t) ^ c 
= y{s, t)f{s-H) c = y{s, t) ® f{s-H)c = y{s, i) ® (/ O c){s-H). 
The lemma follows by density and continuity, since wg S M(Co(G) (8> C*{G)). □ 

Back to the proof of Theorem 5.1. The isomorphism $ of F(g)^XrGxG/Af-'^ onto X x^iV 
from [18] is given on elementary tensors y^xG Cc{G x G,A) Q Cc{G, A) by 

0x)(n,t) = A(n)"^/^ / yis,t)asix{s~^tn))A{sy/'^ ds. 



We show that this is equivariant for the appropriate actions: for y € Cc{G x G, A) and x € X^{A) 
we have 

$ o (a^ ® a^)^(y ® x){n, t) 

= A(n)-i/2 /" a^{y){s,t)as{a^{x){s-^tn))ll{sYl^ds 

JG 

= A(n)-V2 /■ AG,jv(r)^/'t/(s,ir)a«(AG,jv(r)^/2^(s-^tnr))A(s)V2rfs 
Jg 

= A(n)-i/2AGAr(r) / 7/(s,tr)a«(a;(s-4nr))A(s)^/2 

= AG,jv(r)$(y (8)x)(r"^nr,fr) 
= af ''^o$(y(g)a;)(n,t). 
We turn to the coaction equivariance, and for this we must show that the diagram 



4> 



X XrN > MUX Xr N) ® C*{G)) 

OXXN ' 

commutes. Recall from Proposition 2.13 that by 'i<AxrGxG/N = © ° {^y ®Ay.rGxG/N ^x), where 

6: {Y®C*{G)) ®iAXrGxG/N)^C'{G) {X®C*{G)) ^ {Y ®AXrGxG/N X) ® C*{G) 

is the isomorphism defined by 

0((y c) (g) (a; ig) d)) = {yi^x)®cd for y e F, x e X, c, G C*{G). 
For y G Cc{G X G, A) and x e Cc{G, A) we have 

($(g)id)o(^y UxrGxG/N Sx){y ® x){n,t) = {^^id)oe{SY{y)®Sx{x)){n,t) 

^=^A(n)-i/2 / SY{y){s,t){a, ^id){5x{x)is-Hn))A{sy/^ ds 

JG 

= A(n)"^/2 / {y{s,t)i^t~^s){as®id){x{s~^tn)^s~^tn)A{sy/'^ds 
Jg 

= A(n)-^/^ / y{s,t)asix{s-'^tn))A{sy/^ds®n 
Jg 

= $(y 0a;)(n,t) 0n = Sxxn o O a;)(n,t), 
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where the equaUty at (*) is justified by replacing Syiu) and Sx{x) by elementary tensors m (8) c S 
Cc{G X G,A) Q C*{G) and v ^ d G Cc{G,A) C*{G), respectively, and appealing to density and 
continuity: 

($ (g) id) o e((M (g) c) (w (g) d)) {n, t) = (g) id) ((u g) t;) (g) cd) (n, t) 
= (g) u) (g cd){n,t) = g) v){n,t) g) cd 

= A(n)-i/2 / w(s,t)Qs(t;(s-4n))A(s)i/2ds(g)cd 
Jg 

= A(n)"^/^ / (w(s,i)(g)c)(as(8)id)(w(s"^tn)(8)rf)A(s)^''^rfs 
= A(n)-i/2 / (wg)c)(s,t)(as«'id)((^^«)(i)(s"Hn))A(s)i/2ds. 



□ 

As an immediate and interesting corollary, taking N = G we have: 
Corollary 5.8. Let {A,G,a) be an action. Then 

X^{A) x^x^.G^ yS/G^A x„,, G) 

as {Axa^rG XaG x~^^G) — {AXa^r G) imprimitivity bimodules, equivariantly for the appropriate 
actions and coactions. 

Note that in this case the appropriate coactions are (Q;'^)'and (d)Y, and the appropriate actions 
are the trivial ones. 

1.2. Dual Green equivariant triangle. The following result is dual to Theorem 5.1, starting 

with a coaction rather than an action. 

Theorem 5.9. For any nondegenerate normal coaction {A, G, S) and any closed normal subgroup 

N of G, the diagram 



(5.2) AxsGxg^^Gxi^G/N 

YG/G(A)y.G/N 



<5| 

Xg(AxG) 



AxsG X||_^ N ^ A x^i G/N 

commutes equivariantly for the appropriate actions and coactions. 

Proof. First apply Theorem 5.1 to the dual action [A x G, G, 5) with N = G. This gives an 
{AxGXrGxGXrG) — {AxGXrG) imprimitivity bimodulc isomorphism 

Xf (A X G) Xr G ^ >"g/g(^ xGxrG) 

which is equivariant for the coactions 5^ and (5)y (and in this case the appropriate actions are the 
trivial ones). Also, Theorem 4.21 applied to the A x G Xr G — A imprimitivity bimodule Yqjq{A) 
with subgroup G gives an imprimitivity bimodule isomorphism 

yS/g{A xGXrG)^ rG/G(^) X G X, G 
which is equivariant for the dual coactions {5)y and (^fJ~. Combining these, we have 
(5.3) Xf (A xG)XrG^ ^g/g(^) X G x^ G, 
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equivariantly for 6^ and {SyJ- We wish to conclude that 

(5.4) Xf (A X G) - F^/g(^) X G, 

equivariantly for the actions S-^ and {SyJ- For this, we need the following "duality" result for 
coactions on right-Hilbert bimodules, which is an easy corollary of functoriality of the crossed 
products and Theorem 4.21. 

Lemma 5.10. Suppose Z and W are right-Hilbert A — B bimodules, 5 and e are nondegenerate 
normal coactions of G on A and B, and C, and r} are 5 — e compatible coactions of G on Z and W , 
respectively. Then 

{Z,Q^{W,ri) if and only if {Z X(^G,0 ^ {W x^G,fi). 

Proof. The forward implication follows from Theorem 3.13, so assume {Z xG, () = {W xG,rj). 
Then Theorem 3.7 gives 

(5.5) (^Z xG XrG,C) = (w xG XrG,^y 
Now Theorem 4.21 with subgroup N = G gives diagrams 



A X G Xr G ■ 

ZxGXrG 

BxGXrG 



'G/G 



(A) 



'G/G 



A and A x G Xr G 

Z WxGXrG 

BxGXrG 



¥A 



W 



-^B 



'G/G 



-i-B 



which commute equivariantly for the various coactions. Piecing these together using the equivariant 
isomorphism (5.5) and canceling the equivalences Yq^q{A) and Yq^q{B) gives the proposition. □ 

Remark 5.11. Although we won't need it, we remark that the result dual to Proposition 5.10, 
starting with actions rather than coactions, can be proved analogously by using Theorem 4.20 in 
place of Theorem 4.21. 

Back to the proof of Theorem 5.9. As indicated immediately before the statement of 
Lemma 5.10, the crossed product in the isomorphism (5.3) can be removed to give the isomor- 
phism (5.4). Taking crossed products by N, we have 



(5.6) 



X^{A xG)XrN^ Yc/Gi^) xGXrN, 



and by functoriality (Theorem 3.32) this isomorphism is equivariant for the appropriate actions and 
coactions. 

Next, apply Theorem 5.1 to the dual action {A x G, G, 6) with subgroup N to get a commutative 
diagram 



Yg.^(AxGXr-G) 



Ax G XrG X G Xr N 



X^{AxG)XrN 



AxGXrN 



-^AxGXrGx G/N 



Xg{AxG) 
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which on using (5.6) gives equivariant commutativity for actions and coactions of the upper left 
triangle of the diagram 



(5.7) 



Ax G XrG X G Xr N ■ 



AxG XrG xG/N 



Y<°g(A)xGx.JV 



Y§,a(A)xG/N 



AxGXrN ■ 



-^Ax G/N. 



Now note that the outer square in (5.7) commutes equivariantly for actions and coactions by applying 
Theorem 4.21 to the imprimitivity bimodulc Yq^q{A); we conclude that the lower right triangle of 
(5.7) commutes equivariantly for the appropriate actions and coactions, which proves the theorem. 

□ 

An interesting corollary of the proof is dual to Corollary 5.8: 

Corollary 5.12. Let {A,G,6) be a nondegenerate normal coaction. Then 

X^{AxsG)^yS,g{A)xs,G 

as {AxsGx^ ^GXiG) — {AxsG) imprimitivity bimodules, equivariantly for the appropriate actions 
and coactions. 

In this case the appropriate actions are (i5)^ and {SyJ, and the appropriate coactions are the trivial 
ones. 



2. Restriction and induction 

Various combinations of the authors [14], [18], [29] have established a duality between restric- 
tion and induction for actions and coactions. A little more precisely, given an action or coaction, 
restricting representations in the given system is dual to inducing representations in the dual sys- 
tem, and similarly with restricting and inducing reversed. These "dualities" are actually expressed 
as commutative diagrams in the category C, and for convenience we refer to them as "Ind-Res" 
and "Res-Ind" diagrams, respectively. Here we will apply the results of the current paper to give 
simplified proofs of the Ind-Res duality. The strategy is to deduce the Res-Ind diagram for the given 
system from the Ind-Res diagram for the dual system. 

The Ind-Res diagram for actions, which essentially amounts to induction in stages, is largely 
due to Green: 

Proposition 5.13 ([25]). For any action {A,G,a) and any closed normal subgroups N C M 
ofG, the diagram 

A Xa,r G xai G/M A x„|,r M 

Ax„,rGxa|G/JV 

A Xa,r G xai G/N 

commutes in the category C. 
Proof. We must show 

^AxM ^{AXrGx G/N) ®Ax.GxG/JV 



Ax 



a|,r 



N 



102 



5. APPLICATIONS 



as right-Hilbert {AxrG x G/M) — {A XrN) bimodules. Momentarily leaving off the second crossed 
products by G/M and G/N, this becomes 

(5.8) X^^AxmX^ ^{AXrG)^AXrGX^ 

as right-Hilbert {A Xr G) - {A Xr N) bimodules. Since 



(AXrG) (g)Ax.G^W 



X 



N 



by cancellation, the isomorphism (5.8) is just Green's induction in stages for actions [25, Proposition 
8], and is given on the generators by 

^{x y) = X ■ y for a; e Cc{G,A),y G Cc(M, A), 

where y is viewed as an element of A M, acting on the right of X^. We just need to check that 
$ preserves the left action of Co{G/M): for / e Co{G/M) we have 

$(/ • (a; ® y)) = $(/ • a; 2/) = (/ • a;) • y = / • (x • y) = / ■ $(a; ® y). 

□ 

We now recover the Res-Ind diagram for coactions [29, Theorem 3.1]^: 

Corollary 5.14 ([29]). For any nondegenerate normal coaction {B,G,5) and any closed nor- 
mal subgroups N C M of G, the diagram 

BxgG xj|_^ M 3^ B xs\ G/M 



BxsGx^^^^N—- 



(B) 



-¥ B xs\ G/N 



commutes in the caiegory C. 

Proof. The desired diagram is the outer rectangle of the diagram 

Y^/MiB) 



BxG XrM- 



¥ B X G/M 



X^(BxG) 



X^{BxG)^ ^GJ^ 

BxGXrGx G/M 

BxGXrGxG/N 

BxGXrGx G/N 

X^{BxG) Y, 



Yg,GiB)xG/M 



g/g(B)xG/N 



BxG/N 



BxG XrN- 



'G/N 



-^Bx G/N. 



Since the slanted arrows are isomorphisms, it suffices to show the inner polygons commute. 

The left quadrilateral commutes by the preceding proposition. The right quadrilateral commutes 
by [29, left face of Diagram (5.1)]. Finally, the top and bottom triangles commute by Theorem 5.9. 

□ 



^Actually, the theorem we state here is slightly weaJcer than in [29], since there we get to assume only as much 
"normality" as necessary for the bits of the diagram, namely "Mansfield imprimitivity works for M" . Here we need 
to require 5 itself to be normal, because of our method of proof. Similarly for Proposition 5.15 below. 
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Dually, suppose {B,G,S) is a coaction. The following Ind-Res diagram is [29, Theorem 4.1]: 

Proposition 5.15 ([29]). For any nondegenerate normal coaction {B,G,5) and any closed 
normal subgroups N C M of G, the diagram 

BxsGx^^^^nI^Bxs^ G/N 



^G/M 
G/N 



BxsG xj|^^ M B xs\ G/M 

^G/M 

commutes in the category C. 

The next theorem substantially improves Corollary 3.3 of [18], which covers the case A'' = {e}. 

Theorem 5.16. For any action {A,G,a) and any closed normal subgroups NCMofG, the 
diagram 

A Xc,,r G xa| G/N A x„|,^ N 



A x„,r G xai G/M A x„|,^ M 



commutes in the category C. 



Proof. The proof is patterned after that of Corollary 5.14. The desired diagram is the outer 
rectangle of the diagram 



AxrGx G/N ■ 



AxrN 



Y^/^iAXrG) 




'G/N 



A Xr G X G Xr N 
AXrGxGXrM 

AXrG X G Xr M 




G/Mi^^rG) 




X^{A)X 



AXrM 



AXrGx G/M ■ 



'G/N 



(A) 



AXr M. 



The left quadrilateral commutes by the preceding proposition. The right quadrilateral commutes 
by [29, Lemma 5.7] (which gives the analogous result for full crossed products), together with the 
argument at the end of the proof of [29, Theorem 5.6], which shows that the kernels of the regular 
representations match up. Finally, the top and bottom triangles commute by Theorem 5.1. □ 

3. Symmetric imprimitivity 

In this section we show how to deduce the induced algebra results of [51, Section 4] from the 
main symmetric imprimitivity theorem of that paper, thus avoiding the need to repeat the arguments 
of [51, Section 1]. Suppose, therefore, that we arc in the setting of [51, Section 4] (see also Section 1 
of Appendix B): we have a locally compact space hPk with commuting free and proper actions of 
locally compact groups H and K, a Morita equivalence dYe, commuting actions {6, a) of {H,K) 
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lnd^Y=\f:P^Y 



on D and (r, 7) of {H,K) on E, and compatible actions {1^,1^) of {H,K) on Dyg. We then have 
commuting actions 

L(t) = (^^) : Auti(y) and L{a) = (l ^) : K ^ Aut L{Y) 

on the Hnking algebra [11. Section 4]. The induced algebras Ind^ L{Y) and Ind^ L{Y) carry actions 
L{a) of K and L{P) of H, respectively, and it follows from [51, Theorem 1.1] that CdP, L{Y)) can 
be given the structure of an ((Ind^^ L{Y)) x ^.(q) K) — ((Ind^ L{Y)) x ^(^) H) imprimitivity bimodule. 
If we set 

f{hp) = L{T)u{f{p)) for heH, and 
Hp ^ vanishes at 00 

then Ind^ L{Y) is naturally isomorphic to 

Under this identification, the action L{a) restricts in the corners to the tensor product actions of 
K on Ind^ D and Ind^ E, and hence the top left corner in the decomposition 

rinH^rmW filnd^D)xK (Indgy)x/f 

is the crossed product of Ind^ D by the action a of [51, Section 4]: with our conventions, ak{f){p) = 
crfe(/(pfc)). Since the bottom right corner in the analogous decomposition of (Ind^i(F)) Xl{0) H 
is (Ind^ E) H, we deduce immediately from the second part of Lemma 4.6 that the upper 
right corner Cc{P,Y) in Cc{P,L{Y)) completes to give an ((Ind^D) x„ K) - ((Ind^i;) X/s H) 
imprimitivity bimodule. It is a straightforward matter to check that the module actions and inner 
products are, modulo our change in conventions, the ones described in [51, page 384]. For example, 
for f,g G Cc{P,Y), {f,g)indExH is the bottom right corner in 

/(Of) (Og)\ 

\U 0/ ' Vo 0//Cc(H,IndL(r)) \Orh 

where r is the function 

r{h,p)^A{h)-'/^ [ jk{{f{h-'p),Mg{h-'pk)))E)dk. 

JK 

Thus we have shown how to deduce [51, Theorem 4.1] from [51, Theorem 1.1]. 

In retrospect, it was always relatively easy to deduce the existence of the Morita equivalence 
in [51, Theorem 4.1] from [51, Theorem 1.1], by composing the Morita equivalence of Ind^ D x K 
and Ind^ D x H given by [51, Theorem 1.1] with the equivalence of Ind^ D x H and Ind^^ E x H 
induced by dYe- The third part of Lemma 4.6 says that the tensor product bimodule thus obtained 
is isomorphic to the one we have just constructed. Thus the main point of [51, Section 4] is the 
specific nature of the bimodule. 

Remark 5.17. Lemma 4.9 and Lemma 4.8 would, in the case P = G studied in [22], give an 
equivariant version of [51, Section 4]. 
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Crossed Products by Actions and Coactions 

In this appendix we give an introduction to the theory of crossed products by actions and 
coactions of groups on C*-algebras. Since the theory of coactions is much newer, and since there 
are at least three different definitions of coactions of groups on C*-algebras in the Hterature (all 
somehow mixed together) we decided to present an almost self-contained exposition of coactions 
and their crossed products, including all proofs for the basic constructions. None of the results in 
this appendix are new and the main sources are [26, 31, 35, 48, 45, 47, 50, 53]. 

Some general notation: If X is a locally compact space and E is a. normed vector space, then 
Cc{X,E), Co{X,E), and Cb{X,E) denote the spaces of continuous S-valued compactly supported 
functions, functions which vanish at infinity, and bounded functions, respectively. If _E = C we 
simply write Cc{X),Cq{X), and C(,(X), respectively. M{B) denotes the multiplier algebra of a 
C*-algcbra B and UM{B) denotes the group of unitary elements of M{B). The strict topology on 
M{B) is the locally convex topology generated by the seminorms m ^ \\ma\\, I|am||, a € A. Note 
that M{A) is the strict completion of A, and we write Ml^{A) if we consider M{A) equipped with 
the strict topology. For example, Cc{X,MP{A)) will denote the strictly continuous functions of X 
into M{A) with compact support. A homomorphism Lp: A ^ M{B) of a C*-algebra A into M{B) 
is called nondegenerate if 'fi{A)B — B. We use the same letter for a nondegenerate homomorphism 
ip: A ^ M{B) and its unique (strictly continuous) extension M{A) M{B) [35, Lemma 1.1]. 
Finally, if H is a Hilbert space, we shall always assume that the inner product on H is conjugate 
linear in the first and linear in the second variable. 

1. Tensor products 

Tensor products of C*-algcbras play a basic role in the theory of crossed products by actions 
and coactions: in a certain sense, a crossed product by a group action of G on a C*-algebra A is 
just a skew tensor product of A with C*{G), and a crossed product by a coaction of G on ^ can be 
viewed skew tensor product of A with Go(G). 

If E and F are complex vector spaces, then we denote hy E Q F the algebraic tensor product 
of E and F. If A and B are G*-algebras, then AQ B becomes a *-algebra in the canonical way 
and a G*-cross norm on A B is a norm || • which satisfies ||a (8i = ||a|| ||6|| for all elementary 

tensors a (g) 6 € A Q B and such that the completion of A B — A Q B " is a G* -algebra. 
A^i, B is then called the v-tensor product of A and B. We denote by fc^ : ^ — > M{A B) and 
kg-- B ^ M{A (gjj. B) the canonical maps A:^(a) = a (g) 1, kgib) = 1 (g) 6. 

Among the (possibly) many G* -cross norms on Aq B there is a maximal one and a minimal 
one. The maximal norm jj • ||max is characterized by the universal property that, whenever we have 
two nondegenerate homomorphisms (p: A ^ M{D) and tp: B ^ M{D) with commuting ranges 
{i.e., (fi{a)'ijj{b) = ip{b)(fi{a) for all a G A, b & B), then there exists a nondegenerate homomorphism 
ifiiSitp: A (8)max B M{D) satisfying {ip®ip)o fc™'"'" = and ((/? V) o ^s'"'' = V'- Thus 

n 

® bj 

1=1 



sup 



^>p(ai)ii){bi) 



A — 1 
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where the supremum is taken over all commuting pairs of nondegenerate homomorphisms of A and 
B. In particular, if || • is any other C*-cross norm, then k'^ ® k^: A (Ximax B ^ A B is a. 
surjection (since it is the identity on A B), and hence || • ||y is dominated by || • ||max- 

li tt: A B{H) and p: B ^ B{K) are representations of A and B on the Hilbert spaces 
W and IC, respectively, then there exists a representation it ® p: A Q B — > B{TC (g) /C) satisfying 
(tt (gi p)(a (8) &) = 7r(a) p{b), and tt ® p is faithful on A i? if tt and p are faithful. The minimal 
norm on ^ B is defined by 



^ai®hi =sup<^ ^ 7r(ai) p(6i) \ 

— 1 min ^ ,-—1 ) 



1=1 

where the supremum is taken over all representations tt and p oi A and B, respectively. It is a 
nontrivial fact that || ■ ||min is indeed smaller than any other C*-cross norm on A0i? (however, it is 
clear from the definition that || • ||„iin < || • ||max)- We shall simply write || • || for || • Umin and A®B 
for the minimal tensor product A 0min B. Note that it follows from the minimality of || • ||min that, 
whenever tt: A ^ B{'H) and p: B ^ B{JC) arc faithful representations of A and B, respectively, then 
7r0p: A®B B{TL®JC) is a faithful representation of ^0i?. Note also that 7r0p is nondegenerate 
if and only if tt and p are nondegenerate. The following result will be used frequently. 

Lemma A.l. Let ip: A ^ M{C) and ip: B ^ M{D) be homomorphisms. Then there is a 
homom,orphism ip®ijj: A®B M{C ®D) satisfying {ip ^'ip){a^b) = ip{a) V(^) • V ^ o,i^<i V' o-f^ 
nondegenerate (resp. faithful), then so is (p>S)^p. 

Proof. Representing C and D faithfully on Hilbert spaces turns (p and ip into ^-representations, 
and the result follows from the above-mentioned properties of the minimal tensor product. □ 

Remark A. 2. Recall that a C*-algebra A is nuclear if || • ||max = || • ||min on ^ B for any 
C*-algebra B, i.e., A 0niax -B = ^ -B for all B. Basic examples of nuclear C*-algebras are the 
commutative C*-algcbras and the algebras 1C{H) of compact operators on a Hilbert space H, but 
there arc many others. 

In this paper, we often need to work with a certain subalgebra Mc{A C) of the multiplier 
algebra M{A C) of the minimal tensor product A C. 

Definition A.3. Suppose that A and C are C*-algebras. Then we define the C-multiplier 
algebra Mc{A C) of ^ C as the set 

Mc{A C) = {m e M{A C) \ m(l C) U (1 C)m C A C}. 

The C-strict topology on Mc{A C) is the locally convex topology generated by the seminorms 

m ^ \\m{l c)||, 11(1 c)m||, c e C. 

Remark A. 4. (1) It is straightforward to check that Mc{A C) is a closed *-subalgebra of 
M{A C). We decided to call it the C-multiplier algebra, since it somehow consists of elements 
which are "real" multipliers only in the C-factor. Of course, there is a similar definition of the 
A-multiplier algebra of A C. 

(2) If C = Co {V) for some locally compact space V, and if we identify A^Cq {V) with Co {V, A) in 
the canonical way, then one can check, using the identification of M{A(^Cq{V)) with Cb{V, M^{A)) 
(see [1, Corollary 3.4]), that Mco(v){^ ® Co{V)) can be identified with Cb{V, A). 

(3) It is clear that a similar object can also be defined for the maximal tensor product A0maxC. 
However, since we only use minimal tensor products in the main body of this work, we stick to this 
case. Note that the C-multiplier algebra has appeared in several places in the literature in connection 
with coactions of groups and Hopf algebras (see, e.g., [35, 2], where it is denoted by M{A C)). 
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In what follows wc gather some important properties of the C-multiplier algebra. 

Proposition A. 5. Let A and C he C* -algebras. 

(i) The C -strict topology on Mc{A C) is stronger than the strict topology induced from 
M{A (8> C), and multiplication is separately C -strictly continuous on Mc{A ® C). Also, 
the involution on Mc{A ® C) is C -strictly continuous. 

(ii) Mc{A (gi C) is the C -strict completion of A®C. 

(iii) We have (1 O M{C))Mc{A O C) U Mc{A C)(l M(C)) C Mc{A C). 

Proof. Let {mi)i^i be a net in Mc{A (g) C) which converges C-strictly to m. If z & A^C we 
can factor ^ = (10 c)y for some c€C,y€A(S)C, to conclude that 

rriiZ = mi{l ® c)y m(l c)y = mz, 

where convergence is in norm. A similar argument shows that zrrii zm. Separate C-strict 
continuity of multiplication and C-strict continuity of involution follows then from continuity with 
respect to the strict topology. Hence (i). 

For the proof of (ii), let m € Mc{A (g) C) and let {ci)i^i be a bounded approximate unit of C. 
We claim that (to(1 Ci))i^i C A C converges C-strictly to m. In fact, if c € C, then CjC ^ c in 
norm, which implies that m(l g)Ci)(l (g)c) ^ m(l ® c) in norm. On the other hand, one easily checks 
that z{l ®Ci) z in norm for all 2; G ^ C, from which it follows that (1 c)m(l Cj) — > (1 c)m 
in norm. 

Suppose now that {m,i)i^j is a C-strict Cauchy net in Mc{A(E)C). By (i) it follows that {mi)i^j 
is also a strict Cauchy net in M(A C). Since M(A C) is the strict completion of A C we can 
find an m e C) such that rui ^ m strictly. We claim that m G Mc{A C) and rrii ^ m 
C-strictly. For this wc let e > and c G C, and choose ia E I such that \\{mi — mj){l c)|| < e for 
all i,j > io. Since c)z m(l c)z in norm, it follows that 

||(mj — m)(l c)z\\ = lim ||(mi - mj){l c)2;|| < e 

for all I > iQ. Thus TOi(l c) ^ m(l c) in norm, and a similar argument shows that (1 c)mi 
(10c)to in norm for all c G C. Thus Wj — > to C-strictly. Finally, since TOi(l0c), (l0c)TOj G A^C, 
it follows from the fact that A C is norm closed in M{A C) that (1 c)to, m(l c) G A C for 
all c G C. Thus TO G MciX C). This proves (ii). 

We omit the straightforward proof of (iii). □ 

Proposition A.6. Suppose that A, B, C, and D are C* -algebras. Let (p: A ^ M{B) be a 
possibly degenerate *-homomorphism and let tp: C ^ M{D) he a nondegenerate *-homomorphism. 

(i) There exists a unique *-homomorphism 

ip®tp: Mc{A C) ^ M{B D) 

which extends the homomorphism ?/> : A C — > M{B D) of Lemma A.l 

(ii) The homomorphism cp (g) tp of (i) is C-strict to strict continuous. 

(iii) If (fi and ip are faithful, then so is (p (gip- 

(iv) // ip{A) C B, then ipiSiipiMc{A C)) C Md{B D) and ip^ip is C-strict to D-strict 
continuous. 

Proof. We show that p®tp): A®C ^ M{B®D) is C-strict to strict continuous. If {ai)i^i is a 
net in A^C which converges C-strictly to a G A0C, and if z G B^D, we can factor z = {l®ip(c))y 
for some c G C and y € B <S: D (since tp is nondegenerate) to conclude that 

ip ip{ai)z = ip® ip{ai{'^ c))y tpiS) tp{a{l c))y = ip® 'tp{a)z, 
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where convergence is in norm. A similar argument shows that z(ip (x) ijj(ai)) z(ip >Si "ipia)) in norm 
for all z e B ^ D. 

It follows that there exists a unique C-strict to strict continuous linear extension (f0tp: Mc(A(g) 
C) ^ M{B(S)D) which is automatically a *-homomorphism by the C-strict (resp. strict) continuity 
of involution and the separate C-strict (resp. strict) continuity of multiplication in both algebras. 

Assume now that rj: Mc{A (g) C) ^ M{B ® D) is another extension of ® -0 and let m e 
Mc{A $5 C). If z € i? (8) -D, we can factor z = (1 (g) ^{c))y for some c G C and y ^ B®D to compute 

r]{m)z = ip(E) ■4'{m{l (g) c))y = g) %l){m)z, 

which implies j] = tp ip. This finishes the proof of (i) and (ii). 

If (f and ijj are faithful, then so is tp ^ ip: A ^ C — > M{B (g D) by Lemma A.l. Thus, if 
ip®i^{m) = for m G Mc{A ® C), it follows that <8) i){m{A (g C)) = {0}, which implies that 
m{A g) C) = {0}. Hence m = 0. This proves (iii). 

Finally, if ip{A) C B, it is first clear that ip®'^{A®C) C Md{B®D) since 93® V(a'S'c)(l(g)d) = 
f{a) g) ip{c)d € B ® D for all elementary tensors a g) c G A C and d G D. But this implies that 
(p®ip{A®C){l®D) C B®D, and applying the *-operation then gives (l0Li)((pg)^/'(Ag)C)) C B®D. 
Factoring D = (fi{C)D, a similar argument as in the proof of (i) then shows that ifi^ip: A^C ^ 
Md {B g) D) is C-strict to iJ-strict continuous, which implies that there exists a C-strict to iJ-strict 
continuous extension 

77: Mc{A C) ^ Md{B D), 

which is a *-homomorphism by C-strict (resp. D-strict) continuity of the algebra operations. But 
then the uniqueness clause of (i) implies that r] = ip^tjj. □ 

Some further information on C- multiplier algebras will be given in Section 4 of Chapter 1. 

2. Actions and their crossed products 

If G is a locally compact group, then ds denotes left Haar measure on G and A its modular 
function, i.e., we have Ji^f{s)ds = A{t) jQf{st)ds for all / G Cc{G),t G G. An action of G on 
a C*-algebra A is a strongly continuous homomorphism a of C into the *-automorphism group 
Aut(A) of A. We also call the triple {A, G, a) an action. If {A, G, a) is an action, then Cc{G, A) 
becomes a *-algebra with respect to the convolution and involution defined by 

(A.l) / * g{.s) = 1^ f{t)a,{g{t-\s)) dt and r(s) = A(s-i)a,(/(,s-i))*. 

A covariant homomorphism of {A, G, a) into the multiplier algebra M{D) of a C*-algebra D is 
a pair (tt, U), where -k: A ^ M{D) is a nondegenerate homomorphism and U: G ^ UM{D) is a 
strictly continuous homomorphism satisfying 

n ous = Ad UgOTT for all s G G, 

where for any unitary v we let Adv denote the usual conjugation automorphism Adv(b) = vbv*. 
A covariant representation of {A, G, a) on a Hilbert space 7i is a covariant homomorphism into 
M(/C(W)) = B{H). If (tt, f/) is a covariant homomorphism into M{D), then the integrated form 
TTXU: Cc(G, A) M{D) is defined by 

(A.2) (ttx [/)(/)= / w{fis))Usds. 

Jg 

With the help of [53, Lemma 7] it is not hard to see that n x U is well-defined and continuous with 
respect to the inductive limit topology on Cc{G,A). Also, for each covariant representation (tt, J/) 
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and each / e Cc(G, A) we have 

||(7rxC/)(/)l|< / \\f{s)\\ds, 
Jg 

from which it follows that for each / S Cc{G,A) we can form 

11/11 = sup{||(7r X U){f)\\ I (tt, U) is a covariant representation of {A,G,a)}. 

One can check that || • || is a norm on Cc{G, A). This loads to 

Definition A.7. Let {A,G,a) be an action. Then the completion A G of Cc{G,A) with 
respect to || • || is called the {full) crossed product of {A, G, a). 

Remark A. 8. (1) There is a canonical covariant homomorphism (iAjic) of {A,G,a) into 
M{A Xa G) given by the formulas 

i^Aia).f )is) = afis) - 

{ma))(s) = fis)as{a) (^gW)(.s) = A{t-^)f{sr^), 

f G Cc(G, A). It follows that if / G Cc{G, A), then {ia x iG)(/) = / as elements oi Ax^G. 

(2) The triple Xa G,iA,iG) enjoys the following universal property: For any covariant ho- 
momorphism (tt, U) of (A, G, a) into M{D) there exists a unique nondegenerate homomorphism 
-KxU: AxoiG-^ M{D) such that (tt x t/) o = tt and (tt x i7) o = [/. 

To see this observe that it follows from the definition of the greatest G*-norm on Cc{G, A) that 
the integrated form tt xU : Cc{G, A) M{D) is continuous with respect to this norm and therefore 
extends uniquely to a homomorphism ol AXq,G. Using an approximate identity of >1 x „ G which lies 
inside Cc{G, A), it is not too hard to check that the extension nxU: Ax^G^ M{D) satisfies all 
properties mentioned above. Conversely, if p: Ax^G Ad{D) is a nondegenerate homomorphism, 
then [p o lA, p o io) is a covariant homomorphism of {A, G, a) such that p = {p o ia) x (/? o ig). 
Thus, (tt, [/) H- > TT X {/ gives a one-to-one correspondence between the covariant homomorphisms of 
{A, G. a) and the nondegenerate homomorphisms of A x^ G. 

(3) In [50] the universal properties were used to define the full crossed product of {A, G, a) as 
a triple (G, kA^kc) satisfying 

(i) (fcyi, fcc) is a covariant homomorphism of {A, G, a) into M(G); 

(ii) kA{A)kGiC*{G)) is dense in G; 

(iii) if {tt,U) is any covariant homomorphism of {A,G,a) into M{D), then there exists a 
unique nondegenerate homomorphism ip^^u '■ G M{D) such that <^7r,!7 o fc^ = tt and 
Vtt,u oka = U. 

Clearly, {AXf^G,iA,iG) is a crossed product in this sense. Moreover, if (G, A;^!, feg) is any other triple 
satisfying (i)-(iii), then fc^ x fee : ^ x^^ G — > G is an isomorphism with inverse ^PiA^ia '■ G ^ Ax^G, 
where fi^AG is the homomorphism associated to («a7*g) by (iii). 

(4) It is sometimes useful to be able to consider integrated forms of pairs (tt, U) with it: A ^ 
M{D) a ^-homomorphism and U : G ^ UM{D) a strictly continuous homomorphism which satisfy 
the covariance condition Ti{as{a)) — UsTT{a)U* for all a G ^, s G G, but where tt: A M{D) is 
degenerate. We shall call such a pair a degenerate covariant homomorphism. As for nondegenerate 
homomorphisms we get a ^-homomorphism tt xU: Gc(G, ^) M{D) by integration. So the only 
problem is to see that w x U is norm-decreasing, in order to obtain a unique extension to A x^G. 
For this represent M{D) faithfully into BiTi) for some Hilbert space H. and write Tii = Tr{A)'H. 

^Onc can construct such an approximate identity as follows: for each compact neighborhood V of the identity 
e € G choose gy £ C'c(G)'^ such that supply C V and gY{s) ds = 1. Then, if {ai}i is an approximate identity 
of A, {iA(o-i)iG(9v)}(v,i) with ordering (V, i) < {W,j) V ^ W and i < j becomes an approximate identity of 
A Xa G. 
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Then wc get UsHi = Us'n'{A}H = tt{A)Us'H — 7r{A)H = Hi, from which we obtain a nondegenerate 
representation (tti, Ui) of {A, G, a) into B{Hi). The desired result then follows from ||7r x U{f)\\ = 
||7rixC/i(/)||forall/ea(G,^). 

The following (well-known) lemma serves as a first example of the usefulness of the universal 
properties of the full crossed product. It also indicates the conceptual similarity of full crossed 
products with maximal tensor products of C*-algebras. 

Lemma A. 9. Let (A, G, a) be an action and let B be a C* -algebra. Let id <Sict : G — > Aut(B(8)max 

A) be the diagonal action of G on B (E)ms^xA and let ks and kAx^G denote the canonical maps of B 
and AXaG into M{B (g)miix{AXaG)). Further write kA = kA-K^G°iA and kc — kAx^G^iG- Then 

{ks 8" kA) X kc: {B Omax -4) Xid0a G ^ B Omax {A x„ G) 

is an isomorphism. 

Proof. Just check (using the universal properties of the crossed product and the maximal 
tensor product) that {B (gimax {A x^ G), ks <8> kA, ka) satisfies conditions (i)-(iii) above. □ 

If A = C the crossed product C Xjd G is just the (full) group C* -algebra C*{G) of G. We write 
u: G ^ UM{C*{G)) for the canonical map (whenever a name is needed). Thus C*{G) enjoys the 
universal property that for any strictly continuous homomorphism V: G — > UM{D) there exists a 
unique nondegenerate homomorphism V: C*{G) — > M{D) such that V o u = V . In what follows 
we shall make no notational distinction between V and its integrated form (denoted V above), i.e., 
we simply write V{z) for z G G*{G). The reduced group C* -algebra C*{G) is the image of C*{G) 
under the left regular representation A: G ^ U{L^{G)) defined by {Xs£,){t) = ^{s~^t). Notice that 
A: G*{G) C*{G) is an isomorphism if and only if G is amenable [43, Theorem 7.3.9]. 

Example A. 10. One of the most interesting actions from the point of view of duality theory is 
the action (Go(G),G,t), where t: G ^ Aut(Go(G)) is given by left translation: Ts{f){t) ~ f{s~^t). 
If M : Go(G) B{L'^{G)) denotes the representation of Co(G) as multiplication operators on L'^{G), 
then it is easily seen that (M, A) is a covariant representation of (Co(G), G,t). If / € Gc(G x G) C 
Gc{G, Cq{G)), the integrated form of / can be written as 

((MxA)(/)^)(i)= / f{s,t)as-h)ds= [ A{s-^)f{ts-\t)as)ds. 

JG JG 

Thus, (M X A)(/) is an integral operator with kernel k{s,t) = A{s~^)f{ts~^,t) in Gc(G x G). 
Since the sot of integral operators with kernels in Gc(G x G) is dense in 1C{L^{G)) it follows that 
(M X A)(Go(G) x^ G) = /C(L2(g)). 

It is a nontrivial result that any representation of (Go(G),G, r) is unitarily equivalent to a 
representation of the form (M (g) 1, A 1) on L^(G) (S) Ti. for some Hilbert space Ti. For G = M" 
this is a reformulation of the uniqueness of the Heisenberg commutation relations, and for arbitrary 
G this is a special case of Mackey's imprimitivity theorem (for a good treatment of this special 
case sec [55], but wc shall give an independent proof in Corollary A. 66 below). It follows that 
M X A: Go(G) x^ G ^ K,{L^{G)) is faithful and Go(G) x^ G ^ K{L^{G)). 

Remark A. 11. The first part of the above example shows in particular that 

M(Go(G))A(G*(G)) = A(G*(G))M(Go(G)) = IC{L^{G)). 

A similar result is true for the right regular representation p: G ^ U{L'^{G)) given by {psOW — 
A(s)^/^^(ts). To see this, consider the self-adjoint unitary operator U on L^{G) defined by {U^){s) = 
A(s)- V2^(s-i) and observe that AdU o M = M and AdUoX = p. 
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If {A,G,a) and {B,G,(3) are two actions, then a homomorphism (p: A ^ M{B) is called G- 
equivariant if (po as = (3s°^ (where we implicitly extend each Ps to an automorphism of M{B)). If 
{iBjia) denotes the canonical maps of {B, G) into M{BXfjG), then we obtain a (possibly degenerate) 
homomorphism 

ip X G = {iB o X iG ■ A X a G —> M{B XjsG). 

li Lp: A ^ B is & G-equivariant isomorphism, then <y9 x G is an isomorphism between Ax^G and 
B X0 G with inverse given by (p~^ x G. 

Example A.12. Let {A,G,a) be an action and let (Co(G),G, r) be as in Example A.IO. Let 
a i8> T denote the diagonal action of G on A (g) Go(G) = A (Ximax Go(G). We want to show that 
(A(g)Go(G)) Xa(X)T G is canonically isomorphic to A(g)IC{L'^(G)). To see this define p: A(S)Co{G) — » 
A ® Go(G) by (p(/)(s) = a,-i{f{s)) for / G Go{G,A) ^ A(g> Go(G). Then it is straightforward to 
check that p is an (Q;(g)r) — (id(g)r) cquivariant isomorphism. Thus, (A(g)Go(G)) x^^rG is isomorphic 
to {A (g) Go(G)) Xid®T G, which in turn is isomorphic to A (g^ax (Go(G) x^ G) = A (g) /C(Z/^(G)) by 
Lemma A. 9, Example A.IO and the nuclearity of JC{L^{G)). 

We are now going to define the reduced crossed product of an action {A, G, a) . Writing a{a) (s) = 
as-i{a), we may view the action a as a homomorphism of A into Gb{G,A) C M{A ® Go{G)). It 
is straightforward to check that (i^, Iq) = ((id^ (8>M) o a, 1 (8> A) is a covariant homomorphism of 
{A, G, a) into M{A ® K.{L'^{G))). 

Definition A. 13. Let {A, G, a) be an action and let (i^, Vq) = ((id^ ®M) o a, 1 (g A) be as 
above. The reduced crossed product Ax^^rG is the image {i\ x iQ){A x„ G) C M{A (g /C(i^(G))). 
We usually regard (i^, Vq) as maps from [A, G) into M{A Xa^r G) and call them the canonical maps 
of (A,G) into M(A x„,rG). 

Remark A. 14. The reduced crossed product A Xa.r G actually lies in the /C(L^(G))-multiplicr 
algebra Mki(^i^2(^q-^-^{A®JC{L'^{G))). To see this it is enough to show that 1^(0)^^(2;) G -Mx:(i2(G))(^® 
1C{L^{G))) for allae A, z e C*{G), and since i^dz) G 1 (g> M{)C{L'^{G))) we can use part (in) of 
Proposition A. 5 to sec that it actually suffices to show that i'^{A) C M;c(L2(G))(A(g/C(L^(G))). For 
this we first observe that a{A) C Cb{G,A) ^ Mco{G){A ^ Go(G)) (see part (2) of Remark A.4). 
Then we use part (iv) of Proposition A. 6 to see that 

= {idA^M)oa{A) C (idA 0M) ((Mc„(G) (A ®Go(G))) C Mk^l^g)M^ IC{L\G))). 

Let w: A ^ ^{T^) be a (possibly degenerate) representation of A on some Hilbert space H. 

The induced representation IndTr: A Xq, G B{Tl (g L'^{G)) is defined as the integrated form of the 
covariant representation ((tt ig M) o a, 1 (g A) on the Hilbert space Ti (g L'^{G) = L'^{G, Ti). Thus we 
have 

Ind-TT = (tt (g id) o (i^ x Iq), 

which implies that Indvr factors through a representation of A Xq, G on (g) L'^{G). Note that 
by Proposition A. 6 the above composition makes perfect sense even if tt is degenerate, since by the 
above remark A Xa,r G = i\x i^(A x„ G) lies in the /C(L^(G))-multipIier algebra of ^(g/C(L^(G)). 
Since 7r(gid: A®1C{L'^{G)) B{H®L'^{G)) is faithful if tt is, it follows that Indvr factors through 
a faithful representation of A Xa^r G whenever tt is faithful. In this case we call IndTr the regular 
representation of {A, G, a) induced from n. 

Remark A. 15. In the literature, the reduced crossed product is often defined as the image 

Ind7r(A Xq, G) of any regular representation IndTr of (A,G,a). Of course, this would determine 
Axa,rG only up to isomorphism. However, it is often convenient to work with regular representations 
and to identify A Xa,r G with its image Ind7r(A Xa,r G) C B{H (g L'^{G)). Whenever we do this. 
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we also identify with (tt (8) M) o a and with 1 (g) A (although we will not do this outside of this 
appendix). 

The following lemma is quite useful: 

Lemma A. 16. Assume that a and (3 are actions of G on C* -algebras A and B, respectively. 
Assume further thatip: A M{B) is a {possibly degenerate) G-equivariant *-homomorphism. Then 
there exists a *-homomorphism 

ip XrG = {ig O if) X iQ-. A Xa.r G M {B Xp,r G) . 

Proof. We have to check that the homomorphism (i^ o ip) x Iq-. A x^ G ^ M{B Xjj^^ G) 
factors through A Xa.r G. For this consider the composition 

Ax^G M^^L^G)){A(^IC{L^G)) M{B ICiL^G))). 

Since (fi is G-equivariant, we have 

{(fi (8> id) oi^ = (ip(g) id) o (id^i ®M) o a 

= (ids 'SiM) o ((^ (g) id) o a = (ids <8)M) o p o (p. 

Since it is clear that {(p ® id) oic = ic (in the appropriate sense), it follows that 

{ip (g) id) o (i^ X i^) = it's oip)xi^G 

and the result follows. If Lp is faithful, then ip(E)id is faithful on M;c(j^2((j))(j40/C(Iy^(G)) 3 AXa^rG 
by Proposition A. 6. Hence (f XrG is faithful, too. □ 

Remark A. 17. It is helpful to observe that the homomorphisms 

ip X G: AXaG ^ M{B X13G) and ip Xr G: A Xa,r G ^ M{B Xi3^r G) 

arc given on elements of Gc{G,A) hy ip x G{f) = (p o f £ Gc{G, M{B)), acting on Cc{G,B) via 
convolution. 

If TT X y is a representation of A x^ G on W and [/ is a representation of G on /C, then we 
write {tt X U) ^ V : A Xa G ^ B{'H ® JC) for the integrated form of the covariant representation 
{n <Si1k,V ^U). We shall frequently use: 

Lemma A. 18. Let tt: A ^ B{H) be a representation of A, and let U be a representation of G 
on some Hilhert space K,. Then 

(i) (IndTr) ®U is unitarily equivalent to Ind(7r 1/c)- 

(ii) If K. = H and {n,U) is covariant for {A,G,a), then IndTr is unitarily equivalent to 
(tt X Z7) (g) A. 

Proof. For the proof of (i), identify ?^ (g /C ® i^^G) and Ti L^{G) (g^H with L^{G,n ® JC) in 
the canonical way and check that the unitary ly on L^(G,H(g)/C) defined by (VF^)(s) = {l(^Us)^{s) 
intertwines the representations. Similarly, for the proof of (ii) check that W € U{L'^{G,'H)) defined 
by {W^){s) = U4{s) does the job. □ 

As a first application we get: 

Proposition A. 19. If G is amenable, then i\ x i^: A x ^ G ^ A x^^r G is an isomorphism 
for any action a: G ^ Aut(j4). 
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Proof. Choose any faithful representation w x U of Axq-G on some Hilbert space 7i, and let 
1g- C*{G) = C*{G) C denote the integrated form of the trivial representation of G. We then 
have the identity 

(id ®1g) o ((tt X C/) (g) a) = tt X J7 
under the canonical identification Ti^€. = 'H. In particular, it follows that (tt x ?7) (8> A is injective. 
But Lemma A. 18 implies that (tt x J7) (8) A is unitarily equivalent to a regular representation of 

(A, G, a). Hence kcr(i^ x i^^) = kcr(7r xU)®\ = {0}. □ 

Note that C Xid G = C*{G) = C*{G) = C Xid,r G via i^. x = A if and only if G is amenable, 
so that the reduced crossed product does not coincide with the full crossed product in general. 
Wc should point out that it follows from Example A. 10 that every representation of Go(G) x^ G 
is faithful, so Go(G) x^ G = Go(G) x^^^ G even if G is not amenable.^ Anyway, reduced crossed 
products can be viewed in a certain sense as skew minimal tensor products of A with the reduced 
group algebra C*{G). For instance, parallel to Lemma A. 9 we have: 

Lemma A. 20. Let [A, G, a) he an action and let B he a C* -algebra. Then there exists a canonical 

isomorphism {B ® A) Xid(8c(.r G = B ® (A x^^r G). 

Proof. Let {ks ® kA) xkc- {B iJJmax A) Xi^^a G B (^max (AXocG) be the isomorphism of 
Lemma A. 9. Then it is easy to check that {ks (8) fc^) x ka transforms the homomorphism 

(ids (8>idA OM) o (ids Oa) x (1 1 A) : {B 0max -4) x^^^ G M{B O ^ O 1C{L'^{G))) 

to the homomorphism 

ids (8)((idA <8>M) o a x (1 A)) : S {A x„ G) ^ M{B ® A® 1C{L^{G))). 

But the image of the first map is {B®A) Xid(g,a,rG and the image of the second is B^{AXc,,rG). □ 

The combination of Lemma A. 9, Lemma A. 20, and Proposition A. 19 implies the important fact 
that A Xq, G is nuclear whenever A is nuclear and G is amenable: if B is any G*-algebra, then 

B (8)max (A Xa G) = {B (gj^ax A) Xid®a G = {B ® A) Xidi^a G 

^ (B ® A) Xid®a,r- G^B®{A X«,r G) ^ B ® {A X ^ G). 

3. Coactions 

If {A, G, a) is an action such that G is abelian, then there exists a natural action a of the dual 
group G of G on ^ Xa G given for / e Gc(G, A) by 

(A.3) aMs) = X{s)f{s). 

The famous Takesaki-Takai duality theorem asserts that the double crossed product A x „ G x a G 
is isomorphic to A /C(i^(G)), i.e., the double crossed product is stably isomorphic to A. If G is 
nonabelian, then G is not a group and there is no dual action to talk about. 

Coactions of groups on G* -algebras were mainly introduced in order to overcome this problem 
and to obtain a reasonable duality theory for actions of nonabelian groups. In order to define 
coactions of groups on G*-algebras let us first note that the group G*-algebra G*(G) of G carries 
a natural comultiplication given by the integrated form Sq: G*{G) M{C*{G) ^ G*(G)) of the 
strictly continuous homomorphism s ^ s (g) s € UM{C*{G) (8> G*(G)). It follows directly from the 
definition that 6g satisfies the comultiplication identity 

{Sg <Si idc) oSg^ (idc «"5g) ° Sc. 



^If the regular homomorphism i^^ X Iq: A Xa G —^ A Xc,,r G is not faithful, can the C*-algebras A Xa G and 
A Xcx,r G still be isomorphic? Presumably so, but we do not know an example. 
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Definition A. 21. A (full) coaction of a locally compact group G on a C*-algebra A is an 
injective and nondegenerate homomorphism 5: A ^ M{A (g) C*{G)) satisfying 

(i) 5{A){1 ® C*(G)) CA(g)C*{G), and 

(ii) {S i8) idc) o6= (id^ ^Sg) o 6 as maps from A into M{A (g) C*(G) (g) G*(G)) (the coaction 
identity). 

We also call the triple {A, G, 5) a coaction. A coaction S is called nondegenerate if 

(iii) 5(A)(1(8)G*(G)) = ^ (g G*(G). 

It might be helpful to realize that Condition (ii) above simply means that the diagram 

A > M{A ® C* (G)) 

M{A (g) G*(G)) M{A (g G*(G) (g> G*(G)) 

commutes. 

Remark A. 22. (1) If we apply the *-operation to the inclusion in item (i) of the definition, we 

obtain the inclusion (1 ® C* {G))5{A) C A $5 C*{G). This shows that condition (i) of the definition 
is equivalent to the requirement that 5{A) hes in the G* (G)-multiplier algebra Mc*(g){-^ ® G*(G)) 
of ^ (g) G*(G) (see Definition A.3). In order to simplify notation we shall write Mg{A G*(G)) for 
Mc'(G){A ® G*(G)) and will call it the G -multiplier algebra of A (g) G*(G). 

(2) The easiest example of a coaction is Sg itself, which is a coaction of G on G*{G). The notion 
of a coaction we use here is that of a full coaction of G on A in the sense of [47] . The term full refers 
to the fact that wc use G*(G) instead of the reduced group algebra C*{G), which had for quite some 
time been the standard setting in the literature {e.g., see [26, 34, 31, 35]). Full coactions were 
first introduced in [53] , using maximal tensor products instead of the minimal tensor products we 
use here. We shall discuss the (relatively small) differences between the diff'erent approaches later 
(see Section 9 below). 

(3) Somehow irritatingly, the word nondegenerate has two meanings in connection with coac- 
tions. By definition, every coaction is a nondegenerate homomorphism of A into M{A (g) G*(G)) 
{i.e., S{A){A (g G*(G)) = A (g G*(G)), but being nondegenerate as a coaction is the apparently 
stronger condition that S{A){1 (g) G*(G)) = A0 C*{G). The reason for this terminology is that a 
nondegenerate coaction determines a nondegenerate module action of the Fourier algebra A{G) on 
A (see Proposition A.31 below). It is actually an open question whether every coaction is automat- 
ically nondegenerate, although it has been settled aSirmatively for G amenable [34, Lemma 3.8], 
[31, Proposition 6] and G discrete [2]. 

Example A. 23. If G is abclian, then there is a one-to-one correspondence between coactions 
of G and strongly continuous actions of the dual group G. To see this let us identify G*(G) with 
Go(G) via the Fourier transform T: C*{G) Gq{G) given by T{x){x) = x{x)- A brief calculation 
shows that the comultiplication 5g is then translated to the formula 

fc(/)(x,M) = /(XM)Ga(GxG) 

for / £ Go(G),x,M G G. If a: G ^ Aut(A) is an action, then a determines an injective and 
nondegenerate homomorphism 6°" : A G^{G, A) C M{A (g Go(G)) by the formula 

(5"(a)(x) ax{a) for a £ A, x G G. 
Condition (i) of the definition is, in this setting, equivalent to (5" taking values in the subalgebra 
C^{G, A) of M{A (g) Go(G)). The coaction identity (ii) follows from a straightforward computation. 
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using multiplicativity of a. Thus (5" is a coaction of G on A. Conversely, ii 5: A Cb{G,A) is 
any injective nondegenerate homomorphism which satisfies the coaction identity, then we obtain an 
action of G on A by putting Pxi^) = ^{^){x)- 

Before we present some other important examples of coactions we need 

Lemma A. 24 (c/. [53, Remarks 2.2]). Let 5: A ^ M{A ® C*{G)) he a nondegenerate ho- 
momorphism which satisfies conditions (i) and (ii) of Definition A. 21 above. Let 1g- G C 
denote the trivial representation of G and let us identify A with A^C in the canonical way. Then 
So (id^ ®1g)oS = S. In particular, 6 is injective {hence a coaction) if and only if (id^ ®1g) °'5 : A 

A is the identity on A. 

Proof. It follows from (i) that (id^ (g)lG)((5(a)(l(8)z)) G A for all a e A, z e C*{G), and hence 
that (id^ ®1g) ° S{a) £ A. Since (idc ®1g) ° ^g{s) = (idc <8>1g)(s <Si s) = s for all s G G, we have 
(idc (8i1g) oSg = idc- This together with (ii) gives 

(5(a) = (idA <8) idc <8)1g) ° (idyi ^Sq) o S{a) = (id^ 'Si ida ®1g) ° {Sa S idc) o 6{a) 

= {5S la) o 6{a) = 6{{idA SlG){S{a))) . 

This completes the proof. □ 

Remark A. 25. The map id^ ®1g : M{A (g) C*(G)) M{A) above is the first appearance of a 
slice map. We shall see later that more general slice maps play an important role in the theory. 

Example A. 26. Let {A,G,a) be an action, let {iA,iG) denote the canonical maps from {A,G) 
into M{A Xq, G) and let u denote the canonical map from G into M{C*{G)). The dual coaction of 
G on >1 Xq; G is defined as the integrated form 

a= {iASl) X {iaSu): A x„G^M((A x ^ G) S) C* {G)) . 

Let us check conditions (i) and (ii) of Definition A. 21. For (i) we consider the map ^ : Cc{GxG, A) 
{AXaG)SC*{G) given by 

*(»)= [ {iASl){f{s,t)){iG{s)Su{t))d{s,t). 

Jgxg 

If z e Ge(G,yl) and w e Gc(G), let zow{s,t) = z{s)w{s-H) e Gc(G x G,A). Then 
a{z){l Su{w)) = / {iAS'i-){z{s)w{t)){iG{s) 'Siu{st))d{s,t) 

JgxG 

= / {iAS)l){z{s)w{s-H)){iG{s)S>u{t))d{s,t) 

JgxG 

= ^{zow) e (Ax„G)oG*(G). 

Hence (i) follows from the fact that Cc{G,A) and Cc (G) are dense in A x „ G and G* (G) , respectively. 
Now we check (ii). Since a{iA{a)) = iA{a) (8) 1 we first get 

{a (g) idc) o a{iA{a)) = iA{a) (g 1 (g) 1 = (id^x^G SSg) o a{iA{a)) 

for all a € A, and using S(ig(s)) = ig(s) S s and 5g(s) = s (g) s G M(G*(G) G*(G)) we get 

(a (g) idc) o a{iG{s)) = iG{s) g) s g) s = (id^x^G SSg) o a(jG(s)) 

for s € G. Hence (ii) follows from integration. Finally, injectivity follows from Lemma A. 24 by 
observing that (id^XcG <8)1g) oa = ia xiq- 

Note that a is always nondegenerate. This follows from inductive- limit density of Cc{G,A) o 
Gc(G) in Gc(G xG,A), continuity of \E' with respect to the inductive hmit topology on Gc(G x G, A), 
and density of *(Gc(G x G, A)) in {A x„ G) G*(G) (since it contains Gc(G, A) Gc(G)). 
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It is a good exercise for the reader to check that in case where G is abehan, the dual coaction 
a corresponds to the dual action of G on ^ G under the correspondence given in Example A. 23. 
The next example shows that we also have a dual coaction on the reduced crossed product Ax^^r G. 

Example A. 27. Let (1^,^^) denote the canonical maps of {A,G) into M{A x^.r G), and let 
u: G ^ M{C*{G)) be as above. Then Lemma A. 18 implies that {i\ 1) x (i^ ® u) factors through 
a faithful representation 3" of AXa,rG into M{{A Xa.r G) ® G* (G)) (write «^ x = Ind tt for some 
regular representation IndTr and use part (i) of Lemma A. 18 to deduce that (i^ (x) 1) x {1^ (g> v) is 
injective). Exactly the same arguments as in the preceding example show that a" is a nondegenerate 
coaction of G on ^ x^^^ G, which is called the dual coaction of G on A Xa,r G 

It turns out later that S" is the normalization of the coaction a of Example A. 26 (see Propo- 
sition A. 61 below). This is the motivation for using the superscript "n" in our notation. However, 
we shall often skip the"n" if no confusion is possible — in particular, we shall always write a instead 
of S" in the main body of this work. 

The following example shows that coactions of G restrict to coactions of G/N for any closed 
normal subgroup N of G. In such a situation we shall always assume that Haar measures on G/N 
and N are normalized so that J^, f{s) ds = Jq^j^ I{sn) dndsN for all / G Cc{G). 

Example A. 28. Let {A,G,5) be a coaction and let be a closed normal subgroup of G. Let 
q: G ^ G/N denote the quotient map. Identifying sN e G/N with its image in M{C*{G/N)) we 
may view g as a unitary homomorphism from G into UM{C*{G/N)) whose integrated form is the 
quotient map q: G*{G) C*{G/N) (to see that it takes values in C*{G/N) and is surjective one 
checks that it restricts on Cc{G) to the surjective map Gc(G) Cc{G/N) given by q{f){sN) = 
jj^ f{sn) dn). Then 

^1 = {idAf^q) o 5: A ^ M{At» C*{G/N)) 

is a coaction of G/N on A, which is called the restriction of 5 to G/N. Note that Condition (i) of 
Definition A. 21 follows from 

(A.4) 5\{a){l^q{z)) = (id^ <8)g) ((5(a)) (1 9(2;) = (idAi8)g)(<5(a)(l 2;)) 

for z e C*{G), and the coaction identity for ^| follows from applying id^ ®g (8) g to both sides of the 

coaction identity for S. Since ^g/n ° <1 = Id injectivity of S\ follows from Lemma A. 24. Moreover, 
it is a direct consequence of Equation (A.4) that 5\ is nondegenerate if S is. 

The next example shows that any coaction of a closed subgroup H of G inflates to a coaction 

of G. 

Example A.29. Let H be a, closed subgroup of G. Let ip: C*{H) M{C*{G)) denote the 
integrated form of u\h' H — > M(G*(G)), where u: G M{C*{G)) denotes the canonical map. 
If [A^ H, e) is a coaction, then Inf e = (id^ (gxf) o e is a coaction of G on A: Condition (i) of the 
definition follows from factoring z G C*{G) as z = ip{v)w for some v € C*{H) and w G G*(G), and 
computing 

(A.5) Inf e(a)(l ® z) ^ {iAa ®(^)(e(a)(l ®v))(l®w) &A® C*{G). 

Condition (ii) follows from {ip ® ip) o 5h = <5g ° and injectivity of Inf e is a consequence of 
Lemma A. 24 and the fact that Ig\h — Iff- We call Inf e the coaction inflated from e. Note that 
(A.5) also implies that Inf e is nondegenerate if e is nondegenerate. 
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4. Slice maps and nondegeneracy 

Slicing in tensor products is one of the basic tools in the theory of coactions. In particular, 
slice maps are indispensable for the study of covariant representations of coactions. Thus we now 
provide the basic facts about slice maps which are needed in this work. 

If B is a C*-algebra and p: B B{'H) is a nondegenerate representation, then h i— > {p{b)^,r]) 
is a continuous linear functional on B for each £^,r] gH (called a matrix coefficient of p), and every 
element of B* can be written in this way. We denote by B* the matrix coefRcients of p. There are 
canonical left and right actions of M{B) on B* (respectively B*) given by 

(A.6) m- f{b) = f{bm) and f ■ m{b) = f {mb) 

for m e M(B), f G B* (respectively / e B*). For f{b) = {p{b)^,r]) in B* we can factor rj = p{c)C 
and ^ = p(c')C' for some c,c' £ B and C' G Thus, if g, g' G -B* arc given by g{b) = {p{b)£,, C,) 
and g'{b) = {p{b)(', tj) we see that f = g ■ c* = c! ■ g' . The possibility of factoring elements f G B* 
as above turns out to be essential. 

If A and B are C*-algebras and f £ B*, then the slice map Sf. AQ> B ^ A defined by 

Sf(j2aiiE)bA =^ai/(6,) 

^i=l ^ i=l 

extends to a bounded linear map oi A^B into A of norm ||/||. We shall frequently use the following 
lemma, which is essentially [35, Lemma 15]. We give an alternative and (probably) more elementary 
proof here. 

Lemma A. 30 (c/. [35, Lemma 1.5]). Sf extends to a strictly continuous linear map Sf. M{A<S: 
B) M{A) satisfying 

(A. 7) Sb-f{rn)a = Sf{m{a®b)^ and aS f .b{m) ~ S f [{a ® b)m)j 

for all a G M{A), f € B* and b £ M{B)? If m & M{A (g) B) such that Sf{m) = for all f G B* , 
then m = 0. Finally, if p: A — »• M{D) is a nondegenerate homomorphism then 

(A.8) Sf o{piSiidB) = po Sf. 

Proof. It is straightforward to check that (A.7) holds for all m G A (g) B. To see that Sf 
extends to M {A (g) B) write f = c- g ■ d iov some c,c' & B and g € B*. Then, for m G M{A B) 
and a G A, define 

Sf{m)a = Sg.c'{m{a® c)) and aSf{m) = Sc-g{{a® c')m). 

The maps a i— > Sf{m)a and a aSf{m) satisfy the double- centralizer property: 

{aSf{m))b = Sc.g{{a (g) c')m)b = Sg{{a (g) c')m(6 (g) c)) = a{Sf{m,)b) 

for all a,5 G A, so Sf{m) G M{A). If {mi},£/ is a net in M{A (g) B) which converges strictly to 
m G M{A<SiB), then 

Sf{mi)a = Sg.c> {mi{a (g> c)) Sg.c' {m{a ® c)) = Sf{m)a 

for all a G A (since Sf is norm continuous on A® B). Similarly, aSf{mi) — > aSf(m) for a G A, 
which proves that Sf is strictly continuous. Since Sf extends the slice map on A® B and A® B 
is strictly dense in M{A g) B) this also shows that the definition of Sf{m,) docs not depend on the 
particular factorization f = c ■ g ■ c' . But this implies that (A.7) holds for all a G A, 6 G .B and 
m G M{A (g) B). Further, if a G M{A), b G M{B) and / = c • 5, then 

Sb.f{m)ad = S(i)(.yg{m)ad = Sg.c'{m{ad 6c)) = Sc-g{m{a (g> b))d = Sf{m{a (g> b))d 
^Note that our definition of the action of B on B* differs from that used in [35]. 



118 



A. CROSSED PRODUCTS BY ACTIONS AND COACTIONS 



for all d E A, which implies that Sb-f{m)a = Sf{m{a ^ b)). Similarly, aSf.b{m) — Sf{{a 6)m), so 
(A.7) holds for all a e M{A),bG M{B), and m e M{A (g) B). 

If g € A*, f G B*, then g ® f € {A (g) B)* extends to a strictly continuous functional on 
M{A (g) B). Moreover, the set {g ^ f \ g e A* , f € B*} separates the points of M{A (g) B)^. Since 
m I— > g{Sf{m)) and {g ® f){m) arc both strictly continuous and clearly agree on A i?, they 
also agree on M{A (g) B). Thus, if Sf{m) = for all / € B*, then (5 (g /)(m) = g{Sf{m)) = for 
all g e A*, / e -B* which implies m = 0. 

The final assertion now follows because both sides of Equation (A. 8) are strictly continuous and 
coincide on A^ B. □ 

In this work we are mainly interested in the case B = C*{G) for a locally compact group G. 
In this case we can identify C*{G)* with the Fourier- Stieltjes algebra B{G) of G, which consists 
of all bounded continuous functions on G which can be expressed as matrix coefficients of unitary 
representations of G, i.e., a function / e -B(G) is of the form /(s) = (Vg^,??), where F is a unitary 
representation of G on a Hilbert space W and ^,r] € H. Of course, if x € G*{G) (or M(G*(G))) 
and / G B{G) with /(.s) = then f{x) = {V{x)^,t]). In particular, we have f{u{s)) = f{s) 

if u: G — » UM{C*{G)) denotes the canonical map. Note that B{G) becomes an involutive Banach 
algebra when equipped with the dual norm, pointwise multiplication and the involution / 1— > /. 

The Fourier algebra A{G) is the (closed) *-subalgcbra of B{G) consisting of all matrix coeffi- 
cients of the left regular representation A, i.e., A{G) = G*{G)\. The nontrivial fact that A{G) is an 
algebra can be deduced from the fact that A ® A is unitarily equivalent to A (g Il'^^g) (Lemma A. 18) 
and that A © A is unitarily equivalent to A (g) 1^2. One can show that A{G) is dense in Go(G) with 
respect to the supremum-norm. Moreover, the subalgebra Ac{G) of compactly supported elements 
is dense in A{G) (which follows from the fact that the compactly supported elements are dense 
in L'^{G)) and for each compact subset G of G there exists an element / € Ac{G) with f\c = 1- 
For more details on A{G) and B{G) we refer to [23]. The following proposition indicates that any 
nondegenerate coaction turns A into a nondegenerate A(G)-module. 

Proposition A.31. Let {A,G,S) be a nondegenerate coaction. Then for all f e B{G) the 
composition Sf = Sf 06 maps A back into itself, and span{5/(a) \ a G A, f G A{G)} is dense in A. 

Proof. Let x G G*(G) and / e A{G) with f{x) = 1. Let a e .4 be given. Since S{A){mC*{G)) 
is dense in ^ (g G*{G) we can approximate a (g a; by a finite sum 5{ai){l (g Xi) with Oi € A 

and Xi e C*{G). Then, using Lemma A. 30, we get 

(n \ n n 

^ (5(ai)(l (g Xi) j = ^ Sa,^.f{5{ai)) = ^ 4i-/(ai)- 
i=l ^ i=l i=l 

□ 

Note that by [47, Corollary 1.5] the converse of the proposition above is also true, i.e., 5 is 
nondegenerate if and only if span{5j(a) | a G A, / G A(G)} is dense in A. 

5. Covariant representations and crossed products 

We are now going to introduce covariant representations of coactions. Of course, if G is abclian, 
these should coincide with the covariant representations of the corresponding action [A, G, a) as 
discussed in Section 3. So let us start our discussion with a covariant homomorphism (tt, V) of an 

action {A,G,a) into M{D), where G an abclian group. Identifying G*{G) with Co{G) via Fourier 
transform we may view the integrated form of as a homomorphism fi: Go(G) —>■ M{D). Thus 

^To see this, choose faithful representations tt and a oi A and B and observe that {g f){m) = for all 
g 6 A*,f 6 B* implies that (tt <T)(m) = 0, and hence m = since tt ® cr is faithful on A (g) B. 
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we may expect covariant homomorphisms of coactions (A, G, 6) to be pairs of nondegenerate maps 
(7r,M) with TT-.A^ M{D),ii: Co{G) M{D). 

Since (5": A ^ Cb{G,A) C M{A ® Co{G)) is given by the formula S"{a){x) = a^ia), the 
covariance condition on (tt, V) can be expressed as 

(A.9) (7r®id)((5(a)) = i/(7r(a)®l)V* 

in M{D (E) Co(G)), where V G UM(D eg) Cq(G)) is given by the strictly continuous function x K^. 
Since the canonical embedding of G into M{G* (G)) = Gb{G) maps a character x G G to the function 
s I— > x(s)) and since the Fourier transform T: C*{G) — > Co{G) maps s G M(G*(G)) to the function 
X xC^) in Cb{G), it follows that 

where wq denotes the function s i— > u{s) in ?7M(Go(G) Cg) G*(G)). Applying the inverse Fourier 
transform (or more precisely ids ®J-~^) to both sides of Equation (A.9) we see that the covariance 
condition for (tt, V) translates into the condition 

(tt (g) idc) o 5"{a) = (;U (g) \dG){wG){i^{a) O 1)(m idG)(«'G)* 

in M{D ^ C*{G)). Thus we are led to the following definition of covariant representations for 
coactions. 

Definition A. 32. Let {A,G,5) be a coaction and let wq G UM{Ci){G) ® C*{G)) be given 
by the map s i— > u{s): G — > UM{G*{G)). A covariant homomorphism of (A.G.S) into M{D) is 
a pair (tt, /x) of nondegenerate homomorphisms of {A,Go{G)) into M{D) satisfying the covariance 
condition 

(A.IO) (tt (g) idc) o 6{a) = (/x O idG)(«^G)(7r(a) (g) 1)(;U (g idG)(wG)*- 

If Z) = /C(W) for some Hilbert space H, then (tt, fi) is called a covariant representation of (A, G, 6) 
on W. 

Remark A. 33. It is sometimes useful to work with pairs (7r,/i) in which the homomorphism 
tt: A ^ M{D) is degenerate, but the pair (7r,/x) satisfies all other conditions on a covariant repre- 
sentation (including nondegeneracy of fi: Go(G) M{D)). We shall call such a pair a degenerate 
covariant representation of {A,G,5). Note that the covariance condition (A.IO) makes sense if tt 
is degenerate, since 6{A) e Mg{A ® C*{G)), and tt (g idG extends uniquely to Mg{A (g G*(G)) by 
Proposition A. 6. 

However, if not explicitly stated otherwise, all covariant representations in this work are assumed 

to be nondegenerate as in the definition. 

When working with covariant representations, it is often necessary to recover the nondegenerate 
homomorphism /X : Go(G) — > M{A) from the unitary (/i(gidG)(wG) S f7M(A(gG*(G)) and to know 
some further properties of this unitary. For notation: if m S M{A (g G) for some G*-algebra C 
then mi2, TO13 € M{A (g G (g G) are defined by TO12 = m (g 1 and rriis = (id^ (gS)(m (g 1), where 
S:G(gG— >G(gG denotes the flip isomorphism c (g 1— > ig c. 

Proposition A.34 (c/. [48, Lemma Al, Lemma A2]). Let A be a C*-algebra and let 
11: Go(G) — »■ M{A) be a nondegenerate homomorphism. Then 

Sf {{n ® idG){wG)) = Kf) for all f € B{G) C Cb{G). 

Moreover, w = (/x ig idG)(wG) satisfies the equation w\2W\3 = (a* <g '^g)(wg) = (id^ ig(5G)(w')- 
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Proof. First, we have Sf{wG) = f for all / G B{G). To see this let s e G and let Xs ■ Cb{G) 
C denote evaluation at s. Using Lemma A. 30 we get 

Xs{Sf{WG)) = Sf{{Xs^ldG){WG)) = Sf{lc^u{s)) = f{s). 
Again using Lemma A. 30 this implies 

Sf{{^l^idG)iwG)) = f^iSfiwG)) = l^if). 

From the definition of wg it follows that (wg)i2(wg)i3 G M{Co{G) ® C*(G) C*{G)) is given by 
the map s i-^ u{s) (g u{s), which clearly coincides with (idGo(G) '^^g)(wg)- Applying /x idG idG 
to both sides gives W12W13 = (/U (8) 5g){wg) = (id^ <SiSg){w) for w = (/x (g) idG)(wG)- D 

Remark A. 35. In fact, there is a certain converse to the above result: If w £ U M {A iSi C* (G)) 
satisfies «;i2i«i3 = (idA®(JG)(w) in M{A (g C*{G) g) C*{G)), then w = (p g) idG)(t«G) for some 
nondegenerate homomorphism /x: Go(G) M{A) (see [48, Lemma A.l]). Of course, the above 
result then implies that ii{f) = Sfiw) for all / G B{G) C Cb{G). 

Proposition A. 36 (c/. [53, Lemma 2.10]). Let (tt,^) be a {possibly degenerate) covariant 
homomorphism of {A,G,d) into M{D) for some C* -algebra D. Then 

G*(7r,M)=7r(^)MCo(G)) 

is a C* -algebra. 

Proof. The result will follow as soon as it is clear that an element ix{f )i:(a) can be approx- 
imated in norm by a finite sum ^i''^{ai)n{fi), where /, /i G A{G), a,ai G A. So let / G A{G), 
and factor f ~ g ■ x ioi some x G G*{G) and g G A{G). The covariance identity together with 
Lemma A. 30 and Proposition A. 34 gives 

/x(/)7r(a) = 5/ (((/X (g idG)(«;G)) (7r(a) ® 1)) = 5/ ((tt g) idG(5(a))) ((/x ® idG){wG))) 
= Sg ((tt (g> idG((l (g a;)5(a))) ((/x (g idG)(wG))) • 
Approximating (1 (g x)5{a) G A (g G*(G) by a finite sum (g Xi then implies 

/x(/)7r(a) « 5*9 f 7r(a,) ® ((/x g) idG)(wG)) j 

= ^ 7r(ai)S'g.a,i ((/X (g idG)(wG)) = X] '^i^i)l^i9 ■ Xi), 

i i 

which completes the proof. □ 

The following proposition shows that covariant homomorphisms do exist. 

Proposition A. 37 {of. [53, Proposition 2.6]). Ifn is a nondegenerate homomorphism of A into 
M{D), then ((tt (g A) o ^, 1 (g M) is a covariant homomorphism of {A, G, S) into M{D (g /C(i^(G))). 

Proof. We first establish the identity 

(A.ll) (A (g idG) oSg = Ad(M g) idG)(wG) o (A (g 1). 

Applied to s G G (regarded as an element of UM{C* (G))) the left hand side becomes As eg s. To 
compute the right hand side at s, assume that G*(G) is represented faithfully on a Hilbert space 
n. Then for ^ G L'^{G, H) and t G G we get 

((M \dG){WG){Xs (g 1)(M ® idG)(WG)*0 W = Ki^s ® 1)(M idG){WGTC) W 
= t{{M ® idG)(WG)*0 = t{t-h)^{s-H) = {{Xs ® s)Cj {t). 
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Thus (A. 11) follows from integration. Together with the coaction identity this implies 
((tt (g) A) o J (g) idc) o S{a) = (tt (g) A ® idc) o (J g) idc) o S{a) 
= (tt (gi A (8> idc) o (idA <8)fc) o S{a) 
= (tt (g) id^: (g) idc) o (id^ (g(A (g> idc) ° Sq) ° S{a) 

= (tt (g> idx; (g idc) ((1 M (g) idG)(wG) ((id^ (g>A)((5(a)) (g) l) (1 (g) M (g) idG)(wG)*) 
= (1 (g)M(gidG)(wG)((7i' ® A)((5(a)) ig) l) (1 M (g idG)(w^G)*, 
which completes the proof. □ 

Definition A. 38. Let w. A M{D) be a nondcgenerate homomorphism. Then the covariant 
homomorphism IndTr = ((tt (g A) o 5, 1 (g M) of {A, G, (5) into M{D (g 1C{L'^{G))) is called the homo- 
morphism of {A, G, a) induced from n. If tt is faithful, then IndTr is called a regular homomorphism 
of {A, G, a). 

Somewhat surprisingly, it turns out that for coactions there is no difference between full and 
reduced crossed products. In fact we are now going to define the crossed product by a coaction 
as the C*-algebra generated by a certain regular representation (similarly to the definition of the 
reduced crossed product A x^^r G as given in Definition A. 13) and then show that this crossed 
product enjoys universal properties similar to those enjoyed by the full crossed product A G of 
an action a: G ^ Aut (A) . However, if wc view the crossed product AxgG as a. skew tensor product 
of A with Go(G), this might be less surprising in view of the fact that any commutative G*-algebra 
is nuclear. 

Definition A. 39. Let {A, G, 6) be a coaction and let {jAjja) = ((idA (gA) o 5, 1 (g M) be the 
regular homomorphism induced by id^: A ^ A. Then Axg G — C*{jA,jG) is called the crossed 
product of the coaction {A, G, S). The maps {jAjjc), viewed as maps of {A, Go(G)) into M{AxsG), 
are called the canonical maps of {A, Cq{G)) into M{A Xg G). 

Remark A. 40. By definition, the crossed product A G is a subalgcbra of M(Ag)/C(L^(G))). 
It is important to observe that it actually lies in the X^(Z/^(G))-multiplier algebra M;c(l2(g))(^ <g 
/C(L^(G))). To see this just observe that 

ja{A) = {SdA®\)o5{A) c {iAa®\){Mg{A®C*{G))) c M^^L^ayM® ]C{L\G))), 

where the last inclusion follows from Proposition A. 6. Since jG{Co{G)) = 1 (g M(Go(G)) C 1 (g) 
M(/C(L2(G))), it follows from item (iii) of Proposition A.5 that A Xs G = jA{A)jG{Co{G)) C 
MK:(i2(G))(^®/C(L2(G))). 

Theorem A. 41 (c/. [53, Theorem 4.1]). The triple {A Xs G,jA,jG) satisfies the following 
universal property: if (7r,yL() is any covariant homomorphism of {A,G,d) into M{D) for some C* - 
algebra D, then there exists a unique nondcgenerate homomorphism tt x fj,: A Xg G ^ M{D) such 
that (tt X /i) o J A = TT and (tt x /i) o Jq = 

Moreover, if {'K^fi) is a degenerate covariant homomorphism, then there exists a unique {degen- 
erate) homomorphism it x fj,: A Xs G ^ M{D) such that tt x l-i{jA{a)jG{f)) = T^io^lJ-if)- 

Definition A. 42. The homomorphism tt x /z of Theorem A. 41 is called the integrated form of 
the covariant homomorphism (tt, /x) of {A, G, 6). 

Remark A. 43. (1) It is not hard to check that if p: A Xs G ^ M{D) is a nondcgenerate 
homomorphism of A x^ G, then (p o jj^, p o jo) is a covariant homomorphism. We then have 
p = [p o ja) X {p o jq). Thus, (7r,/u) I— > TT X gives a one-to-one correspondence between the 
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(nondegenerate) covariant homomorphisms of {A, G, 5) and the nondegencratc homomorphisms of 
AxsG. 

(2) As for actions, one could alternatively define the crossed product via universal properties, 

triple {C,Ia,Ig) satisfying 

(i) {I A, Ig) is a covariant homomorphism of {A, G, 6) and C = C*{Ia, Ig)', and 

(ii) for every covariant homomorphism (7r,/i) of (A, G, (5) into M{D) there exists a unique 
nondegencratc homomorphism TT X /i : C M{D) such that ttxiioIa — n andirx fiolQ = fi. 

Of course, for any such triple (C, Ia, Ig), the C*-algebra C is isomorphic to AxgG via the integrated 
form Ia Ig- A Xs G ^ C with inverse map Ja x Jg- C ^ A Xs G, where Ja x jc is the map 
associated to {jA,jG) by (ii). 

(3) If IndTT — ((tt A) o (5, 1 (g) M) is any regular homomorphism of {A, G, 6) induced by the 
faithful homomorphism tt: A ^ M{D), then its integrated form (also denoted IndTr) is a faithful 
homomorphism of ^ Xs G. For this one observes that 

Ind TT = (tt (g) id^:) o Ind id^ = (tt (8> id^;) o {Ja x jc), 

which is faithful since tt ® id^; is faithful. 

(4) For abelian G, the reader can check without too much difficulty (using the Plancherel 
isomorphism I/^(G) L'^{G)) that regular representations of (A, G,a) correspond to regular rep- 
resentations of {A, G,5°'), which implies that AXaG = AxsaG. 

The proof of Theorem A. 41 we give here is based on the proof of [35, Theorem 3.7]. We need 
the following lemma. 

Lemma A. 44. Let (tt. //,) he a [possibly degenerate) covariant homomorphism of (A, G, S) into 
M{E) for some G*-algebra E, let W = {^J. ® X){wg) G M{E ® IC{L^{G))) and let e: Go(G) ^ 
M(Go(G) ® Co{G)) be the comultiplication on Co{G), i.e., e(/)(s, f) = f{st). Then 

(A.12) AdW* o (tt (g) X) o 6 = TT ^ 1 and AdW* o {1 ® M) = M) o e. 

Proof. The first equation follows from applying id^ (8)A to both sides of the covariance condi- 
tion TT (g) 1 = Ad((/(x (8> idG){wG)) o (tt (81 idc) o S. For the proof of the second equation we first show 
that 

(M ® A(u;g))*(1 ^ M{f)){M ® X{wg)) ^ [M ® M){e{f)) 

in B{L^{G X G)). For this write Wg = M X{wg). Then (WgO(s, t) = ^{s, s'H), from which it 
follows that 

{W^{1 ® M{f))WGO (s. = ((1 ® M{f))WGO (s, St) = fist) {WgO is, st) 
= f{st)^{s,t) = ((M0M)(e(/))^)(s,i). 

Since M is faithful on Go(G) wc get the equation 

{idr^X{wG))*{l ® M{f)){idr^X{wG)) = (id®M)(e(/)) 
for all / e Go(G), and applying ^ ® id/c to both sides of this equation gives the desired result. □ 

Proof of Theorem A. 41. Let (tt, /i) be a (possibly degenerate) covariant homomorphism of 
iA,G,d) into M{D) and let W = (jj X){wg) £ UM{D (g) K,{L^{G))). Further let ip: Ax^G ^ 
M{D (g) K{L?{G))) denote the restriction to A G of the homomorphism 

Ad W^* o (tt ® idK:) : M^^l2^^g)){A ® ICiL^G))) ^ M{D (g KiL^G))). 
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Using Lemma A. 44, we get 

<p{jA{a)jG{f)) = v{iid®\){S{a)){l^Mf)) 

= W* {{tt X){6{a))WW* Mf)W = (7r(a) ® 1)(^ M) (e(/)) 

toi a e A, f G Co{G). It follows that ip{A Xg G) lies in the image of M{D ® Cq{G)) under the 
homomorphism idn ®M: D (g) Co{G) —>■ M{D /C(L^(G))). Since idn is faithful, we therefore 
obtain a homomorphism tp: A Xs G ^ M{D ^ Co{G)) satisfying 

i>{3A{a)3G{f)) = (7r(a) ® id)(e(/)). 

Let Xe : Cq{G) — > C denote evaluation at the identity e G G and define 

nx ij,= {ido ^Xe) ° 'fp ■■ AxsG^ M{D). 

We then have 

TT X fi{jA{a)jG{f)) = {ido ®Xe)((7r(a) ® (g) id)(e(/))) 

= (ids «)Xe)((7r(a) (g) l))(idD (gXe)((At «> id)(e(/))) 
= 7r(o)(M O Xe)(e(/)) = 7r(a)/i(/) 

for all a S A, / G Co(G), where the identity (/x ® Xe)(e(/))) = follows from the equation 

(idco(G) '^Xe)(e(/)) = / for / e Co((j). If tt is degenerate, then so is tt x fj,, since 

TTXfi{Axs G)D = Tv{A)fi{CQ{G))D = TT{A){ii{Ca{G))D) = tt{A)D ^ D. 

If TT is nondegenerate, then as a composition of nondegenerate homomorphisms, tt x /x is nondegen- 
erate, too. We then have 

(tt X ii)ojA{a) = {idn (8>Xe)(7r(a) ® 1) = 7r(a) 

for a & A, and 

(tt X m) °iG(/) = (MOXe)(e(/)) = 
for all / e Co(G). □ 

Definition A. 45. Let {A, 5) and {B, e) be coactions of G. A (possibly degenerate) homomor- 
phism (fi: A^ M{B) is called S — e equivariant if (g) idc) o 5 = e o c/j. (Note that the composition 
on the left hand side is well-defined by Proposition A.6 since 5{A) C Mg{A (g) C*{G)).) 

Lemma A. 46. Let {A, S) and {B, e) be coactions ofG and letcp: A —> M{B) he a 5—e equivariant 
homomorphism. Then there is a well-defined homomorphism 

ipxG = {jBOip)xjG:AxsG^ M{B x^ G), 

where {jB,jG) '■ (B, Co{G)) M{B x^ G) denotes the canonical pair of maps. Moreover, ip x G is 
nondegenerate if (and only if) ip is nondegenerate, and ip x G is faithful if ip is faithful. 

Proof. The covariance condition for {jb^Jg) (except nondegeneracy) extends to [jb o fjjG)- 
Thus (fixG is well-defined. If ip is nondegenerate, then so is Jb ° ^ and hence ipxG = {Jb oip>)x Jg- 
So suppose finally that (fi is faithful, and consider the composition 

AxsG MK^L2^G))iA^lCiL^{G))) MiB ^ lCiL^{G))). 
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Using the definition of Ja, Jb and jo, and the 6 — e equivariance of Lp we compute for all a S A and 

^ ® idK{3A{a)3G{f)) = ® idx: {{iS^A ®A) o 5(a)) (1 ® M{f))) 
= ((ids (8>A) o{ip® idc) o 5{a)) (1 ® M(/)) 
= ((idB®A)oe((^(a)))(l®M(/)) 

= is o f{a).iG{.f), 

which implies that (f x G coincides with the above composition of maps. Thus, if is faithful, the 
composition {ip <S: id)c) o {Ja x Jg) is faithful by Proposition A. 6. □ 

6. Dual actions and decomposition coactions 

In Example A. 26 we saw that for any action {A, G, a) there is a dual coaction S of G on ^4 x„ G. 
Obversely, for any coaction {A, G, 5) there is a dual action of G on A Xs G. 

Definition A.47. Let Axs G = C*{jA,jG) be the crossed product of the coaction {A,G,S). 
For s e G let as denote right translation on Go(G), i.e., as{,f){t) = f{ts). Then 5: G —^ Aut(Ax5G) 
defined by Sg — ja x {jg ° cTs) is called the dual action of G on A xg G. 

Remark A. 48. Note that dg is given on a typical clement of the form jA{a)jG{f) by 

Ss{jA(a)jG{.f)) = .iAiajjcicTsif))- 

Since right translation on Go(G) is continuous it follows that 6: G ^ Aut(A xg G) is strongly 
continuous. 

In the main body of the paper we need to work with a certain canonical coaction, the decom- 
position coaction 6^'^'^ of G on A x^i G/N, where (5 is a given coaction of G on A and is a closed 
normal subgroup of G. (The reason for this terminology is that, by [44, Theorem 3.1], A XgG can 
be decomposed into a twisted crossed product of A x^| G/N by 5'^^'^.) We are now going to describe 
this coaction. 

Lemma A. 49. Let {A,G,3) and N be as above. The formula 

(A. 13) <5^'^^(jA(a)jG/w(/)) = Cm ® id) o 5{a){jG/N{f) ®l) for a e A J e Go{G/N) 

defines a coaction of G on Axg^ G/N, which is nondegenerate if S is. 

Proof. First, it is easy to see that (jA(8>id)o(5 and Jg/n®^ are nondegenerate homomorphisms 
of A and Go(G), respectively, into M{{Axs\ G/N)^C*{G)). We show that {{jA®i^)o^,3G/N <H) 1) 
is a covariant pair: for a G A we have 

Ad(jG/w ® 1 ® id)(wG/w)((jA ® id) o 5{a) ® l) 

= Ad(id®(T)((jG/jv ® id)(wG/Af) ® «)id) o (5(a) ® l) 

= (id^cr) o Ad((jG/jv ® id)(wG/Af) ® l) o (id®cr)((jA «)id) o (5(a) (g) l) 

= (id(g)(T) o (Ad(jG/Ar ® id)(wG/Af) ® id) o {jA (g) 1 (Xi id) o 5(a) 

= (id(g)tT) o (Ad(jG/Ar ® id)(t«G/w) ° {jA (8) 1) id) o 6{a) 

= (idigxr) o [{jA ® id) o5\® id) o (5(a) 

= {jA <8) id (g) id) o (id (gxr) o {5\ (g) id) o 5{a) 

= {Ja id (g) id) o{6^id)o6\ (a) 

= {{Ja <8) id) o (5 O id) o 6\{a). 
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Thus there is a nondegenerate homomorphism 5^°'=: A x^] G/N M{{A Xs\ G/N) (g) C*{G)). 
This homomorphism is injcctivc, because (letting Iq denote the trivial character on G) {\A^1g) ° 
{Ja i8)id) o (5 = Ja o [id^lc) °S = Ja and (id^lc) o {Jg/n <8i 1) = Jg/n- The coaction identity holds 
because 

(g) id) o Jd^'^ o jA = ((5'*"" ® id) o (jA eg) id) o ,5 = (,5d<='= o Ja g) id) o 5 

= {{Ja g) id) o (5 g) id) o (5 = {Ja (g id g) id) o ((5 (g id) o 5 

= {jA g) id g) id) o (id gjJc) o J = (id gx^c) o (Ja g) id) o (5 = (id gxJc) o o 

and 

(5<l^^ ® id) O Jdcc „ ^-^^^ ^ (^dec ^ jj) ^ (^.^^^ ^ ^) ^ (^dcc „ ^^.^^^^ ^ ^ 

= Jg/w (g 1 gi 1 = (id (gcSc) o (jg/w (g 1) = (id (gx^c) o (5'^'"= o jc/jv- 
Also, for a e ^, / e Cq(G/N), and c e C*(G) we have 

^'''''^(iA(a)iG/Jv(/))(l ®c) = [jA ® id) o 5{a){jG,N{f) ® c) 

= (j^ ® id)(5(a)(l c))(jG/Jv(/) ® 1) e {3a{A) ® C*{G)){3G/N{f) ® 1) 
C (Ax^i G/7V)®C*(G). 

Hence J'^®'^ is a coaction. 

Now assume 5 is nondegenerate. We must show 5'^'^'^ is nondegenerate, too. If a € A, / € 
Co{G/N), and c e G*(G) we have 

^''''(jA(a)jG/Jv(/))(l ® c) = {jA <g id) o (5(a)(jG/jv(/) <^ 1)(1 ® c) 

= {jA 8) id) o ^(a)(l g) c){jG/N{f) ® !)• 

The latter elements densely span (j^g)id)(A(gC*(G/A^)) (jG/Af(Co(G))(gl), which of course densely 
spans {A x^, G/A^) ig) G*(G). □ 

7. Normal coactions and normalizations 

Normal coactions and normalizations of coactions will play a fundamental role in this work. We 

start the discussion with: 

Definition A. 50. A coaction {A, G, S) is normal if jA - A ^ M{A xs G) is injective. 

Remark A. 51. Since for every covariant homomorphism (tt, /i) of {A, G, S) the homomorphism 
TT of A factors through jA (which follows from (tt x /k) o jA = tt) we see that a coaction i5 is normal 
if and only if it has a covariant homomorphism (or representation) (tt, /i) with n faithful. 

Example A. 52. Recall from the preceding section that if {A,G,6) is a coaction and A'' is a 
closed normal subgroup of G, then the decomposition coaction 5'**'^ of G on j4 x^| G/N is defined 
on the generators by 

S'''''{jA{a)jG/N{f)) = {ja ® id) o S{a){jG/N{f ) ® !)• 

Suppose S is normal. We will now show that S'^'^'^ is normal, too. It suffices to show that there is 
a covariant homomorphism {n,ii) of {A Xg^ G / N , G , 6^'^'^) with tt faithful. We take n = j^ x jgI 
and /U = ja; as we mention in Appendix B, our hypotheses on 6 guarantee that tt is a faithful 
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nondegenerate homomorphism of A Xg\ G/N into M{A Xs G). So, it remains to verify that the pair 
(tt, fi) is covariant: we have 

Ad(jG O id)(«;G) o [jA x jcl) o [jA O 1) = Ad(jG id)(«;G) o [Ja ^ 1) 

= {ji ® id) o ^ = ((jG X jcl) o i^/^ ® id) o ^ 

= (Oa ® id) ® id) o (i^/^ ® id) o <5 = ((jG X jcl) ® id) o ^^ec 

and 

Ad(jG (8) id)(wG) o (j4 X j'gI) o [jg/n i8) 1) = Ad(jG <8) id)(wG) o (jcl 1) 

= id «) 1 = (iA X jcl) o ic/Af ® 1 

= {Ua X icl) ® id) o {jc/N 1) = ((iA X jcl) ® id) o 5'^"" o ja/j^. 

In what follows next we show that for every coaction 5 there exists a canonically-defined normal 
coaction ^" such that 5 and 5" have the same representation theory and crossed products. 

Definition A.53. Let {A, 6) and {B, e) be coactions of G. If A — > S is a J — e equivariant 
isomorphism, then we say that (/3 is a conjugacy between 8 and e. We say that 5 and e are conjugate 
if there exists a conjugacy between 5 and e. 

Remark A. 54. It is straightforward to check that conjugacy defines an equivalence relation, and 
that if : j4 — > B is a conjugacy, then the homomorphism (p x G: AxgG ^ B x^G oi Lemma A. 46 
is an isomorphism with inverse ip~^ x G. 

Lemma A. 55 (c/. [45, Proposition 2.4]). Let (tt, fj) he a covariant homomorphism of the coaction 
{A,G,5) into M{D). Then the map 5'': tt{A) M(7r(^) ® C*{G)) defined by 

7r(a) Ad((^ (g) idG)(wG)) ('''(a) (g) l) 

is a normal coaction of G on 7r(A) which is nondegenerate if 5 is nondegenerate. Moreover, n: A ^ 
n{A) is 6 — 6^ equivariant. 

Proof. The covariance condition for (tt, /x) implies that 

(A.14) ^'*(7r(a)) = (tt (g) idG) o S{a). 

This shows that S'^ takes values in M{Tr{A) (g) C*{G)) and 

6^'{'K{A)){1 O C*{G)) = TT ® idG {S{A){1 C*{G))) C 7r(A) (:7*(G). 

Of course we have equality if S is nondegenerate. The coaction identity for S^^ follows from applying 
7r(gidG "g idG to both sides of the coaction identity of 6. Finally, observe that (id7r(A)) m) is covariant 
for 5^, so 6^ is normal by Remark A.51. □ 

Of course, by identifying Tr{A) with A/ker7r we may also view S^^ as a coaction on A/kein. 

Definition A.56. Let {A,G,S) be a coaction and let A" = jA{A) = A/kevjA- Then 5" = 
SJG . An _^ C*{G)) is called the normalization of 6. 

Remark A. 57. It follows from Lemma A. 55 that 6" is nondegenerate if 5 is nondegenerate. 
The converse is shown in [47, Proposition 2.5]. 

Since Ja- A ^ A" is 6 — ^" equivariant we see that if (tt, /x) is a covariant homomorphism 
of (A",G, (5"), then (tt o j^,/i) is a covariant homomorphism of (A,G,S) and C*{tt o jA,n) = 
C*(7r,/x). Conversely, since kerj^ C kerp for every covariant homomorphism {p,iy) of {A,G,6) 
(see Remark A.51) it follows that every covariant homomorphism of {A, G, S) arises this way. 

The following proposition is now completely straightforward. 
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Proposition A.58 (c/. [47, Proposition 2.6]). For any coaction {A,G,6), the map 

jA xG: A xa- G^A" x^n G 
is a 5 — 5'^ equivariant isomorphism. 
As an interesting corollary we get: 

Corollary A.59 (c/. [47, Corollary 2.7]). Let {A,G,S) be a coaction and let it: A ^ M{D) 
he any nondegenerate homomorphism of A such that kerw C kevjA- Then 

IndTT = (tt O A) o (5 X (1 O M) : A X5 G ^ M{D O IC{L'^{G))) 

is faithful. 

Proof. Let y : ^{A) — »• jA{A) be such that ipon = Ja- Since o Ja = {Ja ® idc) o5 we have 

((^ o TT (g) A) o (5 = [Ja ^ X) o 6 = (idA" (8>A) o J" o Ja . 

Thus it follows from the proposition and Theorem A. 41 that ® id) o (tt (8> A) o 5 x (1 (g) M) = 
{Ja A) o (5 X (1 (g) M) is faithful on A xa G = ^" x^,. G. □ 

We can even strengthen the above result as follows: 

Proposition A. 60. Let {A,G,6) be a coaction and let n: A —>■ M{D) be a nondegenerate 
homomorphism such that ker(7r <8) A) o J = ker j^. Then IndTr: ^4 x^ G — > M{D (g) /C(i^(G))) is 
faithful. 

Proof. Let us assume that D is represented faithfully on the Hilbert space H. By Corol- 
lary A.59 we know that 

Ind ((tt (g A) o (5) = ((tt a (g A) o (5 (g idc) o ,5) x (1 (g 1 (g M) 

is a faithful representation of ^ x^ G on W ® L^(G) (g) L'^{G). Hence the result will follow if we can 
show that Ind ((tt (g A) o (5) is unitarily equivalent to (IndTr) ® 1. For this let U G U{L'^{G x G)) 
be defined by {U£){s,t) = A(i)^^/^^(sf^-'^, s). A quick calculation shows that U* is given by 
{U*S,){s,t) = A(s~^<)^/^^(t, s~^i). Using this, another straightforward computation shows that 

(A.15) U{{\ (g A) o 5g{s)) U* = C/(A, (g A,)C/* = A, (g 1 

for all s e G and 

(A.16) C/(l (g) M(/))Z7* = M(/) (g 1 

for all / G Go(G)^. Using this and the coaction identity for 6, we get 
(1 (g C/)((7r (g A (g A) o (5 (g) idc) o 5{a)) (1 U*) 

= (1 (g [/) ((tt (g A A) o (idA oSg) o S{a)) (1 (g C/*) 
= (1 C/) ((tt ((A A) o ^g)) o S{a)) (1 J7*) 
^^i^^ (tt (A 1)) o S{a) = ((tt A) o S{a)) 1 
for a G A, and (A.16) clearly implies that 

(1 U){1 1 M(/))(l [/*) = 1 M(/) 1 
for / G Go(G). This completes the proof. □ 

•■^Notice that U is the composition U = V^W^., wiicrc {WcOis, t) = £,{s, s^^t) and {Vg$)(s, t) = A{ty/'^^{st, t). 
Ad W^Q moves lig)MtoM®Moe and (A®A)o(5(3 toA®l, where e is the comultipUcation on Co (G) , and Ad 
moves M(g)MoetoM®l. 



128 



A. CROSSED PRODUCTS BY ACTIONS AND COACTIONS 



The most enlightening example of normalizations is possibly given in the case of dual coactions. 

Proposition A. 61. Let (A, G, a) be an action and let a be the dual coaction of G on A XaG. 
Then the normalization S" of a is the dual coaction of G on A x^^r G. Hence a is normal if and 
only if i^^ X i^: A Xa G ^ A x„ ,. G is an isomorphism. Moreover, the double crossed products 
A Xa G Xa G and A Xq, ^ G Xgn G are canonically isomorphic. 

Proof. Let tt x J7 be any faithful representation of ^ x„ G on a Hilbert space TL. Then 
Theorem A. 41 implies that we can write jA^aG = (tt x [/ ® A) o 3. By the definition of a it follows 
that JaxcG ° = '""(o) ® 1 a-nd jAx^G ° ^gIs) = Us (E) A^, where (iA, ic) denotes the canonical 

map of {A, G) into M(j4 x^G). Hence ja^^g = {it®\)x(U ®\), which by Lemma A. 18 is unitarily 
equivalent to a regular representation of A G. Thus, identifying A x^^r G with jAxaCi^ Xa G), 
we get = TT 1, = C/ ® A. 

By definition (using Jax^g — ^a ^ *g)' '^"^ determined by the equation 

a" o (i^ X ig.) = {{lA X «g) ® i^g) o a. 

But the right hand side applied to the elements iA{a),iG{s) £ M{A x^ G) gives i^(a) (g) 1 and 
*g(*) ® •^j respectively. Hence, a" is precisely the dual coaction of G on ^ Xa,r G as defined in 
Example A. 27. The final assertion now follows from Proposition A. 58. □ 

Example A. 62. As an interesting application of the above results we now show that 
(/C(L^(G)), A, M) is a crossed product for the coaction (G*(G), G, J"^). By Proposition A.61 we 
know that the normalization Sq is the coaction on C*{G) determined by the map A^ A^ ® u{s) 
for s e G (note that So is just the dual coaction on G*{G) = C Xid G). Consider the trivial 
representation 1^: G ^ C of G. Then Indlc = (1g ® X) o 5g y- [Ic ® M) = X x M. Thus 
ker(lG eg) A) o (5(3 = kerA, which by Proposition A.61 coincides with jc-'{G)j a-iid it follows from 
Proposition A. 60 that A x M is a faithful representation of G*(G) x^^ G. Since we already observed 
in Remark A.ll that G*(A,M) = A(G*(G))M(Go(G)) = JCiL^iG)), the result follows. 

Example A. 62 should be compared with Example A. 10, where we mentioned that 
(/C(L^(G)), M, A) is a crossed product for the action (Go(G),G, r). Note that for the latter 
result we had to refer to a deep theorem of Mackey (the imprimitivity theorem) , while the result on 
(G*(G), G, Sg) is a natural outcome of the theory of coactions. We shall see below (Theorem A. 64) 
that there is a natural isomorphism between G*(G) x^^ G and Go(G) Xr G, so the result for 
(Go(G), G, r) will actually be a consequence of the above example. 

8. The duality theorems of Imai-Takai and Katayama 

In this section wc want to deduce the classical duality theorem of Imai and Takai for actions 
and the duality theorem of Katayama for coactions, i.e., the analogues of the Takesaki- Takai duality 
theorem for nonabelian groups. We start with a result which is actually more general than what we 
need here, but which will be important later. 

Let {A, G, a) be an action and let be a closed normal subgroup of G. Recall from Exam- 
ples A. 26 and A. 28 that the restriction a\ of the dual coaction a to G/N is the integrated form 
of the covariant homomorphism (iA <E) 1,2g <l) of (A,G,a) on M{A x^ G Cg) C*{G/N)), where 
q: G ^ G/N C M{C*(G/N)) denotes the quotient map. In what follows next we first want to show 
that {A Xa G) X51 G/N is canonically isomorphic to the crossed product {A (g) Co{G/N)) Xq,^^ G, 
where t: G ^ Aut{Co{G/N)) is given by Ts{f)(tN) = /{s^'^tN), as in Example A.IO. 

Recall that if (7r,/Lt) is a pair of commuting nondegenerate homomorphisms tt: A — > M{D), 
fi: Cq{G/N) — > M{D), then (since Co{G/N) is nuclear) there is a nondegenerate homomorphism 

TT (8> /x: A (8> Cq{G/N) M{D) 
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which is determined on elementary tensors by tt (8) /x(a (x) /) = n(a)fi{f), and every nondegenerate 
homomorphism A (g) Co{G) arises this way. Since the canonical maps A M{A (S) Co{G/N)), 
Cq{G/N) — > M[A®Cq{GIN)) are G-equi variant, it follows that a triple (7r,/i, 1/) of nondegenerate 
homomorphisms tt: A M{D), ji: Go{G/N) M{D), V : C*{G) -* M{D) determines a covariant 
homomorphism (tt <8) /U, V) of (^4 Co{G/N), G,a®T) if and only if 

(i) TT and fi have commuting ranges in M(D), 

(ii) (tt, V) is covariant for a, and 

(iii) {n, V) is covariant for r. 

Proposition A.63 (c/. [53, Examples 2.9]). The assignment (tt g) ytx, V) ^ {-k x V, n) is a one- 
to-one correspondence between the covariant homomorphisms of {A <S: Go{G/N),G,a ^ t) and the 
covariant homomorphisms of {A G, G/N, a\). Moreover, 

((tt^m) X V){{A(E,Co(G/N) x„^^ G) = ((tt x V') x /i)(Ax„G Xa, G/N). 

Proof. Wc only have to check that conditions (i)-(iii) above are equivalent to the covariance 
condition for (tt x V, fi) with respect to a\. First note that, by Lemma A. 30, the covariance condition 
for (tt X V, fi) is equivalent to 

(A.17) 5/((7r X y ®idG/jv) oa|(c)((^®idG)(wG/Ar))) 

= Sf {in (g) idG/N){WG/N){T^ X V{c) (g) 1)) 

for all c e ^ Xa G, / e B{G/N). By integration it is enough to check this equation on all elements 
«A(a), iG(s) e M{A Xa G). For c = iA{a), using Lemma A. 30 and Proposition A. 34, the left-hand 
side of (A.17) becomes 

Sf{{-K{a) ® 1)(m <8) idG)(u'G)) = 7r(a)S'/((/Lt (g) idG)(u'G)) = 7r(a)Ai(/), 

and a similar computation shows that the right hand side of (A.17) becomes )u(/)7r(a). Thus, since 
A{G/N) is norm-dense in Cq{G/N) and weak*-dense in B{G/N) we see that having (A.17) hold 
for all c = iA{(i) G iA{A) and / € B{G/N) is equivalent to (i). For c = iais) the left hand side of 
(A.17) becomes 

Sf{{Vs ®q{s)){ljL®iAG/N){WG/N)) ^s'S'/.g(s)((M® idG/Jv)(wG/7v)) 

= K/i(./-9(s)) = V;M(r.-i(/)), 

while the right hand side becomes i.i{f)Vs. Thus, having (A.17) hold for all c = iG{s) and / e 
B{G/N) is equivalent to (iii). 

The last assertion follows from the equality 

i,{A)ii{Cq{G/N))V{C*{G)) = n{A)ViC*iG))fi{Co{G/N)). 

□ 

Let us write ® ico{G/N) for the canonical map 

U®Co(G/JV) : A ® Co{GlN) ^ M{{A ® CoiG/N)) x„®r G). 
We define an action f3: G/N ^ Aut((A ® Go(G/A^)) x„g,^ G) by 

fisN{iA{a)ico(G/N){f)iG{z}) = iA{a)ico{G/N){'ysN{f))iG{z), 

where CTsat denotes right translation by sN. The following theorem is now a consequence of Propo- 
sition A.63 and the universal properties of the crossed products. 



130 



A. CROSSED PRODUCTS BY ACTIONS AND COACTIONS 



Theorem A. 64. Let {A,G,a) be an action and let N be a closed normal subgroup ofG. Then 
there is a f3 — a\ equivariant isomorphism 

{A <g> Co{G/N)) x^^r G = (A x„ G) x^, G/N 

taking iA,g)Co(G/N){a®f)iG{c) to jG/N{f)3AxG{iA{a)'iG{c)) foraeA,fe Co{G/N), andce C*{G). 

We also present a reduced version of Theorem A. 64. 

Theorem A. 65. Let {A,G,a) be an action and let N be a closed normal subgroup of G. Then 
there is a (3 — a\ equivariant isomorphism 

{A ® Cq{G/N)) Xo^^r.r G^{A Xa^r G) x^, G/N 

taking i;4^Co(G/JV)(" ® f^ci'^) iG/Jv(/)jAx,G(»!4(«)»G(c)) for a € A, f e Co{G/N), and c € 
C*{G). 

Proof. We show that, up to unitary equivalence, there are regular representations of {A ® 
Co{G/N), G,a®T) and {A x„,r G, G/N, a\) which match up as in Proposition A. 63. This will give 
the result. 

We start with a faithful representation tt: A ^ B{n). Let W^'^ : Co(G/N) B{L^{G/N)) 
and M^: Co{G) — > B{L'^{G)) denote the respective representations by multiplication operators. 
Consider the regular representation 

n = Ind(7r (8> M^/^) = (tt M<=/^ M^) o (a o r) x (1 1 O A) 

of {A (gi Co{G/N)) x„0r G onH(g) L'^(G/N) ® L'^{G) (and recall that in this formula we view a r 
as a homomorphism of A® Cq{G/N) to M{A (gi Co{G/N) Cq{G)) as in Definition A.13), and the 
regular representation 

A = Ind(Ind7r) = ((tt ® M^) o a x (1 «) A)) o 3| x (l (g) 1 (g) M^/^) 

of [A Xc,,r G) x^ G/N onH® L^{G) (g> L^{G/N). Define a unitary operator U-.H^ L'^{G/N) (g 
L'^{G) ^H(S)L^{G)(S)L^{G/N) by 

iUO{t,sN)=^{t-hN,t). 

for C G L^{G/N xG,n)= n®L'^(G/N)®L'^{G). Moreover, let's write i''A®iho(G/N) ^a®Co(g/jv) 
and jA X JG for jAxrG- We claim that 

(i) Ad J7 o n o = A o j^, 

(ii) AdJJonoij;^^^,^^^ = ^° 3Co(G/N)-, and 

(iii) AdJ/oHoi^ = AojG- 

Since Ad Uoli and A are faithful on the respective (reduced) crossed products, the result will follow 
from Proposition A.63. For (i), for a G ^ and ^ G L'^{G x G/N,n) ^H® L^{G) ® L^{G/N) we 
compute 

( Ad f/ o n(i^(a))^) {t, sN) = {U{n (g M^/^ (g o (a (g r)(a (g 1)U*^) {t, sN) 
= ((tt (g M° (g M°/^) o (a (g r)(a (g 1)U*^) {t'^sN, t) 
= 7r(at-i (a)) (U*^) {t-^N, t) = n{at-i (a))^(i, sN) 
= ((tt (g o a{a) ® 1)^) {t, sN) = (A o jA{a)^) {t, sN). 
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For (ii) (writing (tt » M) instead of (tt ® M'^/^ ® Af^) o{a® t)), for / e Co{G/N) compute 
( Ad [/ o U(t^Co(G/N) im) it. sN) = ([/(tt ®Mr{l® f)U*^) (t, sN) 

= ((tt ® MHl ® /)C/*0 = ^(^t- if)){U*0 it~'sN, t) 

= Tt-i{f){t-hN){U^){t-hN,t) = f{sN)^{t,sN) = {{1^1^ M){f)^){t,sN) 
= i^o jc,^G/N){fmt,sN), 
and for (iii), for r e G we compute 

{AdUo n(i^(r))^) {t, sN) = ([/(I (g) 1 (g) A(r))?7*^) (i, sTV) 

= ((1 (g) 1 (8> A(r))?7*^) (i-^sTV, t) = (U*^) {rhN, r-H) 

= ^{r-H, r-'^sN) = ((1 (8> A(r) A<=/^(rAr))^) {t, sN) = (A o jcWC) sN). 

□ 

In case = {e} and ^ = C wc get, as a corollary of Theorem A. 64 and Example A. 62, the 

complete proof of the statement of Example A. 10. 

Corollary A. 66. {)C{L^ (G)) , M , X) is a crossed product for {Co{G),G,t). 

Another (more general) consequence of the special case N = {e} together with Example A. 12 
is the Imai-Takai duality theorem for actions. 

Theorem A.67. Let {A, G, a) be an action. Then 

{Ax„G)xaG^A^ ]C{L'^{G)), 

equivariantly for the double dual action a and for the action a ^ Ad p, where p denotes the right 
regular representation of G on L^{G). 

The only statement in the above theorem we haven't explicitly shown so far is the statement 
about the action a. But this can be done by checking carefully what the isomorphism of Exam- 
ple A. 12 does to the action /? of the theorem. Since the dual coaction of G on A x^.r G is the 
normalization of a, we get from Proposition A. 58 a reduced version of the above result 

Theorem A. 68. There exists ana — a^ Ad p equivariant isomorphism 

{A x„,r G) xa G ^ ^ K,{L'^{G)). 

We now turn our attention to the duality theorem of Katayama, where we consider the double 
crossed product {A G) xj G of a coaction {A,G,d). Unfortunately the situation is a bit more 
complicated in this case, since the crossed product AxgG doesn't seem to see the full algebra A but 
rather only the quotient jA{A) of A. So in principle we cannot expect to recover A from the double 
crossed product. However, that this reasoning is somewhat too naive follows from [45, Theorem 
3.7] which shows that full duality does work for all dual coactions on full crossed products, which 
are very often not normal (see also the discussion in [19, §3]). 

Theorem A. 69 (c/. [31, Theorem 8]). Let {A,G,S) be a nondegenerate coaction. Then the 
reduced double crossed product A Xg G x-^ ^ G is isomorphic to {A/ kev Ja) /C(L^(G)). 

For the proof we need 

Lemma A. 70 (c/. [31, Theorem 5, Theorem 8]). Let 6: A M{A^C*{G)) be a nondegenerate 
coaction, and let Wq = M ® \{wg). Then 

(A.18) (idA OA) o 5{A){1 }C{L^{G))) = A 1C{L^{G)) 
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and 

(A.19) (1 (g) Wg) {{idA ®A) o S{A) (g) l) (1 (g) W^){1 (g 1 (g IC{L^{G))) 

= {{idA «>A) o S{A)) (g /C(l2(G)). 

Proof. It follows from Remark A.U that A(C*(G))M(Co(G)) = K.{L^{G)). Since 6 is nonde- 
generate we have (idA (S)A) o 5{A){1 C*{G)) = C*{G). Multiplying both sides of the equation 
with 1 g) M(Co(G)) from the right we get (A.18). 

Since Ad Wq o (A ig) 1) = {X® \) o 5g (which follows from applying id g)A to Equation (A. 11)), 
we get 

(1 (g) Wg) ((idA (8>A) o 6{A) l) (1 W^) = {idA OA (g A) ((id^ (8>fc) o 5{A)) 
= {idA (8>A (g A) ((5 (g) idc) o 6{A)) = {idA (8>A id^;) ((5 (g> A) o 5{A)) 
Thus, the left hand side of (A.19) becomes 

(idA 0A idx:) o (,5 id;c)((idA 0A)(5(A))(1 X:(L2(G)))) 

^^i^^ (idA OA idx:) o (5 idK){A X;(l2(G))) 
= ((5 A) o 5(A)) 0X;(L2(G)). 

□ 

Proof of Theorem A. 69. Let us assume that A is faithfully represented on a Hilbert space 
H. By Theorem A. 41, tt — (idA 0A) o (5 x (1 eg M) is a faithful representation of A X5 G on 
Ti® L?{G), and then Ind tt (the regular representation of ( A x 5 G, G, (5) induced from tt) is a faithful 
representation of Ax^Gxj^G on W0 i^(G) L'^{G). Let us write kA,kc{G) and 'i'G for the 
compositions IndTr o i^Ax^G ° JA, IndTr o i'Ax^G ° a-nd ij^, respectively, where (^axsG'^g) denote 
the canonical maps of (A x^ G, G) into M(Ax5Gxj^G). By definition of IndTr we have 

kA{a) = ((idA 0A) o 5{a)) 1, fcc(G)(/) = 1 ((M M) o v{f)) 
and fcG(s) = 1 1 A5, 

where v: Co{G) ^ Cb{G x G) is defined by v{f){s,t) = /{st'^). We define ^ = (1 Wg){1 5*), 
where W^g = M A(wg) and 5: L^(G x G) —>■ L^{G x G) is the self-adjoint unitary operator 
{SO{s,t) = A(t)-i/2^(s^t-i). Since ^(A 1)5 = A 1 we have Ad(l S) o fcA = kA- For 

^ € L-^{G X G), we compute 

{WgSHM M) o iy(/))5W5e)(s,i) = A(t-is)i/2^(M M) o iy(/))5W5e)(s,i"^s) 

= A(<-is)i/V(t) (5W5e) (.S t-'s) = /(t)e(s, i) = ((1 M(/))e) (., t), 

which implies that AdF o kc(G) = 1 1 M, and the identity WgS{1 A)^^^ = 1 (8) p implies 
that Ad FofcG = l0l0/9, where p: G ^ U {L'^{G)) denotes the right regular representation of G. 
Thus, since Ca{G)p{C*{G)) = IC{L^{G)) by Remark A. 11, it follows that 

AxsG xj_^ G = AdF(fcA(A)) Ad T/(fcG(G)(C^o(G))) Ad V{kG{C*{G))) 

= ((10 Wg) ((idA ® A) o (5(A) 1) (1 W5)) 

• (l0l0M(Go(G)))(l0l0p(G*(G))) 

= ((10 Wg) ((idA 0A) o S{A) l) (1 W^)) (l 1 IC{L^ (G))) 
^^i') ((idA OA) o 5(A)) /C(L2(G)). 
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Finally, (idA 0A) o 5 — Ja by definition, so the proof is complete. 



□ 



9. Other definitions of coactions 



As mentioned before, full coactions were first introduced by the fourth author in [53] using 
maximal tensor products instead of the minimal ones we use here. Although we shall see below that 
this definition has some disadvantages, we should point out that the approach of [53] inspired much 
of the theory we use in this work. 

Let us denote by S'^'"'': C*{G) M{C*{G) (8)max C*{G)) the integrated form of the unitary 
homomorphism s ^ u{s) Oniax f (.s). The fourth author defined a coaction of G on a C*-algebra A 
as a nondegenerate homomorphism 5: A ^ M{A ^max C*{G)) satisfying 

(i) 6{a){l ®z)eA (8)„iax G*{G) for all a e A, z & G*{G). 

(ii) {5 (g) idc) oS= (id^ O^g^^) o 5 as maps from A to M{A O^ax C*{G) 0max C*(G)). 
Note that there is no assumption on injcctivity here, but it was pointed out in [53, Remarks 2.2] that 
if 6 is not injective, then it factors through an injective coaction di: A/keid M{A/keid ^max 
C*{G)). Covariant representations of a full coaction {A,G,6) (in this sense) on a Hilbert space 
Tl aic defined completely analogous to Definition A. 32: They are pairs (tt, yit) of nondegenerate 
representations tt: A — » B{H),fi: Co(G) B{H) satisfying 



in M{IC{H)^G*{G)). 

If S: A^ M(A0niax G*(G)) is an injective coaction as above, then (5""" = $oi5 is a coaction in 
our sense (i.e., in the sense of [47]), where <I>: A(E)ma.xC* (G) A(E)C*{G) denotes the quotient map 
(see [53, Remarks 2.2 (4)]). Moreover, by [53, Remarks 2.5] a pair (tt, ii) is a covariant representation 
for S if and only if it is a covariant representation for 5™™, which in particular shows (since both 
satisfy the same universal properties) that the crossed products of 6 and 5™'" are the same. 

One of the main defects of the theory of full coactions with maximal tensor products is the fact 
that, if (tt, /i) is a covariant representation of {A, G, S), then 6'^{Tr{a)) = Ad((/x(8)maxidG)(w'G)) ('''(o)'?' 
1) does not define a coaction on n{A) in general. So one of the basic features of the theory (see 
Section 7) is not available anymore. 

Example A.71 (c/. [47, Example 1.15]). We consider the coaction {C* {G) , G , 6^"^"^) . Since 
(jmax)min ^ foUows from the above discussion that G*(G) x^ga. G = G*(G) x^^ G. Thus, 
Example A.62 implies that {IC{L^{G)), \, M) is a crossed product for (G*(G), G, (^g^'^). Now let G 
be a discrete non-amenable group. We claim that 6^^ = Ad(M (gimax idG(M;G)) o (A(-) <S> 1) is not a 
full coaction on A(G*(G)) = C*{G) in the sense of [53], i.e., we show that it doesn't factor through 
C*{G) = G*(G)/kerA. To see this, first observe that if it did, then it would be determined by the 
map As 1-^ As ®ma.x u{s) for s € G. Let p denote the right regular representation of G, and define a 
representation TT of G* (G) (8)max G* (G) on£'^{G) hy n{X{xi) ^Ui) = X{xi)p{yi), Xi,yi € C*{G) (since 
the left regular representation commutes with the right regular representation, tt is well-defined). 
For s e G it follows that tt o (5^ (As) = AsPs, hence tt o (5^(As)X{e} = X^g}, where X|e} G ^^(G) 
denotes the characteristic function on the trivial element e. Thus, ker A C kerTr o S'^ o A C ker 1g, 
where 1g is the trivial representation of G, which contradicts the fact that G is non-amenable. 

Note that the (non existent) coaction in the above example corresponds to the dual coaction 
6q of G* (G) on the reduced group algebra G* (G) in our theory. Thus there seems to be no natural 
definition of a dual coaction of G*(G) on the reduced crossed product A Xa,r G in the theory of 
[53]. Of course this is another serious drawback. 

We want to use this opportunity to point out a gap in [47, Example 1.15] (from where we 
actually have extracted the above example). There it was stated that there exists no full coaction 6 



(tt (g) idG) o S 



Ad(/i (g) idG)(wG) o (tt (g) 1) 
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of G on C*{G) in the sense of [53] such that (5™'" — Sq, arguing that if such a coaction did exist, it 
would have to be given by 6^ as in the example above. But of course, there is no guarantee that, if 
/ is the kernel of the quotient map C;{G)(g)^^^C*{G) C*{G)(g)C*{G) in M{C*{G)r/j,,,^^C*{G)), 
we could not modify S'^ by adding suitable elements of / so that the new map would be a coaction 
of G on C*{G) in the sense of [53]. However, we do not sec how this can be done. 

The other different approach (and the one which is actually most established in the literature 
[34, 31, 35]) is to define coactions of G as coactions of the reduced group C*-algebra G*{G) with 
comultiplication given by : Ag i— > <8) Ag . 

Definition A. 72. A reduced coaction of G on A is an injective and nondegenerate homomor- 
phism S: M{A (g> C;{G)) satisfying 

(i) (5(a) (1 (g) A(a;)) gA® C;{G) for all x G C*{G) and 

(ii) {S idc) oS= (idA O^g) ° as maps from A into M{A C*{G) * (G)). 
We also call the triple {A, G, 6) a reduced coaction. 

Again, the definition of covariant representations of reduced coactions is completely analogous 
to the definition we use here: They are pairs (7r,/x) of nondegenerate representations of {A,Go{G)) 
satisfying 

(tt (g) ido) o5 = Ad((/Lt (g) A)(wg)) (7r(-) g) 1). 
If (5 is a coaction in our sense, then 5'^ = (id^ i8)A) o S factors through a reduced coaction on 
= A/kcijA [47, Corollary 3.4], which is called the reduction of 5. 6^ is nondegenerate (in the 
appropriate sense) if and only if 5 is nondegenerate. In particular, we see that if S is normal, then 
5'^ coacts an A itself and we have {S^Y — S^. Thus we see that taking the assignment 6 i-^ 6"^ is not 
a one-to-one correspondence between (conjugacy classes of) coactions in our sense and (conjugacy 
classes of) reduced coactions. However, it is if we restrict to nondegenerate normal coactions [47, 
Theorem 4.7]. 

The covariant homomorphisms of 6 and 5'^ coincide by Remark A. 57 and [47, Proposition 3.7]. 
To be more precise: If (tt, ^) is a covariant homomorphism of {A^^G^S"^), then (tt o j^^n) is a 
covariant homomorphism of {A, G, 6) and every covariant homomorphism of {A, G, S) arises this 
way. In particular, it follows from the universal properties that the crossed products of {A^ , G, S^) 
and {A, G, S) arc the same (more precisely, {A^ Xs^G^ja^ °jA,jG) is a crossed product for {A, G, S)). 

The fact that the reductions of a coaction 6 and its normalization 5" are the same shows that 
the theory of coactions we use here is potentially richer than the theory of reduced coactions. One 
major drawback in the theory of reduced coactions is given by the fact that, in case where -/V is a 
non-amenable normal subgroup of G, there is no well-defined quotient map G*{G) — » G*{G/N), so 
it would be difficult to define the restriction of a reduced coaction of G to the quotient G/N in the 
realm of reduced coactions (see Example A. 27). Since restriction of coactions is one of the most basic 
concepts in this work, the use of reduced coactions would be inadequate for our purposes. However, 
the above discussion clearly shows that results on reduced coactions can often be applied (with 
care) to problems of coactions in our sense (in particular to problems concerning the representation 
theory and the crossed products of coactions {A, G, S)). Of course, if G is amenable, all the different 
notions of coactions do coincide. 



APPENDIX B 



The Imprimitivity Theorems of Green and Mansfield 

In this appendix we want to recall the main ingredients of the imprimitivity theorems of Green 
and Mansfield. The main idea behind those imprimitivity theorems is to show that certain C*- 
algebras which appear in the study of crossed products by actions and coactions, and in particular 
in the study of induced representations, arc Morita equivalent in the sense that there are canonical 
imprimitivity bimodules linking those algebras together. 

1. Imprimitivity theorems for actions 

In what follows wc recall the main results of [51]. Wc refer to [54] (and Chapter 1 of this work) 
for the necessary background on (pre-)imprimitivity bimodules and Morita equivalence. 

Consider a C*-algebra D, two locally compact groups K and H, and a locally compact space P. 
Suppose that K acts freely and properly on the left of P, and that H acts likewise on the right such 
that these actions commute {i.e., k{ph) = {kp)h). Suppose also that we have commuting actions /? 
of K and a of iJ on D. For the left action of K we define the induced C*-algebra Ind^(D, /3) (or just 
Ind^ D, if confusions seems unlikely) to be the set of bounded continuous functions /: P ^ D such 
that f{kp) = Pk{f{p)) for all A: G if and p G P, and such that the function Kp i-^ ||/(p)|| vanishes 
at infinity on K\P. For the right action of H we define the induced C* -algebra Ind^(£), a) (or just 
Ind^ D) as the set of bounded continuous functions g: P ^ D such that g{ph) = a^-i {g{p)) for all 
p £ P and h G H, and such that pH — > ||5(p)|| vanishes at infinity on P/H. Note that it follows 
from the properness of the actions of K and H on P that the quotient spaces K\P and P/H are 
locally compact Hausdorff spaces. 

The induced algebras Ind^ D and Ind^ D arc C*-algcbras with pointwise operations, and carry 
actions a: H ^ Aut(Ind^ D), p: K ^ Aut(Ind^ D) given by 

(B.l) <Jh{I){p)^ah{f{ph)) and Pk{g){p) = fikiaik-^p))- 

Theorem 1.1 of [51] states that Cc{P,D) can be given a Cc(i4:, Ind^ £>) - Cc{H,lnd^D) pre- 
imprimitivity bimodule structure which completes to an imprimitivity bimodule, Z, for the full 
crossed products Ind^ D Xp K and Ind^ D x„ H. The actions and inner products are given for 
h G Cc{K,hidHD) C Ind^D X K, x,y G Cc{P,D), and c € Cc(if, Ind^ £)) C Ind^D x if as 
follows: 

b-x{p)^ f b{k,p)Pk{x{k-'p))AK{k)'^^dk 

x-c{p)= j ah{x{ph)c{h-^,ph))AH{h)-'^/'^dh 
(B.2) •'^ 

C,iK,indZD){x,y){k,p) = Axiky^^^ / ah{x{ph)(3k{y{k^^ph)*)) dh 

{x,y)c,iH,ind^D){h,p) = Anih)-^/^ j Pk{x{k-^p)*ah{y{k-^ph))) dk. 

135 



136 



B. THE IMPRIMITIVITY THEOREMS OF GREEN AND MANSFIELD 



By some abuse of notation, we shall often regard an element in Cc{K, Ind^ D) as a continuous 
function of two variables via b{k,p) = b{k){p), and similarly for Cc{H, Ind^^ D). 

Note that the formulas above are not precisely those given in [51] . This results from the fact that 
wc are working with left and right actions on P, while in [51] all actions were on the left. To convert 
to the two-lcft-actions situation of [51], just put hp = ph~^. Note also that a similar symmetric 
imprimitivity theorem has been deduced independently by Kasparov in [30, Theorem 3.15], which 
also gives a Morita equivalence for the reduced crossed products. However, the construction of 
Kasparov's bimodule is given by a composition of several other bimodules, and does not really 
fit our needs in this work. Ncvertlw^k^ss, wc; do need to know that the imprimitivity bimodule 
constructed above factors through an imprimitivity bimodule for the reduced crossed products, i.e., 
we want to have: 

Proposition B.l. If we view CciK,lnd^ D) and Cc{H,ln.d^ D) as dense subalgebras of the 

reduced crossed products Ind^ D Xp r K and Ind^ D x^.r H • respectively, then the Cc{K, Ind^ D) — 
Cc{H,lmi^D) bimodule Cc{P,D) with actions and inner products as given in Equation B.2 com- 
pletes to an (Ind^ D x p_,. K) — (Ind^ D x H) imprimitivity bimodule. 

Proof. The hard work for this proof has been done in [49]; we show how the proof follows from 
[49, Lemma 4.1]. Using [54, Proposition 3.24], the content of [49, Lemma 4.1] can be translated 
into the statement: 

/f / C Ind^ D X H is the kernel of a regular representation, say Ind w, of Ind^ D x H, then 
the ideal Z-lndl of Ind^ D x K induced from I via Z contains the kernel, say J, of the regular 
representation{s) oflndfiD x K. 

By symmetry, we also get Z-Ind J ^ I, where Z denotes the conjugate bimodule. Since by [54, 
Corollary 3.31] Z-lnd oZ-lnd is the identity map on the set of closed ideals of Ind^ DxK, and since 
induction via Z and Z preserves inclusion of ideals by [54, Theorem 3.22 and Proposition 3.24], we 
get 

Z-lnd I DJ= Z-IndoZ-Ind J D Z-Indl, 

and hence J = Z-lnd I. But it follows then from [54, Proposition 3.25] that Z factors through an 

imprimitivity bimodule for the quotients Ind^ _D Xr K = (Ind^ D x K)/J and Ind^ D Xr H = 
(Ind^ Z? X H)/I. Applying the respective quotient maps on the dense subspaces Cc(i^, Ind^ D), 
Cc{P, D) and CdH, Ind^ D) then completes the proof. □ 

We are now going to derive a one-sided version of the above symmetric imprimitivity theorem. 
The fuU-crossed-product version of this result has first been deduced by Green (it follows from [25, 
Theorem 17]), so we shall call it Green's imprimitivity theorem for induced algebras. 

Let G be a locally compact group and let a: — > Aut^ be an action of a closed subgroup 
H of G. We let G act on itself by left translation, we let H ac;t on G by right translation, and 
we let G act trivially on A. Then, if we put P = G, K = G, and D = A in the setting of the 
symmetric imprimitivity theorem, we obtain a Morita equivalence between the crossed products 
Ind^ Ax pG on the left and Ind§ AXcrH on the right, and another between the respective reduced 
crossed products. Moreover, it is easy to check that Indg A A defined by / /(e) is an 
isomorphism which transforms a to a. Hence, the map $: Cc{H,lnd% A) — > Cc{H,A) defined by 
^{F){h) = F{h, e) extends to an isomorphism lnd% Ax^yH = AXaH (and similarly for the reduced 
crossed products). 

In this special situation we shall always denote the action p: G ^ Aut(Ind§ A) of Equation B.l 
by Ind a. Since we start with the trivial action of G on A, Ind a is given by the formula 

(B.3) lndas{fm = f{s-H) 
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for / e Indjj A and s,t e G. Using the map $: Cc{H, Ind^ A) — > Cc{H,A) described above, it 
follows from the formulas given in Equation B.2 that Cc{G, A) becomes a Cc(G, Indg A) - Cc{H, A) 
pre-imprimitivity bimodule with actions and inner products given by the formulas 



(B.4) 



b-x{s)= [ b{t,s)x{t-^s)AGity^^dt 
Jg 

x-c{s)= [ ah{x{sh)c{h-^))AH{h)-^''^dh 

JH 

Cc{GMd%A){x,y){s,t) = Ag(s)-i/2 / ah{x(th)y{s-^th)*) dh 

{x,y)c^(H,A)ih) = ^H{h)-^'^ [ x{t-'rah{y{t-'h))dt. 

Jg 



More precisely, we obtain: 



Theorem B.2. Regard Cc{G.lndj^ A) and Cc{H,A) as dense subalgebras of the full crossed 
products Ind^ AxindaG and AxaH, respectively. Then Cc{G, A) with actions and inner products 
as given in Equation B.4 completes to an (Ind^A xinda G) — {A Xq H) imprimitivity bimodule 
V^{A)f {the f stands for "full crossed products"). 

Similarly, if we regard Gc{G, Ind'^ A) and Cc{H, A) as dense subalgebras of the respective reduced 
crossed products, Cc{G, A) completes to give a (Ind^ ^Xinda rG) — {AXa rH) imprimitivity bimodule 

vi{Ay. 



We usually suppress the superscripts in the notation of the bimodules, if confusion seems un- 
likely. In fact, in the main body of our work we use reduced crossed products almost exclusively. 

As an important special case of Green's imprimitivity theorem for induced actions, we shall 
now derive Green's original imprimitivity theorem, which we call Green's imprimitivity theorem for 
induced representations, since it was used by Green to develop a very strong version of Mackcy's 
imprimitivity theorem for induced representations of locally compact groups. Thus, the original 
motivation to develop this theorem was to solve the following problem: 

Suppose that a: G ^ Aut A is an action, and H is a closed subgroup of G. Assume further that 
IT xV is a representation of Ax^G on a Hilbert space H. When is this representation equivalent 
to a representation Ind^ (cr x W) induced from a representation axWofAx„\H? 

Of course, before one can solve this problem, one has to make clear what the construction of the 
induced representation lnd'^{a x W) should be. Green's approach to this problem was to use the 
modern bimodule techniques of Rieffel [56] to define induction via a certain natural right-Hilbert 
{A Xa G) — {A x^i H) bimodule. We now derive this bimodule as a special case of Theorem B.2 
above. 

For this assume that [A, G, a) is an action and H isa closed subgroup of G. We observe that the 

map (p: lnd'^{A,a\) Co{G/H,A) ^ A(»Co{G/H) defined by ip{f){sH) = as{f{s)) is anlnda- 
(a (8) r) equivariant isomorphism, where t: G ^ AutCo{G/N) is given by Ts{f){tN) = f{s~^tN), 
as in Example A.IO. Moreover, if we define *: Cc{G,A) — > Cc{G,A) by *(a;)(s) = as{x{s)), then 
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the formulas given in Equation B.4 transform into 

b-x{s)= [ b{t,sH)at{x{t-'^s))AG{ty^^dt 
Jg 

X ■ c{s) = f x{sh)ash{c{h-'^))A„{h)-'^/^dh 

(B.5) 

c,{G,Co{G/H,A)){x,y){s,tH) = Ag{s)-'/^ / x{th)as{y{s-Hhy)dh 

{x,y)c^(H,A){h)=AH{h)-^'^ f at{x{t-^)*y{t-^h))dt, 

Jg 

and as a direct consequence of Theorem B.2 we obtain: 



Theorem B.3. With the above form,ulas for the actions and inner products, C'c{G, A) completes 
to give {{A®CoiG / H)) x a^rG) - (Ax a\H) and {{AiSiCo{G/H))Xa(s,T,rG)-{AXa\^rH) imprimitivity 
bimodules X^{A)^ and X§{Ay , respectively. 

In practice, the dense subalgebra Gc{G,Co{G/ H, A)) of {A (g) Co{G/H)) x^^^^ ,. G is aetuaUy 
replaced with the smaller (but still dense) subalgebra Cc{G x G/H, A), and Gc{G, A) is regarded as 
a Cc{G X G/H, A) — Cc{H, A) pre-imprimitivity bimodule. In the (important) special case H = {e}, 
it takes a little effort to remember that it is the second variable that comes from Co (G, A) (so that 
for b e Cc{G X G,A) C Co{G,A) G we have b{s,t) = b{s){t), where b{s) is an element of the 
C*-algebra Co{G,A)). 

Let us briefly explain what this theorem has to do with the problem mentioned above. For this let 
{kA^^kc„(G / H),kG) denote the canonical maps of {A®Co{G/H), G) into M [{A®Go{G / H)) Xq,0t-G). 
Then we get a nondegenerate *-homomorphism 

kA-KkG-. Axo^G ^ M{{Ax CoiG/H)) x„^, G). 

Identifying M {{A (g, Co{G / H)) x„^^ G) with £(Xg(A)/) (see, for example, [54, Corollary 2.54]), 
this makes Xf^{A)-f into a right-Hilbert (AXaG) — (A x„j H) bimodule, which we can use to induce 
representations from Ax Q, I i? to Ax „G. On the other side, since X^(A)-'' is a ((A0Go(G/-H")) x^^r 
G) — (A Xq| H) imprimitivity bimodule, induction via Xf^{A)-f provides an equivalence between the 
representation spaces of A x^^i H and (A ® Co{G/H)) x^ig,^ G. It follows from the definition of 
the action of A Xq, G on X^{A)^ , that if tr x W is a representation of A x„| H and (it ^ ^) x V 
is the representation of (A ® Co{G/H)) x,-,^^ G induced from a x W via Xfj-{A)^ , then tt x 1^ is 
the representation of A x^ G induced from A x„| via X§{A)^ . Thus we arrive at the following 
answer to the above-stated problem: 

Theorem B.4 (Mackey- Green). Let w x V be a representation of A x^G on a Hilbert space 
Ti. Then n x V is induced from a representation cr x W of Ax^^H [via X^(A)^) if and only if 
there exists a nondegenerate representation ^: Go{G/H) B{TL) such that ji and tt have commuting 
images in B{H) and such that (tt fi, V) is a covariant representation of (A Co{G/H)) x^^r G. 

We finally want to give an interpretation of the above imprimitivity theorems in terms of duality 
theory. For this we specialize even further to the case where N = H is normal in G. If a is an 
action of G, we can form the dual coaction S of G on the crossed product A x^ G, and the dual 
coaction S" of G on A Xa^r G. As described in Example A. 28, we may restrict the coactions a and 
S" to coactions S| and a"| of G/N, respectively. Theorem A. 64 provides a canonical isomorphism 

(A ® Co{G/N)) Xa^r G ^ (A x„ G) xg, G/N 
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and Theorem A. 65 provides an isomorphism 

{A ® Co(G/iV)) Xo^^r.r G^{A x„,, G) x,„| G/N. 

Thus, replacing stable isomorphism by Morita equivalence, the above-derived Morita equivalences 
should be regarded as a generalization of the Imai-Takai duality theorems (see Theorem A. 67 and 
Theorem A.68): 

Theorem B.5. Suppose that {A,G,a) is an action and N is a closed normal subgroup of G. 
Then the above constructions provide (natural) 

((Ax„G) xa|G/7V)-(Ax„|7V) and ((A x„,, G) xa^, G/7V) - x„|,^ iV) 

imprimitivity bimodules, still denoted (A) f and X^{Ay , respectively. 

The main purpose of this paper is to study how "natural" these bimodules are, and to study 
various actions and coactions on these bimodules, which fit with certain canonical actions and 
coactions on the algebras involved. 

2. Mansfield's imprimitivity bimodule 

Starting with a coaction {A,G,6), in [38] Mansfield provided a dual mirror to Theorem B.5, 
at least if N is an amenable closed normal subgroup of G. Later, in [28], Mansfield's result was 

generalized to arbitrary closed normal subgroups N of G, provided the coaction S satisfies certain 
extra conditions. Since those conditions arc always satisfied if 6 is normal, we may formulate: 

Theorem B.6 (c/. [38, Theorem 27], [28, Theorem 3.3]). Assume that {A,G,5) is a nondegen- 
erate normal coaction, and let N be a closed normal subgroup of G. There exists an {A Xs G) Xg ^ 
N — A x^i G/N imprimitivity bimodule Yqi^{A). 

Of course, in the same way as Theorem B.5 should be viewed as a generalization of the Imai- 
Takai duality theorem, this theorem should be viewed as a generalization of Katayama's duality 
theorem (see Theorem A. 69). 

Let us be a bit more precise about how the above-stated result follows from [28, Theorem 3.3]. 

For this let (jaiJc) denote the canonical maps of (A, Go(G)) into M{A xg G). Restricting ja to 
Cq{G/N) C M(Go(G)) gives a homomorphism jal- Co{G/N) M{A xg G), and one can check 
without too much pain that the pair {jA,jG\) is then a covariant homomorphism of {A,G/N,S\) 
into M{A Xs G). Now, [28, Theorem 3.3] states that the constructions of Mansfield provide a 
{A Xs G X j| ^N) — [Ja x jcDiA Xg^ G/N) imprimitivity bimodule Y^^j^. On the other hand, if 6 is 
normal, then it follows from [28, Lemma 3.2] that 5\ is normal, too, and that ja x jch ^^51 G/N — > 
M{AxsG) is faithful. Thus in this situation wc may identify {jAxjG\){Axg\G/N) vfxth. Ax g\^G / N . 
The following example shows that Theorem B.6 docs not hold for arbitrary coactions. 

Example B.7. Consider the coaction 5g of G on C*{G), and let N = G. The restriction of 6g 
to G/G is of course the trivial coaction of the trivial group, so we get C*{G) xg^^ G/G = C*{G). 
On the other hand, we have G*(G) xg^ G ^ C;(G) xg^ G ^ JC{L'^{G)) by Example A.62 and 
Proposition A. 61. Applying the Imai-Takai duality theorem (see Theorem A.68) to the trivial 
action of G on C, we see that the dual action 6g corresponds to the unitary action Ad p of G on 
/C(i2(G)). But this implies that G*(G) x^^ G x^^^ G ^ }C{L^{G)) XAd^.r G ^ K{L'^{G))<»C;{G). 
Thus, if it were true for 5cu Theorem B.6 would provide a Morita equivalence between G*(G) and 
C*{G). Such an equivalence should rarely exist for any non-amenable group, and it certainly does 
not exist if G = F2, the free group on two generators, since G*(F2) is simple but G*(F2) is not. 
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Note that it is this kind of problem which makes us stick to reduced crossed products and 
normal coactions in the body of the paper. 

In the rest of this section we want to briefly recall the construction of the bimodulc Y^^^{A) 
of Theorem B.6. As in the other imprimitivity theorems we have to work with certain dense 
subalgebras, but, unfortunately, the constructions which have to be done here are much more 
complicated than the corresponding constructions in the action case (however, see [18] for an easier 
construction in the case of a dual coaction). 

For a compact subset £ C G let Ce{G) = {/ e Cc(G) | supp/ C E], and let Ac{G) = 
A{G) n C'c(G). Let ip: Cc{G) Cc{G/N) denote the surjection 

v{f){sN)= [ f{sn)dn, 
Jn 

with the usual convention on the Haar measures such that Jq^^o Jj^ = Jq. Recall from Proposi- 
tion A. 31 that if u e A{G), then 6u- A ^ A denotes the composition 5„ o S, where Su- M{A (g) 
G*(G)) — > M{A) is the slice map corresponding to u. 

Definition B.8. For fixed u e Ac{G) and compact E C G we put 

'^{u,E,N) = jA{Su{A))jGMCE{G))) C M{A Xs G), 

and we define 

T^N = \Jmu,E,N) I u e A^{G), ECG compact}. 

Moreover, we write 'E'(u,b) for f („,B,{e}) and V for f {e}- 

It follows from Mansfield's computations in [38] that 2? is a dense *-subalgebra oi A xg G and 
that 2?Ar is a dense *-subalgebra of {Ja x jcDiA x^i G/N). Thus, if 6 is normal, and if we identify 
A Xg\ G/N with its image in M{A Xs G), we can regard as a dense *-subalgebra of A Xg] G/N. 
It is also a consequence of Mansfield's computations that there is a linear map : D — > Vn such 
that 

■^{jA{a)jG{f )) = jA{a)jGmf)) for a € 5a.(g)(^), / e C,{G). 

Indeed it follows from [38, Lemma 18] that for all x,y gV the maps s t-» Ss{x)y and s ySs{x) are 
norm continuous with compact supports and that, as an element of M{AxsG), ^{x) is characterized 
by 

(B.6) ^{x)y = / Sn{x)ydn and y'^{x) = / ySn{x)dn iovyGT). 

Jn Jn 

So, although n i— > 5„{x) rarely has compact support, we shall often write 

*(x) = / 5n{x)dn. 
Jn 

Actually, the following proposition shows that the latter expression exists as a weak integral: 

Proposition B.9. For each x gV and uj G {Axg G)* the integral Jj^u){Sn{x)) dn exists, and 
the element ^{x) G M{A Xg G) is uniquely determined by the equations 

w{'9{x))= / u}{Sn{x))dn. 

Jn 

Proof. It follows from [38, Lemma 9] that V is closed under multiplication on either side by 
3G{Gb{G)), and in particular by jG(Gc(G)). Hence, [46, Lemmas 3.5, 3.8, and 3.10 and Corollary 3.6] 
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(which are based upon [41, Section 2] and [42, note added in proof]) tell us that for each x & T> 
there is a unique element 6n{x) dn of M{A x G) such that 



uj 6nix)dnj = J uj{dn{x)) dn for lo e {A x G)* . 

To see that this integral coincides with ^'(x), we use Equation B.6 to see that for all y G I? and all 

w G {Axs G)* we have 

oj{'i/{x)y) = oj i / Sn{x)ydn\ = / uj {Sn{x)y) dn = / y ■ u(Sn{x)) dn 

\JN J JN JN 



= y-ojyj Snix) dn j = Lu 5n{x)dny 

and similarly Lo{y'i!{x)) — w ^y Sn{x) dn^ . Since V is dense in A x^- G, this finishes the proof. □ 

If we view Cc{N, T>) C Cc(N, AxsG) as a dense subalgcbra of A x^ G x^| ^ A^, then V becomes 
a Cc(N,V) — 2? AT pre-imprimitivity bimodule with module actions and inner products given for 
g e Gc{N,T>), x,ye'D, and c e Djv by 

g-x= g(n)6nix)A(ny^'^dn 

JN 

X ■ c — xc (product in M(A x^ G)) 

(B 7) 

CciN,v){x,y){n) = X(5„(y*)A(n)"^/2 

The (^x^Gx^i ^N) — {AXj\G/N) imprimitivity bimodule V^^^jy (A) of Theorem B.6 is the completion 
of the Gc(iV, T>) — Vn pre-imprimitivity bimodule V. 
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Function Spaces 

In this appendix we develop machinery allowing us to work with certain function spaces in the 
various multiplier algebras of crossed products and multiplier bimodules. 

1. The spaces Cc{T,X) for locally convex spaces X 

We start with some general remarks on inductive limit topologies on functions with compact 
support taking values in locally convex spaces. Assume that T is a locally compact space and X is 
a Hausdorff locally convex vector space over C. Let V he a, set of continuous seminorms on X which 
generate the topology on X. Let Cc(T, X) denote the space of all continuous functions from T to X 
with compact support. If if C T is compact, then Ck{T, X) denotes the space of all / € Cc(T, X) 
with supp f K. For each p gV we define a seminorm pK ■ Ck{T, X) ^Rhy 

PkU) = supp(/(<)), 
teT 

and we topologize Cif(T, A") via the family of seminorms Vk = {pk \ p G V}. It is clear that 
fi—^Oin Ck{T, X) if and only if p o /j ^ uniformly for all p € V. It is also clear that if L C T 
is a compact subset containing K, then the inclusion Ck{T,X) Cl{T,X) is a homeomorphism 
onto its image. Let C denote the set of all compact subsets of T ordered by inclusion. Then 
Cc{T,X) = U^g^ C/f (T, A") and we may equip Cc{T,X) with the inductive limit topology (see 
[58, II section 6] for the precise definitions). The following useful properties of the inductive limit 
topology on Cc{T,X) shall be used without reference: 

(i) For all K <E C the inclusion Ck{T, X) Cc{T, X) is a homeomorphism onto its image. 

(ii) If 3^ is any locally convex space and : Cc{T, <Y) ^ ^ is a linear map, then $ is continuous 
if and only if its restriction to Ck{T, X) is continuous for all K G C. 

(iii) If y is any locally convex space and : X ^ y is a, continuous linear map, then the linear 
map / * o / : Cc(T, A') ^ Cc{T, y) is continuous. 

Proposition C.l. Suppose that S and T are locally compact spaces and X is a locally convex 
space. Then the natural embedding Cc{S xT,X) —^ Cc{S,Cc{T,X)) given by $(/)(s) = /(s, •) 
is continuous. 

Proof. Wc only have to check that the restriction of $ to Clxk{S x T,X) for any compact 
subset of the form L x if of x T is continuous. The image of Clxk{S x T,X) clearly lies in 
Cl{S, Ck{T, X)), and if q: Cc{T, Af) — > M is any continuous seminorm, its restriction to Ck{T, X) 
is dominated by a finite sum of seminorms of the form pK as above. So the result follows from the 
fact that PK{^{f)) = PLxKif) for ah / G Clxk{S x T, X). □ 

In the sequel we need to know that Cc{T, X) is complete whenever X is. Unfortunately, it seems 
to be not clear whether this is true in general, but the following result shows that it is true whenever 
T is a locally compact group. 
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Proposition C.2. Suppose thatT is a disjoint union of a collection {T\)\£\ of a-compact open 
subsets ofT. Then Cc{T,X) is complete whenever X is. In particular, if T is a locally compact 
group, or a quotient of a locally compact group by a closed subgroup, then Cc{T,X) is complete 
whenever X is. 

Proof. If T is a disjoint union of a family of open subsets T\, A £ A, tlien the natural map 
Cc(T, A") ®\et\^c'(F\,X^ is an isomorphism. Hence by [58, page 55] Cc{T,X) is complete if 
and only if Cc{T\,X) is complete for all A G A. Thus we have reduced to the case where T is 
CT-compact. But in this case there exists an increasing sequence {Kn)neN such that T = UneNKn 
and Cc{T,X) is the inductive limit of the sequence CK„iT, X). Using [58, page 59] it follows that 
Cc{T,X) is complete if Ck„{T,X) is complete for all n € N. But standard arguments show that 
each Ck„ {T, X) is complete whenever X is. 

If T is a locally compact group and F is a compact neighborhood of the identity in T, then the 
subgroup generated by V is open and cr-compact. Thus T is a disjoint union of open a-compact 
subsets and the last assertion follows from the above. Finally, if T is a quotient of a locally compact 
group by a closed subgroup, the result follows from the fact that the quotient map is open and 
continuous. □ 

Wc need to integrate functions in Cc{T,X) with respect to a Radon measure ^ on T. For 
/ e Cc(r, X) the integral Jj. f{t)diJ,{t) is defined as the unique element y ^ X {if it exists) such that 

x'{y)= j^x'{f{t))di^{t) 

for every continuous linear functional x' on X. By [57, Theorem 3.27] such a y always exists if the 
convex hull of f{T) has compact closure in X. But if X is complete, this latter property of f{T) 
follows from [57, Theorem 3.4] and the fact that the closure of a set S C A" is compact if and only if 
E is totally bounded [32, page 198]. Moreover, if p is any continuous seminorm on X, then similar 
arguments as used in [57, Theorem 3.29] show that 

p(^jj{t)dix{t)^ < j^p{f{t))dti{t) 

for aU / e Cc{T,X). 

We are now collecting some important properties of integration: 

Proposition C.3. Assume that X is a complete locally convex space, //, is a Radon measure on 
T and S is a locally compact space which satisfies the conditions of Proposition C.2. Then 

(i) The linear map J : Cc{T,X) X given by f ^ jj, f{t)dn{t) is continuous; 

(ii) : Cc{S y.T,X) ^ Cc{S, X) given by f ^ jj, /(•, t) dii{t) is well-defined and continuous. 
Moreover, 

(^jj{;t)dy.{t)^ (s) = j^f{s,t)dii{t) 

for all s G S. 

Proof. Since J is linear, it is enough to check continuity on Ck{T, X) for all compact K CT. 
So let /i ^ in Ck{T, X) and let p be a continuous seminorm on X. By definition of the topology 
on Ck{T, X) it follows that p o /j — > uniformly, which implies that 

p (^j^ fit) diiitij < I^Pifit)) dii{t) ^ 0. 

This proves (i). In order to see (ii) note that by Proposition C.l the map Cc{S x T,X) 
Cc{T,Cc{S, X)) which maps / e Cc{S x T,X) to the function t i— > f{-,t) is continuous. By the 
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assumption on S it follows from Proposition C.2 that Cc{S,X) is complete. Therefore the integral 
Jrp f{-,t) diJ,{t) makes sense and takes its value in Cc{S, X). The continuity of follows then from 
(i) and Proposition C.l. Finally, since evaluation at s e 5 is continuous on Cc{S, X) the last equality 
follows from the definition of the integral. □ 



2. Functions in multiplier algebras and multiplier bimodules 

In what follows let A be a C*-algebra and let M{A) denote the multiplier algebra of A. We 
shall always write M^{A) if we want to consider M{A) with the strict topology. While some of the 
results we present here could be proven in much greater generality (involving things like separately 
continuous bilinear maps among complete locally convex spaces), we choose to emphasize the C*- 
techniques rather than follow a more Bourbaki-esque approach. 

Lemma C.4. Let A he a C* -algebra and T a locally compact space. For maps f,g: T — > M[A) 
let Lf(g) — fg and Rf{g) = gf denote left and right pointwise multiplication of g by f. 

{i) If f : T A is norm continuous, then Lf{g),Rf{g) G Cc{T,A) for every g € 
CciT^Mf^iA)), and the maps Lf,Rf: CciT,Mi^{A)) Cc(r, A) are continuous. 

(ii) If f: T ^ M^{A) is (strictly) continuous, then Lf{g), Rf{g) € Cc{T,A) for every g € 
Cc{T,A), and Lf,Rf: Cc{T,A) ~> CdT.A) are continuous. 

(iii) If f:T ^ Ml^{A) is [strictly] continuous, then Lf{g),Rf{g) G Cc(r,M''(^)) for every 
g e Cc{T,Ml^{A)), and Lf,Rf: CciT,Mf{A)) CciT,Mf{A)) are continuous. 

Proof. Since the natural pairings Ml^{A) x A ^ A and A x (^) A are continuous on 
bounded sets and multiplication on M'^{A) is strictly continuous on bounded sets, it follows that all 
linear maps in (i)-(iii) are well-defined. In order to prove continuity in (i) we have to prove continuity 
on Ck{T, M'^(A)) for all compact sets K C T. Let h = f\x- By Cohen's factorization theorem we 
may write h = aihi = /i2a2 with /ii,/i2 G C{K,A) and 01,02 G A, where, for example, {aihi){t) = 
oi/ii(t). If g'i ^ in Ck{T, M'5(^)), then by definition of the topology on Ck{T, M^(A)) it follows 
that giOi and 023^ uniformly on K. But by continuity of multiplication in C{K,A) this 
implies that gi = /i2025i and gif = giUihi uniformly on K. This proves (i). 

Suppose now that / is as in (ii). If C T is compact, fix is a bounded strictly continuous 
function on K with values in M{A) and hence an element in the multiplier algebra of C{K,A). 
Thus, if ft ^ in Ck{T, A), then gif and fgi ^ in C{K, A) and hence in Cc(T, A). 

Having proved (i) and (ii), (iii) follows from the fact that if ft — > in Ck{T,M^{A)), then 
ft/a uniformly on K by (i) for all a G A since fa G C(T, A), and aft/ by (ii) since aft 
in Ck{T, A). Similar arguments show that a/ft — > and /fta — » uniformly on K. □ 

We shall need the following easy consequence of Lemma C.4. 

Corollary C.5. If A is a C*-algebra, then Cc{T,A) is dense in Cc{T,Mf^{A)). 

Proof. Let {ei}i^i be an approximate unit in A with ||ei|| = 1 for all i € I. Wc claim that 
{feijiei C Cc{T,A) converges to / in Cc{T,M^{A)) for all / G Cc{T, Mf^iA)). Since all fci have 
support in a single compact subset ii" C T it is enough to show that if a G A then {feia)i^i and 
{afciji^i converge to fa and af uniformly on K , respectively. For this let t/j G Cc{T) with iP\k = 1. 
Then convergence of {feia)i^i to fa follows from Lemma C.4 and the fact that the functions 
V'i(i) = 'ip{t)eia converge to ipa in Cc{T,A), and convergence of {afeiji^i follows from Lemma C.4 
and the fact that af G Cc(T, A) and V'i(t) = V'(t)ei converges to VI in Cc(T, Ml^{A)). □ 

Proposition C.6. Let {A, G, a) be an action. 
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(i) The formulas 

f*g{s)= [ f{t)at{g{t-h))dt and /* (s) = AG(s-i)a,(/(s-i))* 
Jg 

for convolution and involution on Cc{G,A) extend to Cc{G, (A)) in such a way that 
Cc{G, (A)) becomes a locally convex *-algebra with separately continuous multiplica- 
tion. 

(ii) The pairing CdG^Ml^iA)) x CaiG,M>^{A)) Cc(G,M^(A)) given by convolution re- 
stricts to separately continuous pairings 

Ge{G,Ml'{A)) X C^{G,A) ^ Ge{G,A) 

and 

C,{G,A) X C,{G,Ml^{A)) ^ C,{G,A). 

(iii) // {n,u) is a covariant homomorphism of {A,G,a) into M{D) for some C* -algebra D, 
then the formula 

(tt X «)(/) = / TT{f{s))v, ds for f G Ce(G, M^iA)) 
Jg 

determines the unique continuous * -homomorphism w x u: Gc{G,M^{A)) — > M^{D) 
which extends the usual integrated form tt x u on Cc{G,A). Moreover, tt x u is faith- 
ful on Cc{G, M^{A)) if and only if it is faithful on Cc{G, A). 

Proof. Let f,g € Gc{G,M^{A)). Then {s,t) ^ f{t)at{g{t-^s)) G M{A) is clearly strictly 
continuous with compact support, so that by Proposition C.3 the formula 

f*g{s)^ f f{t)aMt-^s))dt 
jg 

makes sense and delivers a function f * g € Cc{G,M^{A)). Since the ^-operation is continuous in 
M^{A) it is also clear that involution carries over to a continuous involution on Cc{G,M^{A)). 

Wc claim that convolution on Cc{G,Ml^{A)) is separately continuous. For this let 
g G Cc{G,M^{A)) be fixed. Then by linearity of / i— >■ / * g it is enough to show continuity 
on Ck{G, M^{A)) for any compact subset K C G. Choose a compact subset C C G x G such that 
(s,t) ^ f{t)at{g{t-^s)) has support in C for all / G Ck(G', M^'^A)), and choose i) G Cc(G x G) 
such that = 1- Then f ipf with 'ipf{s,t) = 'ijj{s,t)f{t) is a continuous mapping from 
Ck{G,M^{A)) into Cc(G x G,M/^{A)); hence it follows from Lemma C.4 that / tpf, where 

= ijis,t)f{t)at{git-h)) = f{t)at{g{t-h)) 

is also a continuous map from Ck{G,M^{A)) into Cc{G x G, M^{A)). Now the continuity of 
f ^ f * g follows from Proposition C.3. In order to sec that g ^ f * g \s also continuous wc 
use the same trick: chose a compact subset G C G x G such that {s,t) i-^ f (t)at{g{t~^ s)) has 
support in C for all g G Ck{G,M^{A)), and then look at the map g gijj with tp as above, and 
gip{s,t) = at{g{t~^s))ip{s,t). This proves (i). 

Arguments similar to the above together with part (i) of Lemma C.4 show that f * g and 
g * f are in Cc{G,A) for all / G Gc{G, M'^(A)) and g G Cc{G,A), and that the resulting pairings 
CciG^Ml^iA)) X Cc{G,A) ^ GciG,A) and Cc{G,A) x Gc{G,Mf^{A)) Gc{G,A) are separately 
continuous. This proves (ii). 

In order to verify (iii) we first observe that the integrand V/(s) = ''^{f{^))'^s is the pointwise 
product of TTo/ in Cc{G, M^{D)) and the strictly continuous function u, so by Lemma C.4 the map 
f 1-^ tpf. Gc{G,Ml^{A)) Cc{G,Ml^{D)) is continuous. Thus by Proposition C.3 the linear map 
nxu: Cc{G,M'^{A)) M^{D) is continuous. Since Cc{G,A) is dense in Cc{G,Ml^{A)), it follows 
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that this extension is unique, and the separate continuity of multipHcation and the continuity of 
involution imply that this extension is a *-homomorphism. 

Assume now that tt x u is faithful on Cc{G,A). If / G Cc{G,M'^{A)) with (tt x u){f) = 0, it 
follows that = 7r(a)(7r x u){f) = (tt x u){af) for all a & A. Thus o/(s) = for all a e A, s e G, 
which implies that /(s) = for all s G G. □ 

Recall that the canonical embedding of Cc{G, A) into AXaG (respectively A x^^r G) is given by 
the integrated form of the canonical maps (ja, *g) (respectively (i^, ^g)) of [A, G) into M{A x^G) 
(respectively M{AXa,rG)). Thus, applying part (iii) of the above proposition to iA x ia (respectively 
X «g)' gives: 

Corollary C.7. There are unique continuous injective ^-homomorphisms 

lA-xiG- Cc{G, Mf^iA)) Ml^{A x„ G) and 

i\xec: Gc(G, M\A)) ^ M^[A x„,, G) 
extending the usual embeddings ofCc{G,A) into Ax^G and AXa,rG, respectively. Moreover, if we 
view Cc{G, M^{A)) as a subalgebra of M{AxaG) via the above embedding, and if{n, u) is a covariant 
homomorphism of {A, G, a) into M{D), then the integrated form nxu: Cc{G, JVf (A)) M^\D) of 
Proposition C.6 (iii) coincides with the restriction to Cc{G, M^{A)) of the usual extension of n x u 
to M{A Xfj G). If TT X u factors through A Xa,r G, a similar result is true for the reduced crossed 
product. 

Proof. The first part is a direct consequence of Proposition C.6 (iii) and the second part 
follows from the uniqueness of the continuous extension of tt x u: Gc{G,A) M^{D) to all of 
Ge(G,M/3(A)). □ 

In what follows we want to show how the above approach may be used to get similar embeddings 

of the appropriate function spaces into various multiplier bimodulcs. The first and easiest example 
of this kind of result is given by the situation where we have a right-Hilbert bimodule action 
{A,a){X,^)(^B,i3) of G. Then there is a right-Hilbert [A Xa.rG) — {B xpj.G) bimodule X x^^rG (and 
similarly for the full crossed products), where X x-,, ,, G is the completion of the pre-right-Hilbert 
Cc{G,A) — Cc{G,B) bimodule Gc{G,X), with operations given by Equation (3.1) (see Chapter 3 
for more details). 

In the following wc denote by M^{X) the multiplier bimodule of a right-Hilbert bimodule aXb 
equipped with the strict topology (see Definition 1.25). 

Lemma C.8. Suppose that (X,^) is as above. 

(i) All pairings among Cc{G,A), Cc{G,X), and Cc{G,B) as given by Equation (3.1) ex- 
tend uniquely to separately continuous pairings among Cc{G,M^{A)), Cc{G,M^{X)), 
and Cc{G, M^{B)), given by the same formulas. 

(ii) The natural bimodule homomorphism 

Cc{G,A)CciG, X)c^(G,B) ^ X X^^rG 

extends uniquely to a continuous bimodule homomorphism 

Cc(G,M'^{A))Gc{G,M^{X))c^(G,MP(B)) — *■ M^{X x^_r G) 
which also preserves the inner products. Similar results hold for the full crossed products. 

Proof. First assume X is a right-partial A — B imprimitivity bimodule (see Definition 1.5). 
Let L = L{X) be the linking algebra, with associated action u of G. We have 

Lx,,rG=\^ ; Bx^lrGj 
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by Lemma 3.3, and it follows from Proposition 1.51 that 

where the strict topology on M{L x G) agrees with the product of the strict topologies on the 
corners by Proposition 1.51. Since convolution in Cc{G,L) and Cc{G,M^{L)) are given by the 
above pairings among the corners, the desired conclusions follow in this case from the continuous 
embedding oi CciG,M'^{L)) = c?c(g,m^(A)) ^-g'^^gj)) into M/3(L x,,^ G) as in Corollary C.7. 

For the general case, let K = 1Cb{X) be the algebra of compact operators on X, with associated 
action ji. Then from the above we get a pairing Cc(G, MP{K)) x Cc(G, Mf\X)) C^G, M^(X)) 
satisfying the required properties. Letting (p: A ^ M[K) be the associated nondegenerate homo- 
morphism, we get a continuous homomorphism 

ifXrG: Gc{G,M^{A))^Gc{G,Mf^{K)). 

It follows that the pairing 

Cc{G,M^\A)) X Cc{G,M^\X)) Cc{G,M^{X)) 

has the required properties also. This proves the result for the case of reduced crossed products; 
exactly the same arguments (replacing all reduced crossed products by full crossed products) give 
the corresponding result for full crossed products. □ 

Another result of this kind is the embedding of CdG^ [A)) into the multiplier bimodule 
M{V§{A)) of the (IndgA 

Xinda,r G) — {A Xa^r H) imprimitivity bimodule {A) of Theorem B.2, 
where {A, a) is an action of a closed subgroup H of G. Recall that V§ [A) is the completion 
of the Gc(G,Ind^A) — Cc{H,A) pre-imprimitivity bimodule Gc(G, ^) with operations given by 
Equation (B.4). Note that the embedding Gc{G,A) ^ V^h(^) continuous from the inductive 
limit topology to the norm topology. 

It follows from [48, Corollary 3.2] that we can view elements in Gc(G, M''(Ind^ A)) as contin- 
uous functions of G x G into M^(A). We only have to check that for / e Co{G,Mf^{lQ.d% A)) the 
functions {s,t) ^ af{s,t) and {s,t) i— > f{s,t)a of G x G into A are continuous for every a & A, 
which follows from the fact that for each t G G and a € A there exists a. g G Ind^ A such that 
g{t) = a. 

Proposition C.9. Let G and {A, H, a) be as above. 

(i) All pairings among Gc(G,Ind^A), Gc{G,A), and Gc{H,A) given in Equation (B.4) 
extend uniquely to separately continuous pairings among Gc(G, M'^(Ind^ A)), 
CciG,M'^{A)), and CciH,M^{A)), given by the same formulas. 

(ii) The canonical bimodule homomorphism 

CAGJnd'^ A)GciG, A)c,{H,A) ^ (A) 

extends uniquely to a continuous bimodule homomorphism 

Ce(G, Af*(Indg A)) 

C„{G,M0{A))c^ 

which also preserves the inner products. 

Proof. Arguments similar to those used in Proposition C.6 show that the formulas for the pair- 
ings extend uniquely to separately continuous pairings among Gc(G, M''(Ind^ A)), Cc{G, M^{A)), 

and Cc{H,M^^{A)). 

Note that by Corollary C.7 we have continuous embeddings Gc(G, M^(Ind^ A)) — > 
Ml^{Ind%A Xinda.r G) and Cc{H,Ml^{A)) M^{A Xa,r H) which uniquely extend the 
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canonical embeddings of Cc(G, Ind^yl) and Cc{H,A) into Ind^ A Xinda,r G and A Xa,r H, 
respectively. 

We claim that the embedding Cc{G, A) V§{A) is continuous with respect to the topology on 
Cc(G, A) inherited from Cc(G, Mi^^A)) and the strict topology on V§{A). Since Cc(G, A) is dense in 
Gc(G, Ml^iA)) we then obtain a unique continuous extension Gc(G, M^(A)) Mf^{V§{A)), which 
by the separate continuity of the above pairings preserves all actions and inner products. 

The claim can be shown by factoring elements b S Ax^^ j-H as i^(a)c for some c A x^^r H and 
a € A and by factoring elements d e Ind^ A x ind a, rG as e{i^^^j^{g)), for some e € Ind^ A x ind a, rG 
and 3 G Ind^ A. Then, for x G Cc{G, M^{A)) the function x-z^(a) given by .x-?'^(a)(,s) = x{s)as{a) 
is the pointwise product of x with the norm-continuous function s i-^ Q;s(a), hence by Lemma C.4 the 
linear map x >->■ x ■ i^^{a) of Gc(G, ilf (A)) into Gc(G, A) is continuous. Since Gc(G, A) V^(^) is 
continuous, it follows that the map Cc{G,A) V^(v4) given by a; (x-i^(a))-c = a::-6 is continuous 
with respect to the topology on Cc{G,A) inherited from Cc{G, M^{A)). Similarly, ii^dAid) ' ^{^) = 
g{s)x{s), which is an element of Cc{G,A), and this implies that a; i— > e • {ii^^Aid) ■ x) = d ■ x is 
continuous for all d. □ 

Throughout this work wc freely use strictly continuous multiplier-valued functions inside mul- 
tiplier bimodules. In every case the computations can be justified by closely following the lines of 
Propositions C.6-C.9, so we omit any further details. 
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